Studies in Computational Intelligence 300 


Volume of SCI • 300th Volume of SCI • 300th Volume of SCI • 300th Volume of SCI • 300th Volume of SCI • 300th Volui 


Baoding Liu 

Uncertainty Theory 


A Branch of Mathematics for Modeling 
Human Uncertainty 








Baoding Liu 

Uncertainty Theory 




Studies in Computational Intelligence, Volume 300 

Editor-in-Chief 

Prof. Janusz Kacprzyk 
Systems Research Institute 
Polish Academy of Sciences 
ill. Newelska 6 
01-447 Warsaw 
Poland 

E-mail: kacprzyk@ibspan.waw.pl 


Further volumes of this series can be found on our 
homepage: springer.com 

Vol. 278. Radomir S. Stankovic and Jaakko Astola 

From Boolean Logic to Switching Circuits and Automata, 2010 

ISBN 978-3-642-11681-0 

Vol. 279. Manolis Wallace, Ioannis E. Anagnostopoulos, 
Phivos Mylonas, and Maria Bielikova (Eds.) 

Semantics in Adaptive and Personalized Services, 2010 
ISBN 978-3-642-11683-4 

Vol. 280. Chang Wen Chen, Zhu Li, and Shiguo Lian (Eds.) 
Intelligent Multimedia Communication: Techniques and 
Applications, 2010 
ISBN 978-3-642-11685-8 

Vol. 281. Robert Babuska and Frans C.A. Groen (Eds.) 
Interactive Collaborative Information Systems, 2010 
ISBN 978-3-642-11687-2 

Vol. 282. Husrev Taha Senear, Sergio Velastin, 

Nikolaos Nikolaidis, and Shiguo Lian (Eds.) 

Intelligent Multimedia Analysis for Security 
Applications, 2010 
ISBN 978-3-642-11754-1 

Vol. 283. Ngoc Thanh Nguyen, Radoslaw Katarzyniak, and 
Shyi-Ming Chen (Eds.) 

Advances in Intelligent Information and Database Systems, 
2010 

ISBN 978-3-642-12089-3 

Vol. 284. Juan R. Gonzalez, David Alejandro Pelta, 

Carlos Cruz, German Terrazas, and Natalio Krasnogor (Eds.) 
Nature Inspired Cooperative Strategies for Optimization 
(NICSO 2010), 2010 
ISBN 978-3-642-12537-9 

Vol. 285. Roberto Cipolla, Sebastiano Battiato, and 
Giovanni Maria Farinella (Eds.) 

Computer Vision, 2010 
ISBN 978-3-642-12847-9 

Vol. 286. Zeev Volkovich, Alexander Bolshoy, Valery Kirzhner, 
and Zeev Barzily 
Genome Clustering, 2010 
ISBN 978-3-642-12951-3 

Vol. 287. Dan Schonfeld, Caifeng Shan, Dacheng Tao, and 
Liang Wang (Eds.) 

Video Search and Mining, 2010 
ISBN 978-3-642-12899-8 

Vol. 288.1-Hsien Ting, Hui-Ju Wu, Tien-Hwa Ho (Eds.) 
Mining and Analyzing Social Networks, 2010 
ISBN 978-3-642-13421-0 


Vol. 289. Anne Hakansson, Ronald Hartung, and 
Ngoc Thanh Nguyen (Eds.) 

Agent and Multi-agent Technology for Internet and 
Enterprise Systems, 2010 
ISBN 978-3-642-13525-5 

Vol. 290. Weiliang Xu and John Bronlund 
Mastication Robots, 2010 
ISBN 978-3-540-93902-3 

Vol. 291. Shimon Whiteson 

Adaptive Representations for Reinforcement Learning, 2010 
ISBN 978-3-642-13931-4 

Vol. 292. Fabrice Guillet, Gilbert Ritschard, 

Henri Briand, Djamel A. Zighed (Eds.) 

Advances in Knowledge Discovery and Management, 2010 
ISBN 978-3-642-00579-4 

Vol. 293. Anthony Brabazon, Michael O’Neill, and 
Dietmar Maringer (Eds.) 

Natural Computing in Computational Finance, 2010 
ISBN 978-3-642-13949-9 

Vol. 294. Manuel F.M. Barros, Jorge M.C. Guilherme, and 
Nuno C.G. Horta 

Analog Circuits and Systems Optimization based on 
Evolutionary Computation Techniques, 2010 
ISBN 978-3-642-12345-0 

Vol. 295. Roger Lee (Ed.) 

Software Engineering, Artificial Intelligence, Networking and 
Parallel/Distributed Computing, 2010 
ISBN 978-3-642-13264-3 

Vol. 296. Roger Lee (Ed.) 

Software Engineering Research, Management and 
Applications, 2010 
ISBN 978-3-642-13272-8 

Vol. 297. Tania Tronco (Ed.) 

New Network Architectures, 2010 
ISBN 978-3-642-13246-9 

Vol. 298. Adam Wierzbicki 

Trust and Fairness in Open, Distributed Systems, 2010 
ISBN 978-3-642-13450-0 

Vol. 299. Vassil Sgurev, Mincho Hadjiski, and 
Janusz Kacprzyk (Eds.) 

Intelligent Systems: From Theory to Practice, 2010 
ISBN 978-3-642-13427-2 

Vol. 300. Baoding Liu 
Uncertainty Theory, 2010 
ISBN 978-3-642-13958-1 




Baoding Liu 


Uncertainty Theory 

A Branch of Mathematics for Modeling Human 
Uncertainty 



Springer 



Baoding Liu 

Department of Mathematical Sciences 
Tsinghua University 
Beijing 100084 
China 

E-mail: liu@tsinghua.edu.cn 


ISBN 978-3-642-13958-1 e-ISBN 978-3-642-13959-8 

DOI 10.1007/978-3-642-13959-8 

Studies in Computational Intelligence ISSN 1860-949X 

Library of Congress Control Number: 2010929355 
©2010 Springer-Verlag Berlin Heidelberg 

This work is subject to copyright. All rights are reserved, whether the whole or part 
of the material is concerned, specifically the rights of translation, reprinting, reuse 
of illustrations, recitation, broadcasting, reproduction on microfilm or in any other 
way, and storage in data banks. Duplication of this publication or parts thereof is 
permitted only under the provisions of the German Copyright Law of September 9, 
1965, in its current version, and permission for use must always be obtained from 
Springer. Violations are liable to prosecution under the German Copyright Law. 

The use of general descriptive names, registered names, trademarks, etc. in this 
publication does not imply, even in the absence of a specific statement, that such 
names are exempt from the relevant protective laws and regulations and therefore 
free for general use. 

Typeset & Cover Design: Scientific Publishing Services Pvt. Ltd., Chennai, India. 

Printed on acid-free paper 

987654321 


sprmger.com 



Contents 


Preface IX 

1 Uncertainty Theory 1 

1.1 Uncertain Measure. 1 

1.2 Uncertain Variable. 11 

1.3 Uncertainty Distribution . 14 

1.4 Independence. 21 

1.5 Operational Law. 23 

1.6 Expected Value . 44 

1.7 Variance . 52 

1.8 Moments. 54 

1.9 Critical Values. 56 

1.10 Entropy. 60 

1.11 Distance . 66 

1.12 Inequalities. 67 

1.13 Convergence Concepts. 69 

1.14 Conditional Uncertainty. 74 

2 Uncertain Programming 81 

2.1 Ranking Criteria. 81 

2.2 Expected Value Model. 82 

2.3 Chance-Constrained Programming. 83 

2.4 Dependent-Chance Programming. 88 

2.5 Uncertain Dynamic Programming. 93 

2.6 Uncertain Multilevel Programming. 94 

2.7 Hybrid Intelligent Algorithm. 98 

2.8 L Graph. 99 

2.9 Project Scheduling Problem . 100 

2.10 Vehicle Routing Problem. 103 

2.11 Machine Scheduling Problem. 108 

2.12 Exercises. 112 

3 Uncertain Risk Analysis 115 

3.1 Risk Index. 115 

3.2 Hazard Distribution. 118 

3.3 Boolean System. 120 

3.4 Risk Index Calculator. 122 

































VI 


Contents 


4 Uncertain Reliability Analysis 125 

4.1 Reliability Index. 125 

4.2 Conditional Reliability . 127 

4.3 Boolean System. 128 

4.4 Reliability Index Calculator. 130 

5 Uncertain Process 131 

5.1 Uncertain Process. 131 

5.2 Renewal Process. 132 

5.3 Martingale. 138 

5.4 Markov Process . 138 

5.5 Stationary Process. 138 

6 Uncertain Calculus 139 

6.1 Canonical Process. 139 

6.2 Uncertain Integral. 141 

6.3 Chain Rule. 143 

6.4 Integration by Parts. 144 

7 Uncertain Differential Equation 147 

7.1 Uncertain Differential Equation . 147 

7.2 Existence and Uniqueness Theorem. 149 

7.3 Stability Theorem. 151 

7.4 Numerical Method. 152 

7.5 Uncertain Differential Equation with Jumps . 156 

7.6 Uncertain Finance. 158 

8 Uncertain Logic 163 

8.1 Uncertain Proposition. 163 

8.2 Connective Symbols. 164 

8.3 Uncertain Formula. 164 

8.4 Truth Function. 164 

8.5 Truth Value . 165 

8.6 Truth Value Theorem. 166 

8.7 Truth Value Solver. 173 

8.8 Uncertain Predicate Logic. 174 

9 Uncertain Entailment 177 

9.1 Entailment Model. 177 

9.2 Modus Ponens. 182 

9.3 Modus Tollens. 184 

9.4 Hypothetical Syllogism. 185 

9.5 Automatic Entailment Machine . 186 




































Contents 


VII 


10 Uncertain Set Theory 187 

10.1 Uncertain Set . 187 

10.2 Membership Degree. 190 

10.3 Membership Function. 192 

10.4 Uncertainty Distribution . 199 

10.5 Independence. 201 

10.6 Operational Law. 203 

10.7 Expected Value . 206 

10.8 Critical Values. 210 

10.9 Hausdorff Distance. 212 

10.10 Conditional Uncertainty. 213 


11 Uncertain Inference 

11.1 Inference Rule . . 

11.2 Uncertain System 

11.3 Inference Control 

11.4 Inverted Pendulum 


215 

215 

219 

222 

223 


A Supplements 225 

A.l Law of Truth Conservation. 225 

A.2 Maximum Uncertainty Principle. 225 

A.3 How to Determine Distribution?. 226 

A.4 Evolution of Measures. 229 

A.5 Uncertainty vs. Randomness. 232 

A.6 Uncertainty + Randomness. 233 

A.7 Uncertainty vs. Fuzziness. 236 

A. 8 What Is Uncertainty?. 237 

B Probability Theory 239 

B. l Probability Space. 239 

B.2 Random Variable . 242 

B.3 Probability Distribution. 244 

B.4 Independence. 247 

B.5 Expected Value . 248 

B.6 Variance . 254 

B.7 Moments. 255 

B.8 Critical Values. 256 

B.9 Entropy. 257 

B.10 Conditional Probability. 261 

B.ll Random Set . 263 


C Credibility Theory 267 

C.l Credibility Space. 267 

C.2 Fuzzy Variable. 277 

C.3 Membership Function. 288 

C.4 Credibility Distribution. 282 









































VIII 


Contents 


C.5 Independence. 284 

C.6 Extension Principle of Zadeh. 286 

C.7 Expected Value . 288 

C.8 Variance . 293 

C.9 Moments. 295 

C.10 Critical Values. 295 

C.ll Entropy. 297 

C.12 Conditional Credibility. 302 

C. 13 Fuzzy Set. 306 

D Chance Theory 309 

D. l Chance Space . 309 

D.2 Hybrid Variable. 317 

D.3 Chance Distribution. 323 

D.4 Expected Value . 324 

D.5 Variance . 326 

D.6 Critical Values. 326 

D.7 Conditional Chance. 328 

Bibliography 333 

List of Frequently Used Symbols 346 

Five Plus One 347 


Index 


349 




















Preface 


Some information and knowledge are usually represented by human language 
like “about 100km”, “approximately 39°C”, “roughly 80kg”, “low speed”, 
“middle age”, and “big size”. Perhaps some people think that they are sub¬ 
jective probability or they are fuzziness. However, a lot of surveys showed 
that those imprecise quantities behave neither like randomness nor like fuzzi¬ 
ness. How do we understand them? How do we model them? These questions 
provide a motivation to invent another mathematical tool to model those im¬ 
precise quantities. In order to do so, an uncertainty theory was founded and 
became a branch of axiomatic mathematics. Since then, uncertainty theory 
has been developed steadily and applied widely. 

Chapter 1 is devoted to the uncertainty theory. The first fundamental 
concept in uncertainty theory is uncertain measure that is used to measure 
the truth degree of an uncertain event. The second one is uncertain variable 
that is used to represent imprecise quantities. The third one is uncertainty 
distribution that is used to describe uncertain variables in an incomplete 
but easy-to-use way. Uncertainty theory is thus deduced from those three 
foundation stones, and plays the role of mathematical model to deal with 
uncertain phenomena. 

Uncertain programming is a type of mathematical programming involving 
uncertain variables. A key problem in uncertain programming is how to rank 
uncertain variables, and different ranking criteria produce different classes 
of uncertain programming. Chapter 2 will introduce four ranking criteria 
and then provide a spectrum of uncertain programming with applications to 
project scheduling problem, vehicle routing problem and machine scheduling 
problem. 

The term risk has been used in different ways in literature. In this book 
the risk is defined as the accidental loss plus the uncertain measure of such 
loss, and a risk index is defined as the uncertain measure that some specified 
loss occurs. Chapter 3 will introduce uncertain risk analysis that is a tool to 
quantify risk via uncertainty theory. 

Reliability index is defined as the uncertain measure that some system is 
working. Thus reliability and risk have the same root in mathematics. They 
are separately treated for application convenience in practice rather than 
theoretical demand. Chapter 4 will introduce uncertain reliability analysis 
that is a tool to deal with system reliability via uncertainty theory. 

An uncertain process is essentially a sequence of uncertain variables in¬ 
dexed by time or space. Thus an uncertain process is usually used to model 
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uncertain phenomena that vary with time or space. Some basic concepts of 
uncertain process will be presented in Chapter 5. 

Uncertain calculus is a branch of mathematics that deals with differentia¬ 
tion and integration of function of uncertain processes. As the very core of 
uncertain calculus, canonical process is a Lipschitz continuous uncertain pro¬ 
cess that has stationary and independent increments and every increment is 
a normal uncertain variable. Chapter 6 will introduce the uncertain calculus 
including canonical process, uncertain integral and chain rule. 

Uncertain differential equation is a type of differential equation driven 
by canonical process. Chapter 7 will discuss the existence, uniqueness and 
stability of solutions of uncertain differential equations, and will design a 
numerical method for solving monotone uncertain differential equations. This 
chapter will also present an application of uncertain differential equation in 
finance. 

Uncertain logic is a generalization of mathematical logic for dealing with 
uncertain knowledge via uncertainty theory. A key point in uncertain logic 
is that the truth value of an uncertain proposition is defined as the uncertain 
measure that the proposition is true. One advantage of uncertain logic is the 
well consistency with classical logic. In other words, uncertain logic obeys the 
law of truth conservation, and is consistent with the law of excluded middle 
and the law of contradiction. Chapter 8 will discuss uncertain propositional 
logic and uncertain predicate logic. 

Uncertain entailment is a methodology for calculating the truth value of 
an uncertain formula via the maximum uncertainty principle when the truth 
values of other uncertain formulas are given. That is, we will assign an 
uncertain formula a truth value as close to 0.5 as possible. Chapter 9 will 
introduce an entailment model from which modus ponens, modus tollens and 
hypothetical syllogism are deduced. 

Uncertain set is a measurable function from an uncertainty space to a col¬ 
lection of sets. In other words, uncertain set is a set-valued function on an 
uncertainty space. Thus the main difference between uncertain set and uncer¬ 
tain variable is that the former takes values of set and the latter takes values 
of point. The concepts of membership function and uncertainty distribution 
are two basic tools to describe uncertain sets, where membership function is 
intuitionistic for us but frangible for arithmetic operations, and uncertainty 
distribution is hard-to-understand for us but easy-to-use for arithmetic oper¬ 
ations. Fortunately, an uncertainty distribution may be uniquely determined 
by a membership function. In practice, we first determine membership func¬ 
tions for uncertain sets, and convert membership functions to uncertainty 
distributions. Then we perform arithmetic operations on uncertain sets via 
uncertainty distributions rather than membership functions. Chapter 10 will 
provide an uncertain set theory that is a generalization of uncertainty theory 
to the domain of uncertain sets. 

Some knowledge and evidence in human brain are actually uncertain sets 
rather than fuzzy sets or random sets. This fact encourages us to propose 
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a theory of uncertain inference that is a process of deriving consequences 
from uncertain knowledge or evidence via the tool of conditional uncertain 
set. Chapter 11 will present an inference rule with applications to uncertain 
system and inference control. 

The book is suitable for mathematicians, researchers, engineers, design¬ 
ers, and students in the field of mathematics, information science, operations 
research, system science, industrial engineering, computer science, artificial 
intelligence, finance, control, and management science. The readers will learn 
the axiomatic approach of uncertainty theory, and find this work a stimulat¬ 
ing and useful reference. 

Lecture Slides 

If you need lecture slides for uncertainty theory, please download them from 
the website at http://orsc.edu.cn/liu/resources.htm. 

A Guide for the Reader 

The readers are not required to read the book from cover to cover. The logic 
dependence of chapters is illustrated by the figure below. 
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Chapter 1 

Uncertainty Theory 


Some information and knowledge are usually represented by human language 
like “about 100km”, “approximately 39°C”, “roughly 80kg”, “low speed”, 
“middle age”, and “big size”. How do we understand them? Perhaps some 
people think that they are subjective probability or they are fuzzy concepts. 
However, a lot of surveys showed that those imprecise quantities behave nei¬ 
ther like randomness nor like fuzziness. This fact provides a motivation to 
invent another mathematical tool, namely uncertainty theory. 

Uncertainty theory was founded by Liu |120j in 2007. Nowadays uncer¬ 
tainty theory has become a branch of mathematics based on normality, mono¬ 
tonicity, self-duality, countable subadditivity, and product measure axioms. 
The first fundamental concept in uncertainty theory is uncertain measure 
that is used to measure the belief degree of an uncertain event. The sec¬ 
ond one is uncertain variable that is used to represent imprecise quantities. 
The third one is uncertainty distribution that is used to describe uncertain 
variables in an incomplete but easy-to-use way. Uncertainty theory is thus 
deduced from those three foundation stones, and provides a mathematical 
model to deal with uncertain phenomena. 

The emphasis in this chapter is mainly on uncertain measure, uncertain 
variable, uncertainty distribution, independence, operational law, expected 
value, variance, moments, critical values, entropy, distance, convergence al¬ 
most surely, convergence in measure, convergence in mean, convergence in 
distribution, and conditional uncertainty. 

1.1 Uncertain Measure 

Let r be a nonempty set. A collection Z of subsets of F is called a cr- 
algebra if (a) T £ Z; (b) if A £ £, then A c £ Z; and (c) if Ai,A 2) - • ■ £ Z, 
then Ai U A 2 U • • • £ Z. Each element A in the cr-algebra Z is called an 
event. Uncertain measure is a function from Z to [0,1]. In order to present 
an axiomatic definition of uncertain measure, it is necessary to assign to 
each event A a number M{A} which indicates the belief degree that A will 
occur. In order to ensure that the number M{A} has certain mathematical 
properties, Liu [120) proposed the following four axioms: 

Axiom 1. (Normality Axiom) 3V[{r} = 1 for the universal set I\ 

Axiom 2. (Monotonicity Axiom) M{Ai} < M{A 2 } whenever Ai C A 2 . 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. I | 79. | 
springerlink.com (c) Springer-Verlag Berlin Heidelberg 2010 
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Axiom 3. (Self-Duality Axiom) M{A} + M{A C } = 1 for any event A. 

Axiom 4. (Countable Subadditivity Axiom) For every countable sequence of 
events {A,;}, we have 



( 1 . 1 ) 


Remark 1.1: The law of contradiction tells us that a proposition cannot be 
both true and false at the same time, and the law of excluded middle tells us 
that a proposition is either true or false. The law of truth conservation is a 
generalization of the law of contradiction and the law of excluded middle, and 
says that the sum of truth values of a proposition and its negative proposition 
is identical to 1. Self-duality is in fact an application of the law of truth 
conservation in uncertainty theory. This is the main reason why self-duality 
axiom is assumed. 

Remark 1.2: Pathology occurs if subadditivity is not assumed. For ex¬ 
ample, suppose that a universal set contains 3 elements. We define a set 
function that takes value 0 for each singleton, and 1 for each set with at least 
2 elements. Then such a set function satisfies all axioms but subadditivity. 
Is it not strange if such a set function serves as a measure? 

Remark 1.3: Pathology occurs if countable subadditivity axiom is replaced 
with finite subadditivity axiom. For example, assume the universal set con¬ 
sists of all real numbers. We define a set function that takes value 0 if the 
set is bounded, 0.5 if both the set and complement are unbounded, and 1 if 
the complement of the set is bounded. Then such a set function is finitely 
subadditive but not countably subadditive. Is it not strange if such a set 
function serves as a measure? This is the main reason why we accept the 
countable subadditivity axiom. 

Remark 1.4: Although probability measure satisfies the above four axioms, 
probability theory is not a special case of uncertainty theory because the 
product probability measure does not satisfy the fifth axiom, namely product 
measure axiom on Page [3 

Definition 1.1 (Liu 1120) ). The set function M is called an uncertain mea¬ 
sure if it satisfies the normality, monotonicity, self-duality, and countable 
subadditivity axioms. 

Example 1.1: Let T = { 71 , 72 , 73 }- For this case, there are only 8 events. 
Define 


M{ 7 i} = 0.6, M{ 72 } = 0.3, M{ 73 } = 0.2, 

3Vt{7i,7 2 } = 0.8, M{ 7 !, 7 3 } = 0.7, M{ 7 2 , 73 } = 0.4, 
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M{0} = O, M{T} = 1. 

Then JVC is an uncertain measure because it satisfies the four axioms. 
Example 1.2: Suppose that A(x) is a nonnegative function on 3? satisfying 


sup (A(x) + A (y)) = 1. 

Then for any set A of real numbers, the set function 


( 1 . 2 ) 


M{A} = 


sup A(x), if sup A(x) < 0.5 

a?GA a?GA 

1 — sup A(x), if sup A(x) > 0.5 

x£A c a?GA 


(1.3) 


is an uncertain measure on 3?. 

Example 1.3: Suppose p(x) is a nonnegative and integrable function on 3? 
such that 


/ p(x)dx > 1. 


(1.4) 


Then for any Borel set A of real numbers, the set function 


/ p(x)dx, if / p(x)dx < 0.5 

J A J A 

~ ^ l f p(x)dx, if f p(x)dx < 0.5 
Ja c J A° 


0.5, 


otherwise 


is an uncertain measure on 3?. 

Example 1.4: Suppose A(x) is a nonnegative function and p(x) is a non¬ 
negative and integrable function on 3? such that 


supA(x) + / p(x)dx > 0.5 and/or sup A(x) + / p(x)dx > 0.5 (1.6) 
xeA J A xeA c J a c 

for any Borel set A of real numbers. Then the set function 


supA(x) + / p(x)dx, if supA(x) + / p(x)dx < 0.5 


xEA 


xeA 


M{A} = ^ 


1 — sup A(x) — / p(x)dx, if sup A(x) + / p(x)dx < 0.5 
xeA c J A c xGA c J a c 


0.5, 


otherwise 


is an uncertain measure on 3?. 
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Theorem 1.1. Suppose that M is an uncertain measure. Then the empty 
set 0 has an uncertain measure zero, i.e., 

M{0} = 0. (1.7) 

Proof: It follows from the normality that M{T} = 1. Since 0 = T c , the 
self-duality axioms yields M{0} = 1 — M{T} = 1 — 1 = 0. 

Theorem 1.2. Suppose that M is an uncertain measure. Then we have 

0 < M{A} < 1 (1.8) 


for any event A. 

Proof: It follows from the monotonicity axiom that 0 < M{A} < 1 because 
0 C A c T and M{0} = 0, MjT} = 1. 

Theorem 1.3. Suppose that M is an uncertain measure. Then for any events 
Ai and A 2 , we have 

3Vt{Ai} V M{A 2 } < M{Ai U A 2 } < M{Ai} + M{A 2 }. (1.9) 

Proof: The left-hand inequality follows from the monotonicity axiom and 
the right-hand inequality follows from the countable subadditivity axiom im¬ 
mediately. 

Theorem 1.4. Suppose that M is an uncertain measure. Then for any events 
Ai and A 2 , we have 

M{Ar} + M{A 2 } - 1 < 3VC{Ai n A 2 } < M{Ai} A M{A 2 }. (1.10) 

Proof: The right-hand inequality follows from the monotonicity axiom and 
the left-hand inequality follows from the self-duality and countable subaddi¬ 
tivity axioms, i.e., 

M{Ai n A 2 }= 1 - M{(Ai n A 2 ) c } = 1 - M{Af U A=} 

> 1 - (M{Af} + M{A§» 

= 1-(1-M{A 1 })-(1-M{A 2 }) 

= M{A!} + M{A 2 }-1. 

The inequalities are verified. 

Null-Additivity Theorem 

Null-additivity is a direct deduction from subadditivity. We first prove a 
more general theorem. 




Section 1.1 - Uncertain Measure 


5 


Theorem 1.5. Let {A.;} be a sequence of events with M{A.;} —> 0 as i —> oo. 
Then for any event A, we have 

lim M{A U A,} = lim M{A\A 4 } = M{A}. (1.11) 

i—*o o i—> oo 

Proof: It follows from the monotonicity and countable subadditivity axioms 
that 

M{A} < M{A U A J < M{A} + M{A,} 

for each i. Thus we get M{A U A*} — > M{A} by using M{A,} — » 0. Since 
(A\A, ; ) c A c ((A\A, ; ) U A,;), we have 

3Vt{A\Aj} < 3VC{A} < M{A\A*} + M{A 4 }. 

Hence M{A\A,} —> M{A} by using M{Aj} —> 0. 

Remark 1.5: It follows from the above theorem that the uncertain measure 
is null-additive, i.e., M{Ai U A 2 } = M{Ai} + M{A 2 } if either M{Ai} = 0 
or M{A 2 } = 0. In other words, the uncertain measure remains unchanged if 
the event is enlarged or reduced by an event with uncertain measure zero. 


Asymptotic Theorem 

Theorem 1.6 (Asymptotic Theorem). For any events Ai, A 2 , • • •, we have 
lim 3Vt{Aj} > 0, if Ai | T, (1.12) 

i—* oo 

lim M{Aj} < 1, if A, J, 0. (1.13) 

i—> oo 

Proof: Assume A,; | T. Since T = U,;Ai, it follows from the countable 
subadditivity axiom that 

OO 

l = M{r}<^M{A i} . 

Since M{A,} is increasing with respect to i, we have lim^oo M{Aj} > 0. If 
A,; J, 0, then AJ | T. It follows from the first inequality and self-duality axiom 
that 

lim M{A*} = 1 - lim M{A?} < 1. 

i—> oo i—> oo 

The theorem is proved. 


Example 1.5: Assume T is the set of real numbers. Let a be a number with 
0 < a < 0.5. Define a set function as follows, 


f 0, if A = 0 


M{A} = { 


a , if A is upper bounded 
0.5, if both A and A c are upper unbounded 
1 — a, if A c is upper bounded 


[ i, ifA = r. 


(1.14) 
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It is easy to verify that M is an uncertain measure. Write A, = (—oo,i] for 
i = 1,2, ••• Then A.; j" T and lim^oo M{A, } = a. Furthermore, we have 
A^ l 0 and lirn^oo M{Af} = 1 - a. 


Independence of Events 

Definition 1.2. The events Ai,A 2 ,--- ,A„ are said to be independent if 


M f|A*l= min M{A*} 

I 1 1 I 1<2<77 


(1.15) 


where A* are arbitrarily chosen from {A*, A^}, i = 1,2, • • • ,n, respectively. 

Note that (11.151) represents 2 n equations. For example, when n= 2, the four 
equations are 

M{Ai D A 2 } = M{Ai} A M{A 2 }, 

M{AJ n A 2 } = M{Af} A M{A 2 }, 

M{Ai n A§} = M{Ai} A M{Ai}, 

M{AJ n A c 2 } = M{AJ} A M{A|}. 


(1.16) 


Theorem 1.7. The events Ai, A 2 , • • • , A„ are independent if and only if 

M | U A* 1 = max M{ A*} (1.17) 


,2 = 1 


where A* are arbitrarily chosen from {A,;, A^}, i = 1,2,--- , n, respectively. 

Proof: Assume Ai, A 2 , • • • , A n are independent events. It follows from the 
self-duality of uncertain measure that 


M |J A* \ = 1 - M H(AI) C \ = 1 - mm M{(A*) C } = max At {A*}. 

u=i ) U=i ) — — 

The equation (11.171) is proved. Conversely, assume (11.171) . Then 
M j f| A*} = 1 - M j LMirj = 1 - max M{(A*) C } = min M{A:|. 


, ;=i 


,2 = 1 


The equation (11.151) is true. The theorem is proved. 


Uncertainty Space 

Definition 1.3 (Liu !120f ). Let T be a nonempty set, Z a a-algebra over 
r, and M an uncertain measure. Then the triplet (r,C,M) is called an 
uncertainty space. 
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Product Measure Axiom and Product Uncertain Measure 

Product uncertain measure was defined by Liu m in 2009, thus producing 
the fifth axiom of uncertainty theory called product measure axiom. Let 
(T k. £fc, Mfc) be uncertainty spaces for k = 1, 2, • • • ,n. Write 

r = Ti x r 2 X •• • x r„, £ =£1 xH 2 x x £„. (1.18) 

Then there is an uncertain measure M on the product er-algebra L such that 

M{Ai x A 2 x • • ■ x A„} = Mi{Ai} A 3Vt 2 {A 2 } A ■ ■ • A OVCnjAn} (1.19) 

for any measurable rectangle Ai x A 2 x • • • x A„. Such an uncertain measure 
is called the product uncertain measure denoted by 


M — Mi A 3Vt 2 A • • * A M n . 


( 1 . 20 ) 


In fact, the extension from the class of rectangles to the product u-algebra 
H may be represented as follows. 

Axiom 5. (Liu 1123$ . Product Measure Axiom) Let Tk be nonempty sets 
on which Mfc are uncertain measures, k = 1,2,- ■■ , n, respectively. Then 
the product uncertain measure M is an uncertain measure on the product 
a-algebra £i x£ 2 x x L n satisfying 

M | JJ A fe j = ^min^MfcjAfe}. (1-21) 

That is, for each event A € L, we have 


M{A} = < 


sup min M fc {A fc }, 

AixA 2 x-xA„cA l<h<n 

if sup min Mfc{Afc} > 0.5 

AixA 2 X-xA„CA l<k<n 

1 - sup min M fc {A fc }, 

Ai x A 2 X ■■■X A„cA c 1 <k<n 

if sup min Mfc{Afc} > 0.5 

AixA 2 X---xA„CA= 1 <k<n 


_ 0.5, otherwise. 


( 1 . 22 ) 


Theorem 1.8 (Peng \170j ). The product uncertain measure M.22\) is an 
uncertain measure. 

Proof: In order to prove that the product uncertain measure (11.2211 is indeed 
an uncertain measure, we should verify that the product uncertain measure 
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Figure 1.1: Graphical Illustration of Extension from the Class of Rectangles 
to the Product a- Algebra. The uncertain measure of A (the disk) is essen¬ 
tially the acreage of its inscribed rectangle Ai x A 2 if it is greater than 0.5. 
Otherwise, we have to examine its complement A c . If the inscribed rectan¬ 
gle of A c is greater than 0.5, then M{A C } is just its inscribed rectangle and 
M{A} = 1 — M{A C }. If there does not exist an inscribed rectangle of A or 
A c greater than 0.5, then we set M{A} = 0.5. 


satisfies the normality, monotonicity, self-duality and countable subadditivity 
axioms. 

Step 1: At first, for any event A € L, it is easy to verify that 


sup min MfejA^} + sup min MfcjAfc} < 1. 

Ai x A 2 X X A„cA 1 <k<n Ai x A 2 x ••• X A„cA c 1 <k<n 


This means that at most one of 


sup min MfcjAfc} and sup min MfcjAfc} 

Ai X A 2 X ••• X A„CA 1 <k<n Ai X A 2 X ••• X A„CA° 1 <k<n 

is greater than 0.5. Thus the expression (11.221) is reasonable. 

Step 2: The product uncertain measure is clearly normal, i.e., M{T} = 1. 

Step 3: We prove the self-duality, i.e., M{A} + M{A C } = 1. The argument 
breaks down into three cases. Case 1: Assume 

sup min 3Vtfc{Afc} > 0.5. 

AixA 2 x-"XA„cA 1 < fc < n 


Then we immediately have 


sup min Mfc{Afc} < 0.5. 

AixA 2 x-xA„cA d<k<n 
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It follows from (11.2211 that 

M{A} = sup min 0V[fc{Afc}, 

AixA 2 x-xA„cA 1 <k<n 

M{A C } = 1 — sup min MfcjAfc} = 1 — M{A}. 

AixA 2 X-xA„C(A c ) c 1 <k<n 

The self-duality is proved. Case 2: Assume 


sup min Mfc{Afc} >0.5. 

AixA 2 X-xA„CA c l<k<n 

This case may be proved by a similar process. Case 3: Assume 


sup min MfcjAfc} <0.5 

AjxA 2 x-xA„CA !<t<n 


sup min 3Vtfc{Afc} < 0.5. 

AixA 2 x-xA„cA c1 <*:<™ 

It follows from (11.221) that 3V1{A} = M{A C } = 0.5 which proves the self¬ 
duality. 

Step 4: Let us prove that M is increasing. Suppose A and A are two 
events in £ with A C A. The argument breaks down into three cases. Case 1: 
Assume 

sup min MfejAfc} > 0.5. 

A 1 xA 2 x---xA n cA 1 < k <n 

Then 


sup min Mfc{Afc} > sup min MfcjAfc} > 0.5. 

AixA 2 x-xA„cA 1 <k<n A x x A 2 x ••• X A„cA l<k<n 

It follows from (11.221) that M{A} < M{A}. Case 2: Assume 

sup min MfcjAfc} > 0.5. 

AixA 2 x-xA„cA c l<k<n 

Then 


sup min Mfc{Afc} > sup min Mfe{Afc} > 0.5. 

AixA 2 x-xA„cA c 1 <k<n Ai x A 2 X ■■■ X A„cA c l<fc<™ 

Thus 

M{A}= 1 — sup min Mfc{Afc} 

AixA 2 x-xA„cA c 1 <k<n 

<1— sup min Mfc{Afc} = M{A}. 

AixA 2 x--xA„CA c 1 <k<n 

Case 3: Assume 


sup min MfejA^} < 0.5 

Ai x A 2 X ■■■ X A„cA 1 <k<n 
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and 


Then 


sup min MfcjAfe} <0.5. 

AixA 2 x-xA„cA c l<k<n 


M{A} < 0.5 < 1 - M{A C } = M{A}. 


Step 5: Finally, we prove the countable subadditivity of M. For simplicity, 
we only prove the case of two events A and A. The argument breaks down 
into three cases. Case 1: Assume M{A} < 0.5 and M{A} < 0.5. For any 
given e > 0, there are two rectangles 


Ai x A 2 x • • • x A„ c A c , Ai x A 2 x • • • x A„ C A c 


such that 


1 — min Mfc{Afc} < M{A} + e/2, 

l<fc<n 

1 — min MfcjAfc} < M{A} + e/2. 

l<fc<n 


Note that 


(Ai n Ai) x (A 2 n A 2 ) X • • • X (A„ n A„) c (A U A) c . 
It follows from Theorem II .41 that 

Mfc{A fc n A fc } > Mfc{A fc } + Mfc{A fc } — 1 


for any k. Thus 

M{A U A^ 1 — min MfcjAfc D A/-} 

l<fc<n 

< 1 - min Mjfc{A fc } + 1 - min M fc {A fc } 

l<fc<n 1 <k<n 

< M{A} + M{A} + e. 

Letting e —> 0, we obtain 

M{A U A} < M{A} + M{A}. 

Case 2: Assume M{A} > 0.5 and M{A} < 0.5. When M{A U A} = 0.5, the 
subadditivity is obvious. Now we consider the case M{A U A} > 0.5, i.e., 
3V[{A C n A c } < 0.5. By using A c U A = (A c D A c ) U A and Case 1, we get 

M{A C U A} < M{A C n A c } + M{A}. 

Thus 

M{A UAH-M{A° n A c } < 1 - M{A C U A} + M{A} 

< 1 - 3V[{A C } + M{A} = M{A} + M{A}. 

Case 3: If both M{A} > 0.5 and M{A} > 0.5, then the subadditivity is 
obvious because M{A} + M{A} > 1. The theorem is proved. 
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Definition 1.4. Let (U, Lk, Mj,), k = 1,2, • • • ,n be uncertainty spaces, T = 
Ti x r 2 x • • • x T n , L = Li x H -2 x • • • x L n , and M = Mi A M 2 A • ■ • A M„. 
Then (r,£,M) is called the product uncertainty space of (Fjt, £fc,Mfc), k = 
1 , 2 ,--- ,n. 


1.2 Uncertain Variable 

This section introduces a concept of uncertain variable (neither random vari¬ 
able nor fuzzy variable) in order to describe imprecise quantities in human 
systems. 

Definition 1.5 (Liu ll£0f ). An uncertain variable is a measurable function 
( from an uncertainty space (T,,C,M) to the set of real numbers, i.e., for any 
Borel set B of real numbers, the set 

u G B} = ( 7 e r I C(7) G B} (1.23) 


is an event. 


3? 



Example 1.6: Take (r,£,M) to be { 71 , 72 } with M{ 7 i} 
Then the function 


£(7) = 


0 , if 7 = 71 
1, if 7 = 72 


M{ 72 } = 0.5. 


is an uncertain variable. 


Example 1.7: A crisp number c may be regarded as a special uncertain 
variable. In fact, it is the constant function £( 7 ) = c on the uncertainty 
space (r,£,M). 


Definition 1.6. Lett; andr] be uncertain variables defined on the uncertainty 
space (r,£,M). We say f = r) if £( 7 ) = 77 ( 7 ) for almost all 7 £ T. 
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Definition 1.7. The uncertain variables £ and ij are identically distributed if 

3Vt{£ £ B} = M{r] £ B} (1.24) 

for any Borel set B of real numbers. 


It is clear that uncertain variables f and 77 are identically distributed if f = 
r]. However, identical distribution does not imply £ = 77. For example, let 
(r,£,M) be {71,72} with M{7 i} = 3Vt{72} = 0 . 5 . Define 


£(7) 


1, if 7 = 71 
-1, if 7 = 72, 


77 ( 7 ) 


-1, if 7 = 71 
1, if 7 = 72. 


The two uncertain variables £ and 77 are identically distributed but f ^ 77. 


Uncertain Vector 

Definition 1.8. An n-dimensional uncertain vector is a measurable function 
from an uncertainty space (r,U,M) to the set of n-dimensional real vectors, 
i.e., for any Borel set B of 3? ra , the set 

G B} = {7 G T | £(7) G B) (1.25) 


is an event. 

Theorem 1.9. The vector (£ 1 , £ 2 , ■ ■ ■ , £ n ) is an uncertain vector if and only 
if f 1, £2, • • • , £ n are uncertain variables. 

Proof: Write £ = (£1, £2, ■ ■ ■ , £ n ). Suppose that £ is an uncertain vector on 
the uncertainty space (r,£,M). For any Borel set B of 3?, the set B x 5J" _1 
is a Borel set of 3 ?". Thus the set 


(a G B} = {& G G 3fc, G 3fi} = {£ G B x 3T- 1 } 

is an event. Hence £1 is an uncertain variable. A similar process may 
prove that £ 2 , £ 3 ,’ ■■ , f n are uncertain variables. Conversely, suppose that 
all £i,£2, - •• , fn are uncertain variables on the uncertainty space (r,£,M). 
We define 

f> = {B C 3?" | G B} is an event} . 

The vector £ = (£ 1 , £ 2 , • ■ ■ , f n ) is proved to be an uncertain vector if we can 
prove that 23 contains all Borel sets of 3?". First, the class 23 contains all 
open intervals of 3?" because 

{ n n 

£ e JJ(o i; bi) > = P) G (a*, bi)} 

i= 1 ) i=l 
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is an event. Next, the class 5B is a a -algebra of 5ft™ because (i) we have 5ft™ £ 5B 
since {£ £ 5ft™} = T; (ii) if B £ 5B, then {£ £ B} is an event, and 

{I G B c } = £ B} c 

is an event. This means that B c £ 5B; (iii) if Bi £ 5B for i = 1, 2, • • •, then 
£ Bi} are events and 


{ 00^00 
*=1 J i=l 

is an event. This means that U t Bj £ 5B. Since the smallest cr-algebra con¬ 
taining all open intervals of 5ft™ is just the Borel algebra of 5ft™, the class f> 
contains all Borel sets of 5ft™. The theorem is proved. 

Uncertain Arithmetic 

Definition 1.9. Suppose that f : 5ft™ — > 5ft is a measurable function, and 
£i,£ 2 j - " ,£™ uncertain variables on the uncertainty space (T,U,M). Then 
f = /(£ 1,^2, • • • , £n) is an uncertain variable defined as 

£(7) = /(£i( 7 )> 6 ( 7 ).-" >€n(j)), Vjer. (1.26) 

Example 1.8: Let £1 and £2 be two uncertain variables. Then the sum 
£ = £1 + £2 is an uncertain variable defined by 

£(7) = £1(7) + 6(7), V7 £ r. 

The product £ = £i £2 is also an uncertain variable defined by 

£(7) = £1(7) • £2(7), V7 £ r. 

The reader may wonder whether £(71,72,- •• ,7n) defined by (11.2611 is an 
uncertain variable. The following theorem answers this question. 

Theorem 1.10. Let £ be an n-dimensional uncertain vector, and f : 5ft™ —> 5ft 
a measurable function. Then /(£) is an uncertain variable such that 

M{/(0€5} = M{|£/- 1 (1?)} (1.27) 

for any Borel set B of real numbers. 

Proof: Assume that £ is an uncertain vector on the uncertainty space 
(r,£,5M). For any Borel set B of 5ft, since / is a measurable function, the 
f _1 (B) is a Borel set of 3ft™. Thus the set {/(£) £!?} = {££ f~ 1 (B)} is an 
event for any Borel set B. Hence /(£) is an uncertain variable. 
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1.3 Uncertainty Distribution 

This section introduces a concept of uncertainty distribution in order to de¬ 
scribe uncertain variables. In many cases, it is sufficient to know the uncer¬ 
tainty distribution rather than the uncertain variable itself. 

Definition 1.10 (Liu \ 120f ). The uncertainty distribution l 1 : 3? —> [0,1] of 
an uncertain variable £ is defined by 

<F(x) = M{£ < x} (1.28) 


for any real number x. 

4>(x) 



Figure 1.3: An Uncertainty Distribution 


Theorem 1.11 (Peng and Iwamura n ns, Sufficient and Necessary Condi¬ 
tion for Uncertainty Distribution). A function <f> : 3? —> [0,1] is an uncer¬ 
tainty distribution if and only if it is an increasing function except ^(x) = 0 
and 4>(x) = 1. 

Proof: It is obvious that an uncertainty distribution *f> is an increasing func¬ 
tion. In addition, both <F(x) ^ 0 and ^ 1 follow from the asymptotic 
theorem immediately. Conversely, suppose that <f> is an increasing function 
but 4>(x) ^ 0 and 'F(x) ^ 1. We will prove that there is an uncertain variable 
whose uncertainty distribution is just >f>. Let C be a collection of all inter¬ 
vals of the form (—oo,a], (b, oo), 0 and 3?. We define a set function on 3? as 
follows, 

3V[{(—oo,a]} = 4>(a), 

M{(6,+oo)} = l-$(6), 

M{0} = 0, M{3?} = 1. 

For an arbitrary Borel set B of real numbers, there exists a sequence {4} in 
C such that 

OO 

B cjj 

2=1 
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Note that such a sequence is not unique. Thus the set function M{B} is 
defined by 



0.5, otherwise. 


We may prove that the set function M is indeed an uncertain measure on 5ft, 
and the uncertain variable defined by the identity function £( 7 ) = 7 from the 
uncertainty space (5ft, £,M) to 5ft has the uncertainty distribution <I>. 


Example 1.9: Let c be a number with 0 < c < 1. Then <f>(:r) = c is an 
uncertainty distribution. When c < 0.5, we define a set function over 5ft as 
follows, 


' 0, if A = 0 

c, if A is upper bounded 


M{A} = { 


0.5, if both A and A c are upper unbounded 


1 — c, if A c is upper bounded 

1 , ifA = r. 


Then (5ft, £, At) is an uncertainty space. It is easy to verify that the identity 
function £( 7 ) = 7 is an uncertain variable whose uncertainty distribution is 
just $( 2 :) = c. When c > 0.5, we define 


M{A} = { 


0, if A = 0 

1 — c, if A is upper bounded 
0.5, if both A and A c are upper unbounded 
c, if A c is upper bounded 
1, ifA = T. 


Then the function £( 7 ) = — 7 is an uncertain variable whose uncertainty 
distribution is just <I>(;r) = c. 


Example 1 . 10 : Assume that two uncertain variables £ and 77 have the same 
uncertainty distribution. One question is whether £ = 77 or not. Generally 
speaking, it is not true. Take (T,£,M) to be { 71 , 72 } with 

M{ 7 i} = M{ 72 } = 0.5. 


We now define two uncertain variables as follows, 


£( 7 ) 


-1, if 7 = 71 
1 , if 7 = 72 , 


v(i) 


1 , if 7 = 71 
- 1 , if 7 = 72 . 
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$(2) 



Figure 1.4: Linear Uncertainty Distribution 


Then £ and 77 have the same uncertainty distribution, 

{ 0 , if x < —1 
0.5, if - 1 < x < 1 
1, if x > 1. 

However, it is clear that £ 7 ^ 77 in the sense of Definition 11.61 

Definition 1.11. An uncertain variable £ is called linear if it has a linear 
uncertainty distribution 

{ 0 , if x < a 

(x — a)/(b — a), if a < x < b (1-29) 

1, if x >b 

denoted by C(a , b ) where a and b are real numbers with a < b. 

Definition 1 . 12 . An uncertain variable £ is called zigzag if it has a zigzag 
uncertainty distribution 

0 , if x < a 

{x — a)/2(b — a), if a < x < b 

(x + c — 2b) / 2 (c — 6 ), if b < x < c 

1 , if x > c 

denoted by Z(a, b, c ) where a, b , c are real numbers with a < b < c. 



Definition 1.13. An uncertain variable £ is called normal if it has a normal 
uncertainty distribution 

$( 2 ) = ^1 + exp 7 x e ^ 

denoted by A /"(e, er) where e and a are real numbers with a > 0. 


(1.31) 
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$(x) 



Figure 1.5: Zigzag Uncertainty Distribution 
<f>(:r) 



Figure 1.6: Normal Uncertainty Distribution 


Definition 1.14. An uncertain variable £ is called lognormal if In f is a 
normal uncertain variable Af(e,a). In other words, a lognormal uncertain 
variable has an uncertainty distribution 

*M=(l + exp(lfe^)))", x>0 (1.32) 

denoted by COQN(e, cr), where e and a are real numbers with a > 0. 


Definition 1.15. An uncertain variable f is called discrete if it takes values 
in {x\,X 2 , • • • , x m } and 


<f >(xi) = ai, i = 1,2,--- , to (1.33) 

where x\ < X 2 < • • • < x m and 0 < or < 02 < • ■ • < a m = 1. For simplicity, 
the discrete uncertain variable will be denoted by 



a 2 



X\ 

x 2 




(1.34) 
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< t>(x) 



The uncertainty distribution d> of the discrete uncertain variable (11.341) is 
a step function jumping only at xi, X 2 , ■ ■ • , x m , i.e., 

{ Oo, if x < X\ 

a», if Xi < x < Xi + 1 , i = 1,2, • • • , to (1.35) 

a m , if x > x m 

where ao = 0 and a m = 1. 


d>(a:) 


«5 

04 

03 

02 

Oi 


0 


X\ X2 X3 X4 X 5 


Figure 1.8: Discrete Uncertainty Distribution 


Measure Inversion Theorem 

Theorem 1.12 (Measure Inversion Theorem). Let £ be an uncertain vari¬ 
able with continuous uncertainty distribution d). Then for any real number 
x, we have 


M{£ < x} = d>(a;), M{£ > x} = 1 — d>(x). 


(1.36) 
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Proof: The equation M{£ < x} = <f>(:r) follows from the definition of un¬ 
certainty distribution immediately. By using the self-duality of uncertain 
measure and continuity of uncertainty distribution, we get 3V[{£ > x} = 
1 — M{£ < x} = 1 — <l>(a:). 

Theorem 1.13. Let f be an uncertain variable with continuous uncertainty 
distribution $. Then for any interval [a, b\, we have 

$0) - <f>(a) < M{a <f<b}< i>(6) A (1 - <f>(a)). (1.37) 

Proof: It follows from the subadditivity of uncertain measure and the mea¬ 
sure inversion theorem that 

M {a <£<b} + M{£ <a}> M{£ < b}. 

That is, 

M{a < £ <b} + <f>(a) > <!>(&). 

Thus the inequality on the left hand side is verified. It follows from the 
monotonicity of uncertain measure and the measure inversion theorem that 

M{a < f < b} < M{£ G (-oo, b ]} = $(6). 

On the other hand, 

M{a < x < b} < M{^ G [a, +oo)} = 1 — ^(a). 

Hence the inequality on the right hand side is proved. 

Perhaps some readers would like to get an exactly scalar value of the uncertain 
measure 3VC{a < x < b}. Generally speaking, it is an impossible job (except 
a = —oo or b = + 00 ) if only an uncertainty distribution is available. I would 
like to ask if there is a need to know it. In fact, it is not a must for practical 
purpose. Would you believe? 

Regular Uncertainty Distribution 

Definition 1.16. An uncertainty distribution $ is said to be regular if its 
inverse function <l> _1 (a) exists and is unique for each a G (0,1). 

It is easy to verify that a regular uncertainty distribution <I> is a continuous 
function. In addition, <f> is strictly increasing at each point x with 0 < *I>(a;) < 
1. Furthermore, 

lim <b(a;) = 0, lim <I>(a;) = 1. (1.38) 

x —>—00 x —»+oo 

For example, linear uncertainty distribution, zigzag uncertainty distribution, 
normal uncertainty distribution, and lognormal uncertainty distribution are 
all regular. 

In this book we will assume all uncertainty distributions are regular. Oth¬ 
erwise, we may give the uncertainty distribution a small perturbation such 
that it becomes regular. 
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Inverse Uncertainty Distribution 

Definition 1.17. Let f be an uncertain variable with uncertainty distribution 
$. Then the inverse function 4> _1 is called the inverse uncertainty distribu¬ 
tion off. 

Note that the inverse uncertainty distribution <f> _1 (a) is well defined on the 
open interval (0,1). If needed, we may extend the domain via 

<f)~ 1 (0) = lim d>~ 1 (o;), <I> _1 (1) = lim <1)~ 1 (q;). (1.39) 

a —»0 oc —» 1 

It is easy to verify that inverse uncertainty distribution is a monotone in¬ 
creasing function on [0,1]. 

Example 1.11: The inverse uncertainty distribution of linear uncertain 
variable C(a, b ) is 

$ _1 (a) = (1 — a)a + ab. (1-40) 

^(a) 


a 


Figure 1.9: Inverse Linear Uncertainty Distribution 



Example 1.12: The inverse uncertainty distribution of zigzag uncertain 
variable Z(a,b,c) is 


$ 1 (a) = 


(1 — 2 a)a + 2 ab, if a < 0.5 

(2 - 2 a)b + (2a - l)c, if a > 0.5. 


Example 1.13: The inverse uncertainty distribution of normal uncertain 
variable M{e , cr) is 

d>^ 1 (a) = e + a ^ In—-—. (1-42) 

7 r 1 — a 

Example 1.14: The inverse uncertainty distribution of lognormal uncertain 
variable COQAf(e, a) is 


$ 1 (a)=exp(e) 


\/3cr/7r 


(1.43) 
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$ -1 (a) 



Figure 1.10: Inverse Zigzag Uncertainty Distribution 


1 (q;) 



Figure 1.11: Inverse Normal Uncertainty Distribution 

Joint Uncertainty Distribution 

Definition 1.18 Let (£i,£2 , - ’' , £„) be an uncertain vector. Then the joint 
uncertainty distribution $ : 3? n —> [0,1] is defined by 

${xi,X 2 , ■■■ ,x„) = M{£i < X!,£ 2 < X 2 ,- ■ ■ ,£„ < x n } (1-44) 

for any real numbers xi, x%, ■ ■ ■ ,x n . 

1.4 Independence 

Independence has been explained in many ways. However, the essential fea¬ 
ture is that those uncertain variables may be separately defined on different 
uncertainty spaces. In order to ensure that we are able to do so, we may 
define independence in the following mathematical form. 

Definition 1.19 (Liu \12S |/ ). The uncertain variables ■■ ,f,m are said 

to be independent if 
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$ _1 (a) 



Figure 1.12: Inverse Lognormal Uncertainty Distribution 


M < Plfe G Bi) i = min Mfe G B t } 

I 1 1 I l<i<m 


,2=1 


for any Borel sets Bi, Ffe ■ ■ ■ , B m of real numbers. 


(1.45) 


Example 1.15: Let be an uncertain variable and let £2 be a constant c. 
For any Borel sets B\ and B 2 , if c G B 2 , then M-fe G B 2 } = 1 and 

M{fe G n fe G B 2 )} = M{a G Bi} = M{a G Bi} A M{& G B 2 }. 

If c fL B 2 , then M{fe G B 2 } = 0 and 

M{fe G Bi) n fe G B 2 )} = M{0} = 0 = Mfe G Bi}AM{6 G B 2 }. 

It follows from the definition of independence that an uncertain variable is 
always independent of a constant. 


Theorem 1.14. The uncertain variables £ifer -- > are independent if 
and only if 

( m 


M life G Bi) l = max Mfe G B t } (1.46) 

l<i<m 

u=i ) — 


for any Borel sets Bi, B 2 , ■ ■ ■ , B m of real numbers. 


Proof: It follows from the self-duality of uncertain measure that £ 1 , £ 2 , ■'' > 
f rn are independent if and only if 


M \ IJ fe G Bi) 1 = 1 — M \ f) fe e B?) 


,2=1 


, 2=1 


= 1 — min G B 2 C } = max G Bi} . 

l<2<m l<2<m 


Thus the proof is complete. 
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Theorem 1.15. Let be uncertainty distributions of uncertain variables 
£i, i = 1 , 2 ,- •• ,m, respectively, and <5> the joint uncertainty distribution of 
uncertain vector (£i, £ 2 , ■ ■ • , £ m ). If ^ 1 , C 2 , • • ■ , £ m are independent, then we 
have 

■ ,x m ) = min ^(xf) (1-47) 

1 <i<m 

for any real numbers x±, X 2 , ■ ■ ■ , x m . 

Proof: Since £i,£ 2) - • • , £ m are independent uncertain variables, we have 




o= m \ rife < **) 


,i=l 


min 3V[{£i < a;,;} = min <&i{xi) 

l<i<m l<i<m 


for any real numbers x±, X 2 , • • ■ , x m . The theorem is proved. 

Example 1.16: However, the equation (11.471) does not imply that the uncer¬ 
tain variables are independent. For example, let £ be an uncertain variable 
with uncertainty distribution <f>. Then the joint uncertainty distribution 
of uncertain vector (£,£) is 


4i(xi, X 2 ) = 3V[{£ <*!,£< x 2 } = M{£ < xi} A M{£ < x 2 } = $(xi) A $(a; 2 ) 


for any real numbers X\ and :r 2 . But, generally speaking, an uncertain vari¬ 
able is not independent with itself. 


Theorem 1.16. Let £i,£ 2 , ••• , £ m he independent uncertain variables, and 
fi,h, ■■■ ,fn measurable functions. Then /i(£i), / 2 (£ 2 ), • • ■ , /m(£m) are in¬ 
dependent uncertain variables. 

Proof: For any Borel sets Bi , U 2 , • • • , B m of 5ff, it follows from the definition 
of independence that 

{ m 

i=l 

= min M{£,; G /r 1 ^)} = min M{/*(£*) G HJ. 

l<i<m l<i<m 


n(/<te)eB 4 ) 


,j=i 


Thus /i(£i), / 2 (£ 2 ), • • • , frnifm) are independent uncertain variables. 

1.5 Operational Law 

This section will introduce an operational law of independent uncertain vari¬ 
ables and present a 99-method for calculating the uncertainty distribution of 
monotone function of uncertain variables. 
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Theorem 1.17 (Liu 1123 ] /. Operational Law). Let £i,U, ■ • ■ ,£ n &e indepen¬ 
dent uncertain variables, and f : —> 3? a measurable function. Then 

£ = /(si, ^2, • • • ,£n) an uncertain variable such that 


sup min M k {fk £ B k }, 

f(B 1 ,B 2 ,- - ,b„)cb i<fc<« 

if sup min > 0.5 

/(Bi,B 2 , - ,fl„)CB 1 < k<n 


M{£ £ B} = 


1 - sup min M k {( k £ B k }. 

/(Bi,B 2 ,- - ,B n )cB c i<fc<™ 


if sup min M fc {U £ S fc } > 0.5 

/(Bi,B 2i - ,b„)cb= 


k 0.5, otherwise 

where B, B±, 1? 2 , ■ ■ • ,B n are Borel sets, and f(B±, B 2 , ■ ■ • ,B n ) C B means 
f(xi,x 2 ,- • • , x„) £ -B for any Xi £ Bi,x 2 £ S 2 , • • ■ ,i n £ B„. 


Proof: Write A = {( £ 5} and A*, = {£fc £ B k } for k = 1,2, • • • , n. It is 
easy to verify that 


Ai x A 2 x • • ■ x A n C A if and only if f(B±, 1? 2 , ■ • • , B n ) C B, 

Ai x A 2 x • • • x A n C A c if and only if f(Bi, 1? 2 , • • • , B n ) C B c . 

Thus the operational law follows from the product measure axiom immedi¬ 
ately. 


Increasing Function of Single Uncertain Variable 

Theorem 1.18. Let £ be an uncertain variable with uncertainty distribution 
and let f be a strictly increasing function. Then /(£) is an uncertain 
variable with inverse uncertainty distribution 

*-\a) = /(3> -1 (a)). (1.48) 

Proof: Since / is a strictly increasing function, we have, for each a £ (0,1), 

M{/(0 < /(4>- 1 (n))} = MU < = a. 

Thus we have 4'^ 1 (a) = /(4)~ 1 (a)). In fact, the uncertainty distribution of 

/(0 is 

d-U) = $(/ _1 ( a;)). 

The theorem is proved. 

99-Method 1.1. Lt is suggested that an uncertain variable f with, uncertainty 
distribution 4> is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

Xi 

X2 

X3 


X99 


(1.49) 
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where 0.01,0.02, 0.03, •• • ,0.99 in the first row are the values of uncertainty 
distribution <I>, and x±, X 2 , X 3 , • • • ,xgg in the second row are the correspond¬ 
ing values of < t>" 1 (0.01),<I>~ 1 (0.02),4> _1 (0.03),• • • , <I> _1 (0.99). Essentially, 
the 99-table is a discrete representation of uncertainty distribution $. Then 
for any strictly increasing function f(x), the uncertain variable /(£) has a 
99-table, 


0.01 

0.02 

0.03 


0.99 

f(x 1 ) 

f(x 2 ) 

f(x 3 ) 


f(xgg) 


The 99-method may be extended to the 999-method if a more precise result is 
needed. 


Example 1.17: Let £ be an uncertain variable with uncertainty distribution 
<1>. Then for any number k > 0, the inverse uncertainty distribution of k £ is 


T 1 (a) = fc<1> V). 
If £ is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

X \ 

X2 

X3 


£99 


then the 99-method yields that k£ has a 99-table, 


0.01 

0.02 

0.03 


0.99 

kx\ 

kx 2 

kx 3 


kXgg 


(1.51) 


(1.52) 


(1.53) 


Example 1.18: If £ is an uncertain variable with uncertainty distribution <f> 
and k is a constant, then £+fc is an uncertain variable with inverse uncertainty 
distribution 

T -1 ^) = d>~ 1 (a) + k. (1-54) 

If £ is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

X \ 

X2 

X3 


^’99 


then the 99-method yields that £ + k has a 99-table, 


0.01 

0.02 

0.03 


0.99 

x \ + k 

X2 + k 

x 3 + k 


Xgg + k 


Example 1.19: Let £ be a nonnegative uncertain variable with uncertainty 
distribution <I>. Since x 2 is a strictly increasing function on [0,+oo), the 
square £ 2 is an uncertain variable with inverse uncertainty distribution 

\E'“ 1 (a) = (4> _1 (a)) 2 . 


(1.57) 
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If £ is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

Xl 

Xl 

x-s 


X 99 


then the 99-method yields that the uncertain variable £ 2 has a 99-table, 


0.01 

0.02 

0.03 


0.99 

-IcT 

x'i 



x'99 


Example 1.20: Let £ be an uncertain variable with uncertainty distribu¬ 
tion $. Since exp(x) is a strictly increasing function, exp(£) is an uncertain 
variable with inverse uncertainty distribution 


'L 1 (a)=exp(<l) 1 (a)) . 
If £ is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

Xl 

Xl 

X3 


£99 


(1.60) 


(1.61) 


then the 99-method yields that the uncertain variable exp(£) has a 99-table, 


0.01 

0.02 

0.03 


0.99 

exp(xi) 

exp(x 2 ) 

exp(x 3 ) 


exp(xgg) 


(1.62) 


Decreasing Function of Single Uncertain Variable 

Theorem 1.19. Let £ be an uncertain variable with uncertainty distribution 
dy and let f be a strictly decreasing function. Then /(£) is an uncertainty 
distribution with inverse uncertainty distribution 

^V) = /(<h-^l-a)). (1.63) 

Proof: Since / is a strictly decreasing function, we have, for each a £ (0,1), 

M{/(£) < 1 - a))} = M{£ > $-\l - a)} = a. 

Thus we have 'L~ 1 (a) = /(<I> _1 (1 — a)). In fact, the uncertainty distribution 
of /(£) is 

'L(ai) = 1 - $(/ V)). 

The theorem is proved. 

99-Method 1.2. Let £ be an uncertain variable represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

Xl 

X2 

X3 


X99 


(1.64) 









Section 1.5 - Operational Law 


27 


Then for any strictly decreasing function f(x), the uncertain variable /(£) 
has a 99-table, 


0.01 

0.02 

0.03 


0.99 

f(x 99 ) 

f{x 9S ) 

f(x 97 ) 


f( x 1 ) 


Example 1.21: Let £ be an uncertain variable with uncertainty distribution 
<!>. Then — £ has an inverse uncertainty distribution 

4'~ 1 (a) = — <1> -1 (1 — a). (1.66) 


If £ is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

Xl 

X2 

X3 


£99 


(1.67) 


then the 99-method yields that the uncertain variable —£ has a 99-table, 


0.01 

0.02 

0.03 


0.99 

-£99 

— Xqs 

~x 97 


-Xl 


Example 1.22: Let £ be a positive uncertain variable with uncertainty 
distribution $>. Since 1/x is a strictly decreasing function on (0,+oo), the 
reciprocal l/£ is an uncertain variable with inverse uncertainty distribution 


T x (a) 


1 

$-!(! -a)' 


(1.69) 


If £ is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

Xl 

X2 

X3 


^’99 


then the 99-method yields that the uncertain variable l/£ has a 99-table, 


0.01 

0.02 

0.03 


0.99 

1 / 2:99 

1 / 2:98 

1 / 2:97 


1 / 2:1 


Example 1.23: Let £ be an uncertain variable with uncertainty distribution 
$. Since exp(— x) is a strictly decreasing function, exp(—£) is an uncertain 
variable with inverse uncertainty distribution 


T 1 (a) = exp (— X (1 — a)) . 
If £ is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

2:1 

2:2 

2:3 


2:99 


(1.72) 

(1.73) 


then the 99-method yields that the uncertain variable exp(—£) has a 99-table, 


0.01 

0.02 

0.03 


0.99 

exp (—2:99) 

exp(—a: 98 ) 

exp(—0:97) 


exp(-a; 1 ) 
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Increasing Function of Multiple Uncertain Variables 

A real-valued function f{x 1 , £ 2 , ■ ■ ■ , x n ) is said to be strictly increasing if 

f(xi,x 2 ,-" ; Xn) < /(j/l, 2 / 2 , ' ‘ ‘ , Vn) (1-75) 

whenever Xi < y* for i = 1 , 2 , • • • , n and Xj < for at least one index j. 

Theorem 1.20. Let , ^2 , • • • , be independent uncertain variables with 
uncertainty distributions $ 1 , $ 2 , • • • ,<£> n , respectively. If f : 3?" —> 3 % is a 
strictly increasing function, then 

£ = /&,&,■" ,&) (1-76) 

is an uncertain variable with inverse uncertainty distribution 

'I'” V) = WT\a),^\a), • • • , $-»)• (1.77) 

Proof: Since £ 1 , £ 2 . •'' iCn are independent uncertain variables and / is a 
strictly increasing function, we have 

M{£< 

= Mifitu&r-- ,Zn) < ,$-»)} 

> M{(a < <&rV)) n (6 < $2 Ha)) n • ■ ■ n (£ n < $-»)} 

= M{& < A M{6 < $2 Ha)} A • • • A MU„ < $->)} 

= aAttA"'Aa = «. 

On the other hand, there exists some index i such that 

Thus 

M{£ < ^-Ha)} < M{& < $tHo)} = a. 

It follows that M{£ < 'T~ 1 (a)} = a. In other words, T is just the uncertainty 
distribution of £. In fact, we also have 

^(x) = sup min <I>j( 2 ;j). (1-78) 

f(x ,*„)=* !<*<"■ 

The theorem is proved. 

99-Method 1.3. Assume £ 1 , £ 2 , • • • , f n are uncertain variables, and each fi 
is represented by a 99-table, 

(1.79) 

Then for any strictly increasing function f(xi,X 2 ,--- ,x n ), the uncertain 
variable f(fi, £ 2 , ■ • • ,£«) has a 99-table, 


0.01 

0.02 


0.99 

f(x{, x(,--- ,x 1 f) 

f(x 2 ,x'i,--- ,x%) 


/ ( x 99 1 ^99 > ‘ ‘ ‘ > ^99 ) 



(1.80) 
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Example 1.24: Let <^i, ^ 2 , • • • , £n be independent uncertain variables with 
uncertainty distributions d>i, d> 2 , • • • , Tn, respectively. Then the sum 

£ = Cl + £2 + • • • + £n ( 1 - 81 ) 

is an uncertain variable with inverse uncertainty distribution 

\E ,_1 (a:) = < l>^ 1 (a) + < h^ 1 (a) H-b d>~ 1 (a). (1.82) 

If each £, : (1 < i < n) is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

*i 

x\ 

x 3 


X 99 


then the 99-method yields that the sum £1 + £ 2 + • • • + £„ has a 99-table, 


0.01 

0.02 

0.03 


0.99 

n 

X>i 

2=1 

n 

^Z X 2 

2=1 

n 

J2 x l 

2=1 


n 

x 99 

2=1 


Example 1.25: Let £,( 2 , ■ • • ,£ n be independent and nonnegative uncertain 
variables with uncertainty distributions $ 1 , $ 2 , • • • , 4* n , respectively. Then 
the product 

£ = £1 x £ 2 x • • • x £„ (1.85) 

is an uncertain variable with inverse uncertainty distribution 

4' _1 (a) = <hC 1 (a) x d)^ 1 (a) x • • • x 4>“ 1 (a). (1.86) 

If each £,; (1 < i < n) is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

x\ 

x\ 

x\ 


^’99 


then the 99-method yields that the product £1 x £ 2 x • • • x £„ has a 99-table, 


0.01 

0.02 

0.03 


0.99 

n 

IH 

n 

2=1 

n 

n 

2=1 


n 

11^99 

2=1 


Example 1.26: Assume £ 1 , £ 2 , £3 are independent and nonnegative uncer¬ 
tain variables with uncertainty distributions $ 1 ,4> 2 , $ 3 , respectively. Then 
the inverse uncertainty distribution of (£1 + £ 2 )£3 is 

t-V) = ($rV) + $2 ^a)) 


(1.89) 
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If £ 1 ,^ 2 , £3 are respectively represented by 99-tables, 



(1.90) 


then the 
99-table, 


99-method yields that the uncertain variable (£1 + £ 2)^3 has a 


0.01 

0.02 


0.99 

(x[ + x'i)x'f 

{X 2 + X 2 )X2 


(x^g + X% 9 )x'i g 


Theorem 1.21. Assume that £1 and £2 a,re independent linear uncertain 
variables C(ai, bi) and C{a 2 , 62 ); respectively. Then the sum £1 + £2 is also a 
linear uncertain variable C{a 1 + 02 , b\ + 62 )? *.e., 

T(ui, bi) + C(a 2l 62 ) = T(a,\ + 0 , 2 , b± + 62 ). (1.92) 

The product of a linear uncertain variable C(a, b) and a scalar number k > 0 
is also a linear uncertain variable C(ka, kb), i.e., 

k ■ C{a , b ) = C{ka, kb). (1.93) 

Proof: Assume that the uncertain variables £1 and £2 have uncertainty 
distributions $1 and $ 2 , respectively. Then 

d>^ 1 (o;) = (1 — a)ai + abi, 

d > f 1 (a) = (1 — a)a 2 + ab 2 . 

It follows from the operational law that the inverse uncertainty distribution 
of £1 + £2 is 

\E'~^(a;) = $rV) + ^2 1 ( a ) = (1 - a)(ai + a 2 ) + a(bi + b 2 ). 

Hence the sum is also a linear uncertain variable C(a\ + a 2 l b\ + b 2 ). The 
first part is verified. Next, suppose that the uncertainty distribution of the 
uncertain variable £ ~ C(a, b) is $. It follows from the operational law that 
when k > 0 , the inverse uncertainty distribution of is 

'T _ 1 (a) = fc<I> _ 1 (a;) = (1 — a)(ka) + a{kb). 

Hence kf is just a linear uncertain variable C{ka , kb). 
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Theorem 1.22. Assume that £i and £2 are independent zigzag uncertain 
variables Z(a±,bi,Ci) and Z[a 2 ,b 2 ,c^), respectively. Then the sum l; i + £ 2 is 
also a zigzag uncertain variable Z(a\ + 0 , 2 , b± + 62, c\ + C 2 ), i.e., 

Z(ai, 61, Ci) + Z(a 2 ,b 2 ,c 2 ) = Z(a 1 + a 2 ,&i + 62,01 + c 2 ). ( 1 . 94 ) 

The product of a zigzag uncertain variable Z(a,b,c ) and a scalar number 
k > 0 is also a zigzag uncertain variable Z(ka,kb,kc), i.e., 

k ■ Z{a,b,c) = Z(ka,kb,kc). ( 1 . 95 ) 


Proof: Assume that the uncertain variables £1 and £2 have uncertainty 
distributions 4>i and 4 > 2 , respectively. Then 


4>rV) 


(1 — 2a)ai + 2o6i, if a < 0.5 
(2-2a)b 1 + (2a-l)c 1 , if a > 0.5, 


1 ] (1 — 20)02 + 2062 , if o < 0.5 

2 V ; [ (2 - 2o)6 2 + (2o - l)c 2 , if o > 0.5. 

It follows from the operational law that the inverse uncertainty distribution 
of £1 + £2 is 


+ 1 (o) 


(1 — 2o)(ai + a 2 ) + 2o(6i + b 2 ), if o < 0.5 
(2 — 2o)(6i + 62 ) + (2o — l)(ci + c 2 ), if o > 0.5. 


Hence the sum is also a zigzag uncertain variable Z(a± + a 2 , b\ + b 2 , c\ + c 2 ). 
The first part is verified. Next, suppose that the uncertainty distribution of 
the uncertain variable £ ~ Z(a, 6, c) is <I>. It follows from the operational law 
that when k > 0, the inverse uncertainty distribution of fc£ is 

1 1 f (1 — 2a)(ka) + 2a(kb), if a < 0.5 

vT>— 1 fo4 = k®- 1 a) = < 

^ ’ \ (2 — 2a)(kb) + (2a — l)(fcc), if a > 0.5. 


Hence fc£ is just a zigzag uncertain variable Z(ka , kb, kc). 


Theorem 1.23. Let £1 and £2 be independent normal uncertain variables 
and Af (e 2 , a 2 ), respectively. Then the sum £1 +£2 is also a normal 
uncertain variable Af(e 1 + e2, <ti + cr 2 ), i.e., 

Af(e\,a\) + A f(e 2 , a 2 ) = Af(e\ + e 2 , <?i + cr 2 ). (1.96) 

The product of a normal uncertain variable Af(e, a) and a scalar number 
k > 0 is also a normal uncertain variable Af(ke,ka), i.e., 


k ■ Af(e, a) = Af(ke, her). 


(1.97) 
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Proof: Assume that the uncertain variables £1 and £ 2 have uncertainty 
distributions $1 and <J> 2 , respectively. Then 


$1 V) = ei + 


cri%/3 

-In 

7 r 


a 

1 — a 5 


-w-_1 / x ^2 1 

$ 2 1 (a) = e 2 H-In --. 

7 r 1 — a 

It follows from the operational law that the inverse uncertainty distribution 
of Ci + £2 is 

= $rV) + $2'(a) = (ei + e 2 ) + ( gl+a2 )^ i n 

7T 1 — a 

Hence the sum is also a normal uncertain variable A/"(e 1 + e 2 , <ti + ( 72 )- The 
first part is verified. Next, suppose that the uncertainty distribution of the 
uncertain variable £ ~ A f{e, a) is $. It follows from the operational law that, 
when k > 0, the inverse uncertainty distribution of fc£ is 

\E ,_1 (a) = k$-\a) = ( ke ) + i n 

7 r 1 — a 

Hence fc£ is just a normal uncertain variable A/"(fee, /eer). 


Theorem 1.24. Assume that £1 and £2 are independent lognormal uncertain 
variables COQAf (e\, a\) and COQJf (e 2 , cr 2 ), respectively. Then the product 
£1 • £ 2 is also a lognormal uncertain variable COQM{e\ + e 2 ,<7i + <r 2 ), i.e., 

COQAf(ei, <7i) • COQM{e 2 ,cF 2 ) = LOQM{e\ + e 2 , ui + cr 2 ). (1.98) 

TTie product of a lognormal uncertain variable COQAf(e, a) and a scalar num¬ 
ber k > 0 is also a lognormal uncertain variable COQAf(e + In k, a), i.e., 

k ■ COQN{e , a) = LOQM{e + In k, a). (1.99) 


Proof: Assume that the uncertain variables £1 and £2 have uncertainty 
distributions d>i and H> 2 , respectively. Then 

$r x («) = ex p( e i) 


a 

1 -a) 


$ 2 1 (a) = exp(e 2 ) 


y/^<j2/-n 


It follows from the operational law that the inverse uncertainty distribution 
of £1 • £2 is 


T x (a) = 4> 1 1 (a) • <h 2 x (a) = exp(ei + e 2 ) 


%/3((Ti +o- 2 )/7T 
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Hence the product is a lognormal uncertain variable COQN(e i + e 2 , <J\ + cr 2 ). 
The first part is verified. Next, suppose that the uncertainty distribution of 
the uncertain variable £ ~ COQJ\f(e, a) is 4>. It follows from the operational 
law that, when k > 0, the inverse uncertainty distribution of kt; is 


T 1 (a) 


fc4> 1 (o) = exp(e + In k) 



Hence k £ is just a lognormal uncertain variable COQAf (e + In k, a). 

Example 1.27: Let £i,£ 2) - ' - , £,n be independent uncertain variables with 
uncertainty distributions 4>i, 4> 2 , • • • , 4>„, respectively. Then the maximum 

£ = Cl V £2 V • • • V Zn (1.100) 

is an uncertain variable with uncertainty distribution 

T(a:) = $ 1 ( 2 ;) A d> 2 (a;) A • • • A <f> n (:r) (1.101) 

whose inverse function is 

\E ,_1 (a) = V § 2 1 ( Q! ) V • • • V ^(a). (1.102) 

If each (1 < i < n) is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

4 

x \ 

4 


4g 


then the 99-method yields that the maximum £1 V £ 2 V • • • V has a 99-table, 


0.01 

0.02 

0.03 


0.99 

n 

V 4 

i—1 

n 

V X 2 

i— 1 

n 

V4 


n 

V x 99 

i=l 


(1.104) 


Example 1.28: Let £1 , £ 2 > •' ‘ ,£ n be independent uncertain variables with 
uncertainty distributions 4>i, 4> 2 , • • • , < f ) n , respectively. Then the minimum 

£ = ^1 A 6 A • • • A (1.105) 

is an uncertain variable with uncertainty distribution 

4/(2:) = < 3>i( 2;) V 4)2(2;) V • • • V 4> n (2;) (1.106) 

whose inverse function is 


T !(«) = 4^ x (a) A 4> 2 x (a) A • • • A 4> n 1 (a). 


(1.107) 
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If each (1 < i < n) is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

4 

x\ 

x 3 


x lg 


(1.108) 


then the 99-method yields that the minimum £i A £2 A • • • A has a 99-table, 


0.01 

0.02 

0.03 


0.99 

n 

A 4 

i =1 

n 

f\4 

i= 1 

n 

A 4 

1=1 


n 

/\ ^99 
i=l 


(1.109) 


Example 1.29: If £ is an uncertain variable with uncertainty distribution <f> 
and k is a constant, then f\Jk is an uncertain variable with inverse uncertainty 
distribution 

tf _1 (a) = $- x (a) Vfc (1.110) 

and has a 99-table, 


0.01 

0.02 

0.03 


0.99 

X\ V fc 

X2 V k 

X3 V k 


£99 V k 


( 1 . 111 ) 


In addition, f/\k is an uncertain variable with inverse uncertainty distribution 

4'~ 1 (o;) = <f> _1 (a) A k (1.112) 


and has a 99-table, 


0.01 

0.02 

0.03 


0.99 

X\ A k 

X2 A k 

X3 A k 


Xgg A k 


(1.113) 


Decreasing Function of Multiple Uncertain Variables 

A real-valued function f{x 1 , £ 2 , 1 • ■ , x n ) is said to be strictly decreasing if 

f(xi,X2, • • • ,x n ) > /( 2 / 1 , 2 / 2 , - ■ ■ ,Vn) ( 1 - 114 ) 

whenever Xi < yt for i = 1, 2, • • • , n and Xj < yj for at least one index j. 

Theorem 1.25. Let ^1 , ^2 , • • • , fn be independent uncertain variables with 
uncertainty distributions dr, <f> 2 , • • • , 4> ra , respectively. If f : 9?" —> 9? is a 
strictly decreasing function, then 

£ = /(&,&,■ " ,£n) (1-115) 


is an uncertain variable with inverse uncertainty distribution 

^V) = WtH* - «)’ $ 2' 1 ( 1 1 (1 - <*))■ 


(1.116) 
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Proof: Since £1 , £21 • ‘' ,£ n a re independent uncertain variables and / is a 
strictly decreasing function, we have 

M{£ < \E ,_1 (a)} 

= ,&o </(^r'a-«). *2'a-«)»■■• -<*))} 

> M{(& > - a)) n (6 > $2 !(1 - a)) n ■ ■ • n (£ n > ^(l - a))} 

= M{& > $r X (l - «)}AM{6 > $2 '(1 - «)I A • • • A ^U„ > ^(1 - «)} 

= aA«A-"Aa = a. (By the continuity of d>,’s) 

On the other hand, there exists some index i such that 

{/(a, ■ ■ • ,U < - a), • • • , ^-\l - a))} C {6 > - a)}. 

Thus 

M{£ < T- 1 ^)} < M{& > ^(l - a)} = a. 

It follows that M{£ < tE' _1 (a)} = a. In other words, T is just the uncertainty 
distribution of £. In fact, we also have 

aE'(x) = sup min (1 — $j(xj)). (1.117) 

f(xl,X2,-~ ,X*i)=X 1 - i - n 

The theorem is proved. 

99-Method 1.4. Assume ^ 1 ,^ 2 , ■ •• ,£ n are uncertain variables, and each 
is represented by a 99-table, 

(1.118) 

Then for any strictly decreasing function f(xi,X 2 ,--- ,x n ), the uncertain 
variable f {£!,&,■■ ■ , £«) has a 99-table, 


0.01 

0.02 


0.99 

fix gg, Xgg, • • • , Xgg) 

f( x 98i x 98i ' ‘ ‘ > x 9s) 


, x i) 


Alternating Monotone Function of Multiple Uncertain Variables 

A real-valued function f(xi,X 2 ,--- ,x n ) is said to be alternating monotone 
if it is increasing with respect to some variables and decreasing with respect 
to other variables. 

Theorem 1.26. Let £i,£2>"‘ ,be independent uncertain variables with 
uncertainty distributions 2 , •• • ,&n, respectively. If f(x±, X2, ■ ■ ■ ,x n ) is 
strictly increasing with respect to X \, X2, • ■ ■ , x m and strictly decreasing with 
respect to x m +i,x m +2, ■ ■ ■ , x n , then 
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£ = /(£ 1>$2, • • • Un) 

is an uncertain variable with inverse uncertainty distribution 

= /($rV), • • • ) ^m+lt 1 -«)>••-, ^n X (l ~ «))■ (1-H9) 

Proof: We only prove the case of m = 1 and n = 2. Since and £2 
are independent uncertain variables and the function f(x 1 , 0 : 2 ) is strictly 
increasing with respect to x± and strictly decreasing with X 2 , we have 

MU < ^(a)} = M{/UiU 2 ) < mi 1 (a), Si 1 (1 - a))} 

> M{(U < ^r x («)) n (6 > $ 2 '(1 ^ «))} 

= MUi < V)} A M {<£ 2 > ^2 X (! - a)} 

= a A a = a. 


On the other hand, the event {£ 5s 1 (a)} is a subset of either {£1 < 
< f>^ 1 (a)} or {£2 — < J ) 2^ 1 (1 — «)}• Thus M{£ < T~ 1 (a)} < a. It follows that 

MU<rV)} = a. 

In other words, T is just the uncertainty distribution of £. In fact, we also 
have 

\P(a?) = sup ( min A min (1 — $*(£»))) . (1.120) 

f(x i,l2,-,i»)=0 1 -'- m m+l<i<n ) 

The theorem is proved. 

99-Method 1.5. Assume £iU 2 , ■ ■ • ,£ n are independent uncertain variables, 
and each & is represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

x l 

x \ 

x 3 


^’99 


( 1 . 121 ) 


If the function f(x\,xi , • • • ,x n ) is strictly increasing with respect to x\,x-i, 
• • • , x m and strictly decreasing with x m +i,x m + 2 , ■ ■ ■ , x n , then the uncertain 
variable /(£ 1 ,^ 2 ,-■■ Un) has « 99-table, 


0.01 


0.99 

t(rp 1 . . . r^m „m+l # n \ 

J 5 > ^99 ’ 5 x 99/ 


f/™1 . . . m+I 

Jr 99’ > x 99’ x l 5 5 X 1/ 


Example 1.30: Let £1 and £2 be independent uncertain variables with un¬ 
certainty distributions $1 and $ 2 , respectively. Then the inverse uncertainty 
distribution of the difference £1 — £2 is 

^ _1 (a) = $U(a) _ $2 *(1 - a)- 


( 1 . 122 ) 
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If £1 and X 2 are respectively represented by 99-tables, 



then the 99-method yields that £1 — £2 has a 99-table, 


0.01 

0.02 

0.03 


0.99 

X 1 ~~ x 99 

x 2 — X 9S 

x 3 — x 97 


x 99 ~~ X 1 


(1.123) 

(1.124) 

(1.125) 


Example 1.31: Let £1 and £2 be independent and positive uncertain vari¬ 
ables with uncertainty distributions $1 and 4>2, respectively. Then the inverse 
uncertainty distribution of the quotient £i /£2 is 

4' _1 (a) = 4>)" 1 (a)/<i)^ 1 (l — a). (1.126) 


If £1 and £2 are respectively represented by 99-tables, 



then the 99-method yields that £i /£2 has a 99-table, 


0.01 

0.02 

0.03 


0.99 

x l/ x 99 

Z 2 /Z 98 

X H X 97 


x 99/ x 'l 


(1.127) 

(1.128) 

(1.129) 


Example 1.32: Assume £i,£ 2,£3 are independent and positive uncertain 
variables with uncertainty distributions 4>i, 4>2,4>3, respectively. Then the 
inverse uncertainty distribution of £i /(£2 + £ 3 ) is 

* _ 1 (a) = - «) + ^ 3 '(l - «))■ (1-130) 

If £i,£ 2 ,£ 3 are respectively represented by 99-tables, 

(1.131) 

(1.132) 

(1.133) 

then the 99-method yields that £i /(£2 + £ 3 ) has a 99-table, 

(1.134) 
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Operational Law for Boolean Uncertain Variables 

A function is said to be Boolean if it is a mapping from {0,1}" to {0,1}. For 
example, the following are Boolean functions, 

f(x 1,X2,- ■■ ,x n ) = Xi V x 2 V • • • V x n , (1.135) 

f(xi,X2,- • • ,x n ) = X\ A x 2 A • • • A x n . (1.136) 

An uncertain variable is said to be Boolean if it takes values either 0 or 1. 
For example, the following is a Boolean uncertain variable, 



1 with uncertain measure a 
0 with uncertain measure 1 — a 


(1.137) 


where a is a number between 0 and 1. This subsection introduces an opera¬ 
tional law for this type of uncertain variables. 

Theorem 1.27. Assume that £i,£2>"' ,are independent Boolean uncer¬ 
tain variables, i.e., 



1 with uncertain measure ai 
0 with uncertain measure 1 — at 


(1.138) 


for i = 1, 2, • • • , n. If f is a Boolean function (not necessarily monotone), 
then f = /(£i, $ 2 ) ■ ■ ■ , £ n ) is a Boolean uncertain variable such that 

( sup min Vi(xf), 

fix = 


= 1 } = 


if sup min Ui(xf) < 0.5 

f(x 1,2:2,- ,x n )—1 1 <*<« 

1 — sup min Vi(xf), 

f( x i,I 2 ,-,X„)= 0 U^ n 

if sup min Viixf) > 0.5 

fix 1,X 2 ,"' ,x„) = l i<*<« 


(1.139) 


sup min Ui(xi ), 

fix l,X 2 ,-",X„)=0 1 ^ i ^ n 

if sup min Ui(xf) < 0.5 

mu=o}= ) -o , <;<'' 

1 — sup min Ui(xi), 

fix 1,0:2,- ,x„)=l !<*<«■ 

if sup min Vi(xf) > 0.5 

f(xi,X 3 ,-,X n )=0 1 ^ n 

where Xi take values either 0 or 1, and z/j are defined by 


i ( Xj ) — 


ai, ifxi = 1 

1 — if Xi = 0 


(1.140) 


(1.141) 


for i = 1,2, • • • , n, respectively. 
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Proof: It follows from the operational law and independence of uncertain 
variables that 


sup min £ B,}, 

/(Bi,B 2 , - ,b„)=i 1 < i < n 

if sup min £ Bi} > 0.5 

f(B 1 ,B 2 ,-- ,B„) =1 i<*<™ 

3V[{£ = 1} = 1 — sup min £ Bi }, 

/(Bi,B 2 , -,B n )=o 1 ^ i ^ n 

if sup min £ B^} > 0.5 

/(Bi,B 2 , -- ,b„)=o 1 ^^" 

„ 0.5, otherwise 


(1.142) 


where Bi, B 2 , • • • , B„ are subsets of {0,1}, and /(Bi, B 2 , • • • , B n ) = 1 means 
f(xi,X 2 ,-'' i x n) = 1 for any xi £ Bi,X 2 £ B 2 ,--- , x„ £ B ra . Please also 
note that 


^i(l) = = 1}, ^(0) = = 0} 

for * = 1,2, ••• ,n. The argument breaks down into four cases. Case 1: 
Assume 

sup min Ui{xi) < 0.5. 

f(x 1 ,X 2 ,- ,x n )=l i<*<« 


Then we have 


sup min M{£j £ B^} = 1 — sup min Vi{xi ) > 0.5. 

/(Bi,B 2 ,- ,b„)=o !<*<" /(xi,x 2 ,--- ,x„)=l i<*<™ 


It follows from (11.1421) that 

M{£ = 1} = sup min Ui{xi). 

f (xi,x 2 ■ ,x„)=l l<j<™ 

Case 2: Assume 

sup min t'i(xj) > 0.5. 

f (xi,x 2 ,■ ■ ■ ,x„)=l !<*<« 

Then we have 


sup min M{£i £ B^} = 1 — sup min v t (x^) > 0.5. 

/(Bi,B 2i - ,B„)=1 1<*<™ f (xi,x 2 ,• • • ,x„)=0 i<*<™ 

It follows from (11.1421) that 

M{£ = 1) = 1 — sup min vAxA. 

/(x 1 ,X2,-,x b )=o !<•*<« 

Case 3: Assume 

sup min r'i(xj) = 0.5, 

f (xi,x 2 ,■ ■ ■ ,x„)=l 

sup min Vi{xj) = 0.5. 

/(xi,i 2 ,-,x„)=0^^ n 
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Then we have 


sup min M{A € BA = 0.5, 


sup min £ Bi} = 0.5. 

It follows from (11.1421) that 


M{£ = 1} = 0.5 = 1 — sup min vAxA. 

-,*»)=o 1 ^” 


Case 4: Assume 

sup min Vi{xf) = 0.5, 

/(x i,x 2 ,-~ ,x„)=l i<*<« 

sup min Vi{xf) < 0.5. 

/(xi,x 2> - ,x n )=o !<*<« 

Then we have 


sup min M{£j £ Bi} = 1 — sup min v,(x,) > 0.5. 

f(B 1 ,B 2 ,- - ,B„)=1 !<*<" f (xi,x 2 ,• • • ,x„)=0 1<*<™ 


It follows from (11.1421) that 


3V[{£ = 1} = 1 — sup min Vi(xi). 

f(x 1,X 2 ,'" ,X n )=0 1 —^ — n 

Hence the equation (11.1391) is proved for the four cases. Similarly, we may 
verify the equation (11.1401) . 


Theorem 1.28. Assume that £ 1 ,^ 2 , • •• , are independent Boolean uncer¬ 
tain variables, i.e., 


ii = 


1 with uncertain measure ai 
0 with uncertain measure 1 — a* 


for i = 1,2, • ■ • ,n. Then the minimum 


£ = £1 A £2 A • • • A fn 
is a Boolean uncertain variable such that 

3V[{£ = 1} = ai A 02 A • • • A a n , 


(1.143) 


(1.144) 


(1.145) 


M{£ = 0} = (1 - or) V (1 - 02 ) V • • • V (1 - a n ) 


(1.146) 
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Proof: Since £ is the minimum of Boolean uncertain variables, the corre¬ 
sponding Boolean function is 

f{x 1 ,X 2 , • • • ,x n ) = X\ A x 2 A • • • A x n . (1.147) 

Without loss of generality, we assume cii > 02 > • • • > a n . Then we have 

sup min Uiixf) = min z/j( 1) = a n , 

,x n )=l !<«< n l<i<n 

sup min Vi(xi) = (1 — a„) A min (a* V (1 — a*)) 

/(ai,x 2 ,-,®n)=0 1 ^ n l<i<n 

where Vi{xt) are defined by (11.1411) for i = 1,2,- • • , n, respectively. When 
a n < 0.5, we have 

sup min Vi{xf) = a n < 0.5. 

f{xi,x 2 ,- ,x„)=l !<*<"■ 

It follows from Theorem II .271 that 

M{£ = 1} = sup min vAxA = a n . 

When a n > 0.5, we have 


sup min Vi{xf) = a n > 0.5. 

f(x i,X2,- ,x„)=l !<*<« 

It follows from Theorem II .271 that 

3Vt{£ = 1} = 1 — sup min Vi(xi) = 1 — (1 — o n ) = a n . 

fix ,x„)=0 !<*<« 

Thus M{£ = 1} is always a ni i.e., the minimum value of ai, 02 , • • • , a n . Thus 
the equation (11.1451) is proved. The equation (11.1461) may be verified by the 
self-duality of uncertain measure. 


Theorem 1.29. Assume that £ 1 , £ 2 , • • • , £ n are independent Boolean uncer¬ 
tain variables, i.e., 


6 = 


1 with uncertain measure at 
0 with uncertain measure 1 — a* 


for i = 1,2, ■ ■ • , n. Then the maximum 


£ = £1 V £ 2 V • • ■ V £„ 
is a Boolean uncertain variable such that 


3V[{£ = 1} = 01 V a 2 V • • • V a n , 


(1.148) 


(1.149) 


M{£ = 0} = (1 — ai) A (1 — a 2 ) A • • • A (1 — a n ) 


(1.150) 

(1.151) 
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Proof: Since £ is the maximum of Boolean uncertain variables, the corre¬ 
sponding Boolean function is 

f{x i,x 2 , • • • ,x n ) = X\ V x 2 V • • • V x n . (1.152) 

Without loss of generality, we assume oi > 02 > • • • > a„. Then we have 

sup min vAxf) = a\ A min (a* V (1 — ai)), 

/(x i,j: 2 ,-,i»)=l 1 - i - n l<i<n 

sup min fi(xi) = min z^(0) = 1 — ai 

/(ll,i 2 ,-,i»)=0 1 ^ n l<i<n 

where Vi{xi) are defined by (11.1411) for i = 1,2,- • • ,n, respectively. When 
a i > 0.5, we have 


sup min u.i(xi) > 0.5. 

/(xi,x 2 ,--- ,X„)=1 i<*<" 

It follows from Theorem 1 1.2 71 that 

M{£ = 1} = 1 — sup min Ui{xi) = 1 — (1 — oi) = ai. 

/(x,x n )=o i<«<" 

When ai < 0.5, we have 


sup min Vi(xi) = a\ < 0.5. 

/(x 1,X 2 ,-" ,x„)=l i<*<« 

It follows from Theorem 1 1.2 71 that 

M{£ = 1} = sup min vAxA = a\. 

/(•Lxa,-,»„)=i !<<<» 

Thus M{£ = 1} is always ai, i.e., the maximum value of ai, 02 , • • • , a n . Thus 
the equation (11.1501) is proved. The equation (11.1511) may be verified by the 
self-duality of uncertain measure. 

Theorem 1.30. Assume that £ 1 ,^ 2 , ■ ■ ■ , £ n are independent Boolean uncer¬ 
tain variables, i.e., 


6 = 


1 with uncertain measure ai 
0 with uncertain measure 1 — ai 


for i = 1,2, • • • , n. Then (k-out-of-n) 


t = 


1) */ £l + £2 + ’ ' ' + £n > k 
0; */ £l + £2 + ’ ’ ’ + £n < k 


is a Boolean uncertain variable such that 


(1.153) 


(1.154) 


M{£ = 1} = the kt.h largest value 0 / 01 , 02 ,-•• ,a n , (1.155) 

M{£ = 0} = the kth smallest value 0 / 1 — ai, 1 — 02, • • • , 1 — a n . (1.156) 
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Proof: This is the so-called fc-out-of-n system. The corresponding Boolean 
function is 


f{x i,x 2 , ■■■ ,x n ) 


1, if x\ + x 2 + ■ ■ ■ + x n > k 
0, if x\ + x 2 + • • • + x n < k. 


(1.157) 


Without loss of generality, we assume ai > 02 > • • • > a n . Then we have 
sup min v%{xi) = ak A min (a* V (1 — ai)), 

/(xi,x 2 ,-,®n)=l 1 - i - n k<i<n 

sup min vAxi) = (1 — ak) A min (a, V (1 — ai) 
/(x 1 ,xa,-,x B )=01<<<" k <i< n 

where Vi{xi) are defined by (11.1411) for i = 1,2,- •• ,n, respectively. When 
ak > 0.5, we have 


sup min Ui(xi) > 0.5. 

/(xi,x 2 ,- ,x„) = l 1 < i < n 

It follows from Theorem 1 1.2 71 that 


M{^ = 1} = 1 — sup min i'i(xi) = 1 — (1 — ak) = ak- 

f(x 1,X 2 ,-,X„)=0 1 ^’ 1 

When ak < 0.5, we have 


sup min Vi(xi) = ak < 0.5. 

/(x 1 ,X2,-',X„) = l 1 < i < n 

It follows from Theorem II .271 that 


M{£ = 1} = sup min Vi{xi) = ak- 

/(xi,x 2 ,--- ,x„)=i i<*<™ 

Thus M{^ = 1} is always ak, he., the kth. largest value of ai,ci 2 ,-- - ,a n . 
Thus the equation (11.1551) is proved. The equation (11.1561) may be verified 
by the self-duality of uncertain measure. 


Operational Law with Joint Uncertainty Distribution 

Let 1 , £ 2 ,''' 1 be uncertain variables with joint uncertainty distribution 
4>. It is clear that 4)~ 1 (a) is a set of 3?" rather than a single point. Assume 
/ : 3—> (ft is an increasing function. It follows from the operational law and 
maximum uncertainty principle that /(£ 1 , £ 2 , • • • , £ ra ) is an uncertain variable 
with inverse uncertainty distribution 


T 1 (a) 


min f(xi, X 2 , ■ • ■ , x n ), if a < 0.5 

(ii,i 2 ,- ,x„)e3> _1 (a) 

max f(x i,X 2 ,-■ • ,x n ), if a > 0.5. 


(1.158) 













44 


Chapter 1 - Uncertainty Theory 


If / : 3?" —> 3? is a decreasing function, then /(£i, £ 2 , • • ■ , £ n ) is an uncertain 
variable with inverse uncertainty distribution 


4 f 1 (a) 


(*1,X2," 

min 

f(x i,x 2 ,-- 

•> x n)i 

if a 

< 0.5 

(.Xl,X2,- 

max 

• ,£ n )E‘I , ~ 1 (1—ct) 

f(x 1 ,X 2 ," 

5 

if a 

> 0.5 


(1.159) 


1.6 Expected Value 

Expected value is the average value of uncertain variable in the sense of 
uncertain measure, and represents the size of uncertain variable. 

Definition 1.20 (Liu 112011 ). Let £ be an uncertain variable. Then the ex¬ 
pected value of £ is defined by 


/*+00 r 0 

£[£] = / 3V[{£ > r}dr - / M{£ < r}dr 

J 0 J — 00 


(1.160) 


provided that at least one of the two integrals is finite. 


Theorem 1.31. Let £ be an uncertain variable with uncertainty distribution 
4>. If the expected value exists, then 

/»+oo rO 

£?[£] = / (1 — <&(x))dx — / >I>(:r)d:r. (1.161) 

J 0 J —00 

Proof: It follows from the definitions of expected value operator and uncer¬ 
tainty distribution that 

/*+oo /*0 

f?[£] = / M{£ > r}dr — / M{£ < r}dr 

J 0 J —00 

C+OO /*0 

= / (1 — >I>(a;))dx — / <I>(:r)dx. 

J 0 J — oo 

See Figure [TTT51 The theorem is proved. 

Theorem 1.32. Let £ be an uncertain variable with uncertainty distribution 
<I>. If the expected value exists, then 

£[£] = [ $ _1 (a)da. (1.162) 

Jo 

Proof: It follows from the definitions of expected value operator and uncer¬ 
tainty distribution that 

/*+oo c0 

£?[£] = / 3V[{£ > r}dr — / M{£ < r}dr 

J 0 J —oo 

/*1 ^$(0) /*1 

= / $ _1 (a)da+ / <£ _1 (a:)dai = / 3> _1 (a)da. 

J <E>( 0 ) Jo Jo 
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*I>(a;) 



/*+oo /*0 

Figure 1.13: E[£] = / (1 — 4>(a;))da: — / 4>(rr)da: 

J 0 J —oo 


*F(a:) 



Figure 1.14: 



4> 1 (a)da 


See Figure H. 141 The theorem is proved. 

Theorem 1.33. Let £ be an uncertain variable with uncertainty distribution 
<3>. If the expected value exists, then 

/ +oo 

a;d$(a;). (1.163) 

-OO 

Proof: It follows from Theorem 11.321 that 

E[f] = [ 4> _1 (a)da. 

J o 

Now write 4>“ 1 (a) = x. Then we immediately have a = 4>(a:). The change 
of variable of integral produces (11.1631) . The theorem is verified. 


Example 1.33: Suppose that £ is a discrete uncertain variable represented by 


a i 

012 



Xi 

X2 




(1.164) 
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where x± < X 2 < ■ ■ ■ < x m and 0 < a.\ < 0,2 < • • • < a m = 1. The 
uncertainty distribution 4) of £ is a step function shown in (11.351) . Write 
ao = 0. If x\ > 0, then the expected value is 

!>x 1 m —1 nxi+i /‘+00 

E[£\ = / Ida; + / (1 — Oi)da: + / Oda; 

J 0 i=l J x i J x m 

m—1 

=xi +y^(i - &i)(xi +1 - x*)+ 0 

2=1 

m 

— ^ ^ (*^2 C^2—1)^2- 
2=1 

If #m < 0, then the expected value is 

/ x\ ' m 1 (*Xi -|_i r 0 

Oda; — / c^da; — / Ida; 

-OO Xm 

m—1 

— 0 ^ ^ ^ 2 (^ 2 +! %i ) T *£m 

2=1 

m 

— ^ ^ (0-2 ^2—1)*^2* 

2=1 

If there exists an index k such that < 0 < Xk+i, then the expected 
value is 


m 


r x k +1 


m—1 


(1 — otk)dx + y 


2=fc+l 




ctidx 



m— 1 

zfc + i(i - a fc ) + y g- ai)(xi + i 

2=fc+l 


fc-1 

^ ^ (*^2-|-1 ^ 2 ) T XkC%k 

2=1 


m 

^ ^ ( 0^2 ^ 2 —1)*^2* 

2=1 


— a*) dx 


~ OCi) 


Thus we always have the expected value 

m 

E[£\ = y (a* - ai-ija;.; 

i=1 


where ao = 0 and a m = 1. 


(1.165) 
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Example 1.34: Let £ ~ C(a,b) be a linear uncertain variable. If a > 0, 
then the expected value is 


£K1 = (I 


Ida; + / ( 1 — 


x — a 


b — a 

If b < 0, then the expected value is 


(•+oo 


dx 


Odx — / Oda; = 


a + b 


r +oo 

m\ = / « 

J 0 


Odx — 


Oda; - 


x — a 
b — a 


dx - 


Ida: = 


a + b 


If a < 0 < b, then the expected value is 


m = f 

J 0 


1 - 


b-, 


da: — 


b — 


-da; = 


Thus we always have the expected value 

m = ^ 4 . 


(1.166) 


Example 1.35: The zigzag uncertain variable £ ~ Z(a, b , c) has an expected 
value 

£[«] = ( 1 . 16 U 

Example 1.36: The normal uncertain variable £ ~ A f(e, a) has an expected 
value e, i.e., 

E[£\ = e. (1.168) 

Example 1.37: If cr < n/\/3, then the lognormal uncertain variable £ ~ 
COQJ\f(e, cr) has an expected value 

E[£] = Vdaexp(e) csc(v / 3cr). (1.169) 


Otherwise, E[£\ = +oo. 

Linearity of Expected Value Operator 

Theorem 1.34. Let £ and 77 be independent uncertain variables with finite 
expected values. Then for any real numbers a and b, we have 

E[a£ + 6 / 7 ] = aE[(\ + bE[rf\. (1.170) 

Proof: Suppose that f and p have uncertainty distributions $ and T, 
respectively. 
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Step 1: We first prove E[a£] = aE[ £]. If a = 0, then the equation holds 
trivially. If a > 0, then the inverse uncertainty distribution of a£ is 

T _ 1 (a) = ad> - 1 (a). 

It follows from Theorem II.321 that 

i?[a^] = f ad) _ 1 (a)da = a f < f>~ 1 (a)dQ; = aE[£]. 

Jo Jo 

If a < 0, then the inverse uncertainty distribution of a£ is 

T _ 1 (a) = ad) _1 (l — a). 

It follows from Theorem II.321 that 

E[a£\ = f a4 > ^ 1 (l — a )da = a / < t)” 1 (a)dQ! = aE[£], 

Jo Jo 

Thus we always have E[a£] = aE[£]. 

Step 2: We prove E[ £ + 77 ] = £{£] + E[rj\. The inverse uncertainty distri¬ 
bution of the sum £ + 77 is 

T _ 1 (a) = 4 > “ 1 (a) + 4'~ 1 (a). 

It follows from Theorem II.321 that 

E[£ + 77 ] = / Y _ 1 (a)da = I 4> _ 1 (a)da + f \f r_ 1 (a)da = E[£] + E[rj). 
Jo Jo Jo 

Step 3: Finally, for any real numbers a and b , it follows from Steps 1 and 
2 that 

E[a £ + brf\ = i?[a£] + E[brj\ = aE [£] + bE[rj\. 

The theorem is proved. 

Example 1.38: Generally speaking, the expected value operator is not 
necessarily linear if £ and rj are not independent. For example, take (T, £>, M) 
to be { 71 , 72 , 73 } withM{ 7 i} = 0.7, M{ 7 2 } = 0.3, M{ 7 3 } = 0.2, ^[{ 71 , 72 } = 
0.8, M{ 7 i, 73 } = 0.7, M{ 72 , 73 } = 0.3. The uncertain variables are defined by 

{ 1 , if 7 = 71 ( 0 , if 7 = 71 

0, if 7 = 72 £ 2 ( 7 ) = S 2 , if 7 = 72 

2, if 7 = 73, [3, if 7 = 73 . 

Note that £1 and £ 2 are not independent, and their sum is 

{ 1, if 7 = 7i 
2, if 7 = 72 
5, if 7 = 73 . 
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Thus E[£ i] = 0.9, I?[£ 2 ] = 0.8, and E[£ 1 + £ 2 ] = 1.9. This fact implies that 

£& + &] >e[^] + e[U 

If the uncertain variables are defined by 


m(7) = 


0 , if 7 = 71 

1 , if 7 = 72 

2 , if 7 = 73 , 


772(7) = 


if 7 = 71 

if 7 = 72 
if 7 = 73- 


Then we have 


( 0 , if 7 = 71 
(771 + 772 )( 7 ) = < 4, if 7 = 72 
[ 3 , if 7 = 73 . 

Thus E[r] 1 ] = 0.5, E[ 772 ] = 0.9, and E[rji + 772 ] = 1.2. This fact implies that 
E [771 + 772 ] < -E[?7 i] + ^[ 772 ] • 


Expected Value of Function of Single Uncertain Variable 

Let £ be an uncertain variable, and / : 3? —> 9? a function. Then the expected 
value of /(£) is 

/»+oo />0 

£[/(£)] = / M{/(0 > r}dr - / M{/(0 < r}dr. 

For random case, it has been proved that the expected value !?[/(£)] is the 
Lebesgue-Stieltjes integral of f(x) with respect to the uncertainty distribution 
<I> of £ if the integral exists. However, generally speaking, it is not true for 
uncertain case. 


Example 1.39: We consider an uncertain variable £ whose first identification 
function is given by 


M x ) = | 

Then the expected value E[£ 2 ] 
of ^ is 

^(x) = j 


0.3, 

if — 1 < x < 

0 

0.5, 

if 0 < x < 1 . 


= 0.5. 

However, the 

uncertainty distribution 

0 , 

if x < — 1 


0.3, 

if — 1 < x < 

0 

0.5, 

if 0 < x < 1 


1 , 

if x > 1 



and the Lebesgue-Stieltjes integral 



(-1 ) 2 x 0.3 + 0 2 x 0.2 + l 2 x 0.5 = 0.8 ^ E[£ 2 ]. 
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Theorem 1.35 (Liu and Ha U32f ). Let ( be an uncertain variable whose 
uncertainty distribution If f(x) is a strictly monotone function such that 
the expected value E[/(£)] exists, then 


E[f(0] = 


p + OO 


f{x)d®(x). 


(1.171) 


Proof: We first suppose that /( x) is a strictly increasing function. Then 
/(£) has an uncertainty distribution <I>(/ _1 (ie)). It follows from the change 
of variable of integral that 


/ +oo r+oo 

xd<S>(f~\x)) = / /(x)d$(x). 

-OO J — oo 


If f(x) is a strictly decreasing function, then —/(x) is a strictly increasing 
function. Hence 


/ +oo r+oo 

-f(x)d*(x) = / f(y)d*(y). 

-oo J — OO 


The theorem is verified. 

Example 1.40: Let £ be a positive linear uncertain variable C(a,b). Then 
its uncertainty distribution is = (x — a)/(b — a). Thus 



a 2 + b 2 + ab 
3 


Example 1.41: Let ( be a positive linear uncertain variable C(a,b). Then 
its uncertainty distribution is $(x) = (x — a)/(b — a). Thus 

E[«p({)] = f b exp(x)d&(x) = °pW-°p(°) . 

J a 0 CL 

Theorem 1.36 (Liu and Ha !132( ). Assume ( is an uncertain variable with 
uncertainty distribution 4>. If f(x) is a strictly monotone function such that 
the expected value E[/(£)] exists, then 

E[f(0}= ^ f(d>-\a))da. (1.172) 

Jo 

Proof: Suppose that / is a strictly increasing function. It follows from 
Theorem II .201 that the inverse uncertainty distribution of /(£) is 
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By using Theorem II.321 the equation (11.1721) is proved. When / is a strictly 
decreasing function, it follows from Theorem ll.25l that the inverse uncertainty 
distribution of /(£) is 

^- 1 (a) = /($- 1 (l-a)). 

By using Theorem 11.321 and the change of variable of integral, we get the 
equation (11.1721) . The theorem is verified. 

Example 1.42: Let £ be a nonnegative uncertain variable with uncertainty 
distribution <f>. Then 

E[Vl] = [ V$-»da. (1.173) 

J o 


Example 1.43: Let ( be a positive uncertain variable with uncertainty 
distribution 4>. Then 


E 


1 

I 





1 


da. 


(1.174) 


Expected Value of Function of Multiple Uncertain Variables 

Theorem 1.37 (Liu and Ha \132j ). Assume >£« are indepen¬ 
dent uncertain variables with uncertainty distributions 4>i, <f> 2 , • • • re¬ 

spectively. If f : 3?" —> 3? is a strictly monotone function, then the uncertain 
variable f = /(£■ • , £ n ) has an expected value 

£[£] = f (1.175) 

Jo 

provided that the expected value E[£] exists. 

Proof: Suppose that / is a strictly increasing function. It follows from 
Theorem 11.201 that the inverse uncertainty distribution of f is 

T- 1 (a) = /(4>r 1 (a),^ 1 (a),--- ,$-»). 

By using Theorem 11.321 we obtain (11.1751) . When / is a strictly decreasing 
function, it follows from Theorem II.251 that the inverse uncertainty distribu¬ 
tion of £ is 

=/(^C 1 -<*)=$2 ^-<*)>••• > ^« 1 ( 1 ~ a ))- 

By using Theorem 11.321 and the change of variable of integral, we obtain 
(11.1751) . The theorem is proved. 


Example 1.44: Let £ and 77 be independent and nonnegative uncertain 
variables with uncertainty distributions 4> and db respectively. Then 
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EM = [ 

J 0 


1 


$ 1 (a)'P 1 (a)da. 


(1.176) 


Exercise 1.1: What is the expected value of an alternating monotone func¬ 
tion of uncertain variables? 

Exercise 1.2: Let £ and r) be independent and positive uncertain variables 
with uncertainty distributions <f> and T, respectively. Prove 



(1.177) 


1.7 Variance 

The variance of uncertain variable provides a degree of the spread of the 
distribution around its expected value. A small value of variance indicates 
that the uncertain variable is tightly concentrated around its expected value; 
and a large value of variance indicates that the uncertain variable has a wide 
spread around its expected value. 

Definition 1.21 (Liu t l20f ). Let £ be an uncertain variable with finite ex ~ 
pected value e. Then the variance of ( is defined by E[£] = -E[(£ — e) 2 ]. 

Let £ be an uncertain variable with expected value e. If we only know its 
uncertainty distribution <f>, then the variance 





< 




For this case, we will stipulate that the variance is 

+oo 




Mention that this is a stipulation rather than a precise formula! 

Example 1.45: It has been verified that the linear uncertain variable £ ~ 
C(a, b) has an expected value (a+b)/ 2. Note that the uncertainty distribution 
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is <I>(;r) = (x — a)/(b — a) when a < x < b. It follows from the stipulation 
(11.17811 that the variance is 




b-r \ 
b — a) 


dr = 


( b-a ) 2 
12 


In fact, a precise conclusion is (b — a ) 2 /24 < V[£] < (b — a) 2 /12. 


Example 1.46: It has been verified that the normal uncertain variable 
£ ~ A f(e, a) has expected value e. It follows from the stipulation (|1.178D that 
the variance is 

V[£] = cr 2 . (1.179) 

In fact, a precise conclusion is a 2 /2 < V[£] < a 2 . 


Theorem 1.38. If £ is an uncertain variable with finite expected value, a 
and b are real numbers, then V[af + b\ = a 2 V[£]. 


Proof: It follows from the definition of variance that 


P[a£ + b\ = E [(a£ + b - aE[£] - b ) 2 ] = a 2 £[(£ - E[£]) 2 ] = a 2 V[f]. 


Theorem 1.39. Let £ be an uncertain variable with expected value e. Then 
P[£] = 0 if and only i/M{£ = e} = 1. 

Proof: If V[£] = 0, then E[(£ — e) 2 ] = 0. Note that 

r + OO 

E[(£ —e) 2 ]= / M{(£ — e) 2 > r}dr 

Jo 

which implies M{(£ — e) 2 > r} = 0 for any r > 0. Hence we have 

M{(£ — e) 2 = 0} = 1. 


That is, M{£ = e} = 1. Conversely, if M{£ = e} = 1, then we have M{(£ — 
e ) 2 = 0} = 1 and M{(£ — e ) 2 > r} = 0 for any r > 0. Thus 


V[£] = 


f + oo 


M{(£ — e ) 2 > 7’}dr = 0. 


The theorem is proved. 


Maximum Variance Theorem 

Let £ be an uncertain variable that takes values in [as, fr], but whose uncer¬ 
tainty distribution is otherwise arbitrary. If its expected value is given, what 
is the possible maximum variance? The maximum variance theorem will an¬ 
swer this question, thus playing an important role in treating games against 
nature. 
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Theorem 1.40. Let f be a convex function on [a, b], and f; an uncertain 
variable that takes values in [a, b] and has expected value e. Then 


E[fm< b T-^-m+^-Kb). 


(1.180) 


b. 


b — a b — a 

Proof: For each 7 £ T, we have a < £( 7 ) < b and 

« 7) = ^i(2) 0+ «M ZJL 

It follows from the convexity of / that 

m 7 )) < b -r^f(a) + 

Taking expected values on both sides, we obtain the inequality. 

Theorem 1.41 (Maximum Variance Theorem). Let £ be an uncertain vari¬ 
able that takes values in [a, b} and has expected value e. Then 


U[£] < (e — a) (6 — e) 

and equality holds if the uncertain variable £ is determined by 

b — e 

M{£ = 4 = 


b — a’ 
e — a 
b — a ’ 


if x = a 
if x = b. 


(1.181) 


(1.182) 


Proof: It follows from Theorem H.40l immediatelv bv defining f (x) = (x— e). 
It is also easy to verify that the uncertain variable determined by (11.18211 has 
variance (e — a)(b — e). The theorem is proved. 


1.8 Moments 

Definition 1.22 (Liu ( 120) ). Let t; be an uncertain variable. Then for any 
positive integer k, 

(a) the expected value E[£ k ] is called the kth moment; 

(b) the expected value l?[|£| fe ] is called the kth absolute moment; 

(c) the expected value -E[(£ — .E[£]) fc ] is called the kth central moment; 

(d) the expected value -E[|£ — i?[£]| fc ] is called the kth absolute central moment. 

Note that the first central moment is always 0, the first moment is just the 
expected value, and the second central moment is just the variance. 

Theorem 1.42. Let £ be a nonnegative uncertain variable, and k a positive 
number. Then the k-th moment 

r +00 

E[£ k ] =k r fe_ 1 M{C > r}dr. (1.183) 

Jo 















Section 1.8 - Moments 


55 


Proof: It follows from the nonnegativity of £ that 

pOO pOO poo 

E[f k ] = / M{£ fc > x}dx = / M{£ > r}dr fe =k > r}dr. 

Jo Jo Jo 

The theorem is proved. 

Theorem 1.43. Let f; be an uncertain variable, and t a positive number. If 
S[|^| 4 ] < oo, then 

lim a.’*M{|£| > x} = 0. (1.184) 

X —>00 

Conversely , if \1.184\ ) holds for some positive number t, then I?[|£| s ] < oo for 
any 0 < s < t. 


Proof: It follows from the definition of expected value operator that 

f+oo 

10 

Thus we have 


f+oo 

m\*]= / M{|^>r}d: 

Jo 


r < oo. 


r+oo 

lim / M {|£| 4 > r}dr = 0 . 

: ->°°Jx */2 


r+o o rx* i 

/ M {|£| 4 > r}dr > / M {|£| 4 > r}dr > > a;}. 

Jx t /2 Jx t /2 2 


The equation (11.18411 is proved by the following relation, 

p + oo 

*/2 Jx t /2 

Conversely, if (11 . 184|) holds, then there exists a number a > 0 such that 

> x} < 1 , \/x > a. 

Thus we have 

r+o o 

M{|£| s > r}dr + I 
>o 


pa p-\-oo 

£[|<£| s ] = / M{|^| s >r}dr+ / M{|£| s > r}dr 

J 0 J a 

pa /*+oo 

= / M{|£| s >r}dr + / sr s- 1 M{|£| > r}dr 

Jo Ja 

pa p-\- oo 

< / 3V[{|£| S > r}dr + s / r s_t_1 dr 
Jo J a 


p+oo 


< +oo. by / r p dr < oo for any p < — 1 


The theorem is proved. 
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Theorem 1.44. Let f be an uncertain variable that takes values in [ a,b} 
and has expected value e. Then for any positive integer k, the kth absolute 
moment and kth absolute central moment satisfy the following inequalities, 

Em k }< b j^\a\ k + e —^\b\\ (1.185) 

b — a b — a 

£[|£ - e| fc ] < y——{e - a) k + e —^{b - e) k . (1.186) 

b — a b — a 

Proof: It follows from Theorem 11.401 immediately by defining f(x) = \x\ k 
and f(x) = \x — e\ k . 

1.9 Critical Values 

In order to rank uncertain variables, we may use two critical values: opti¬ 
mistic value and pessimistic value. 

Definition 1.23 (Liu 1120]/ ). Let f be an uncertain variable, and a £ (0,1]. 
Then 

Csup(o) = sup {r | M {£ > r} > a} (1.187) 

is called the a-optimistic value to f, and 

6nf(«) = inf {r | M{£ < r} > a} (1.188) 

is called the a-pessimistic value to f. 

This means that the uncertain variable £ will reach upwards of the 
a-optimistic value £ S up(c>0 with uncertain measure a, and will be below the 
a-pessimistic value £i n f(a) with uncertain measure a. 

Theorem 1.45. Let f be an uncertain variable with uncertainty distribution 
<I>. Then its a-optimistic value and a-pessimistic value are 

£su P (a) = *I>“ 1 (1 — a), (1.189) 

£mf(a) = 4 >-1 (a). (1.190) 

Proof: It follows from the definition of a-optimistic value and a-pessimistic 
value immediately. 

Example 1.47: Let £ be a linear uncertain variable C(a,b). Then its a- 
optimistic and a-pessimistic values are 

Csu P ( Q: ) = aa+ (1 - a)b, 

Cinf(a) = (1 — a)a + ab. 
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$(x) 



Figure 1.15: Optimistic Value and Pessimistic Value 


Example 1.48: Let £ be a zigzag uncertain variable Z(a,b,c). Then its 
a-optimistic and a-pessimistic values are 


£sup(oO 


2ab + (1 — 2a)c, if a < 0.5 
(2a — l)a + (2 — 2a)b, if a > 0.5, 


£inf (a) 


(1 — 2 a)a + 2 ab, if a < 0.5 

(2 — 2a)b + (2a — l)c, if a > 0.5. 


Example 1.49: Let £ be a normal uncertain variable A f(e,cr). Then its 
a-optimistic and a-pessimistic values are 


o\J 3 a 

SsupV^) — ^ i ’ 

7r 1 — a 


£inf (^) — & 


crVS 

-in 


7r 


a 

1 — a 


Example 1.50: Let £ be a lognormal uncertain variable COQM(e , a). Then 
its a-optimistic and a-pessimistic values are 


Csup(a) = exp(e) 



£inf(a) = exp(e) 



Theorem 1.46. Let £ be an uncertain variable, and a € (0,1]. Then for 
any positive number e, we have 


M{£ < Cinf(a) + e} > a, M{£ > ^sup(a) - e} > a. 


(1.191) 
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Proof: It follows from the definition of a-pessimistic value that there exists 
a decreasing sequence such that M{£ < a:,} > a and x t [ £i n f(a) as 
i —> oo. Thus for any positive number e, there exists an index i such that 
Xi < 6 nf(o) + £• Hence 

dVC{^ < £inf(a) + £} > M{£ < > a. 

Similarly, there exists an increasing sequence {xi} such that M{£>:ri}>a 
and Xi t £sup(a) as i — > oo. Thus for any positive number e, there exists an 
index i such that x, > £ S up(a) — £• Hence 

> ?sup(a) - s} > M{£ > Xi} > a. 

The theorem is proved. 

Theorem 1.47. Let f be an uncertain variable, and a £ (0,1]. Then we have 

(a) £inf(o) is an increasing and left-continuous function of a; 

(b) £sup(cc) is a decreasing and left-continuous function of a. 

Proof: (a) Let a.\ and «2 be two numbers with 0 < or < ai < 1. Then for 
any number r < ^ SU p(o 2 ), we have 

M {£ > r} > ct 2 > ai. 

Thus, by the definition of optimistic value, we obtain £ S up(ar) > ^ S up(o 2 )- 
That is, the value £ sup (a:) is a decreasing function of a. Next, we prove the 
left-continuity of £i n f (a) with respect to a. Let {af} be an arbitrary sequence 
of positive numbers such that on } a. Then {£i n f(cq:)} is an increasing se¬ 
quence. If the limitation is equal to <f; n f (o), then the left-continuity is proved. 
Otherwise, there exists a number z* such that 

lim £inf(a») < 2 * < £inf(o). 

i—>oo 

Thus M{£ < z*} > ai for each i. Letting i —> oo, we get M{£ < z*} > a. 
Hence z* > £i n f(ct;). A contradiction proves the left-continuity of £i n f(a) with 
respect to a. The part (b) may be proved similarly. 

Theorem 1.48. Let f be an uncertain variable, and a € (0,1]. Then we have 

(a) if a > 0.5, then £ in f(a) > £ SU p(a)f 

(b) if a < 0.5, then £i„f(a) < £ S u P (a)- 

Proof: Part (a): Write f(a) = (£ in f(a) + £ S u P (a))/2- If Cinf(a) < £su P (a), 
then we have 

1 > M{£ < £(a)} + M{£ > £(a)} > a + a > 1. 

A contradiction proves £i n f(a) > ^ S up(a). Part (b): Assume that £; n f(a) > 
£sup(a;). It follows from the definition of £inf(a) that 3Vt{£ < £(a)} < a. 
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Similarly, it follows from the definition of £ SU p(aO that M{£ > £(a)} < a - 
Thus 

1 < M{£ < £(a)} + M{£ > £(a)} <a + a< 1. 

A contradiction proves ^i n f( ck) < £sup(c>0- The theorem is verified. 

Theorem 1.49 (Zuo J24 7^ ). Let £i,£ 2 , ■ • • , £ n be independent uncertain vari¬ 
ables with uncertainty distributions. If f : 9?" —* 3? is a continuous and 
strictly increasing function, then £ = /(£ 1 ,^ 2,’ 11 , £n) o/n uncertain vari¬ 
able, and 

£sup (<a) = /(£l sup(o) , £2 sup(o) , * * ,£nsup(o)), (1.192) 

6nf(a) = /(^l inf (a), ^2 inf (a), ■ ■ ■ , £ra inf («))• (1.193) 

Proof: Since / is a strictly increasing function, it follows from Theorem ll.201 
that the inverse uncertainty distribution of £ is 

^“ 1 (a) = /($r 1 (a)^2 1 (a)c" ,$„V)) 

where 4>i, $ 2 , • • ■ 1 4> n are uncertainty distributions of £ 1 , £ 2 , • • ■ , £n, respec¬ 
tively. By using Theorem 11.451 we get (11.1921) and (11.1931) . The theorem is 
proved. 

Example 1.51: Let £ be an uncertain variable, and a £ (0,1]. If c > 0, 
then 

(c£)sup(^) = c£sup(^)j (c£)inf(o) — c£i n f(o). 

Example 1.52: Suppose that £ and 77 are independent uncertain variables, 
and a £ (0,1], Then we have 


(£ T 77)sup(o0 — £sup(o) + ?7 SU p(o), 
(£ V 77)sup(<a) £s U p(ctO V 77 SU p(o), 
(£ A 77) SU p(o) = £ SU p(aO A 77sup(o), 


(£ T V )inf(o) — £inf( ( a) T ^ 7 inf(o), 

(£ V 77)inf(o) — £inf(o) V 77inf(o), 
(£ a 77 )inf (a) = £inf(a) A r] ini (a). 


Example 1.53: Let £ and 77 be independent and positive uncertain variables. 
Since f(x, y) = xy is a strictly increasing function when x > 0 and y > 0, we 
immediately have 


(£^7)sup(f^) — £sup(d)77sup(o : )) (£ ? ?)inf(o : ) — £inf (d)77inf (^) • (1.194) 

Theorem 1.50 (Zuo Let£i,£ 2 ,--- , £ ra be independent uncertain vari¬ 

ables with uncertainty distributions. If f is a continuous and strictly decreas¬ 
ing function, then 


£sup(^ : ) — /(£ 1 inf (<r) , £2 inf (cf), , £n inf (cf )), 

£inf (cf) = /(£ 1 sup (cf), £2 sup(cf), ' ' ' , £n sup(oO) ■ 


(1.195) 

(1.196) 
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Proof: Since / is a strictly decreasing function, it follows from Theorem ll.251 
that the inverse uncertainty distribution of £ is 

vb-V) = /($r X ( 1 - «)^ 2 _1 (l - a), ■ • • , ^ x (l - a)). 

By using Theorem 1 1.451 we get (11.1951) and (11.1961) . The theorem is proved. 

Example 1.54: Let £ be an uncertain variable, and a € (0,1]. If c < 0, 
then 

(c£)sup(^) = c£inf(o), (c£)i n f(o) = c£ SU p(o). 


Exercise 1.3: What are the critical values to an alternating monotone func¬ 
tion of uncertain variables? 


Exercise 1.4: Let £ and ry be independent and positive uncertain variables. 
Prove 


(/ s _ £sup (op f £\ / \ _ £inf (oQ 

\v) Bup r /inf( Q ) ’ U/i„f Vsnp(a)' 


(1.197) 


1.10 Entropy 


This section provides a definition of entropy to characterize the uncertainty 
of uncertain variables resulting from information deficiency. 


Definition 1.24 (Liu \12Sf ). Suppose that £ is an uncertain variable with 
uncertainty distribution l 1 . Then its entropy is defined by 


#[£] = 


r+oo 


S'( < f>(a;))da: 


(1.198) 


where S(t) = —tint — (1 — t) ln(l — t). 


Example 1.55: Let £ be an uncertain variable with uncertainty distribution 

0 , if x < a 
1 , if x > a. 


l>(x) = 


(1.199) 


Essentially, £ is a constant a. It follows from the definition of entropy that 

/ a /*+ oo 

(0 In 0 + 1 In 1) dx — (1 In 1 + 0 In 0) dx = 0. 

-oo J a 

This means a constant has no uncertainty. 


Example 1.56: Let £ be a linear uncertain variable C(a,b). Then its en¬ 
tropy is 



In 


x — a 


b — a 


b — x 

b — a 


In 


b — x 
b — a 


dx = 


b — a 


2 


( 1 . 200 ) 
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S(t) 



Figure 1.16: Function S(t) = —tint — (1 — t) ln(l — t). It is easy to verify 
that S(t) is a symmetric function about t = 0.5, strictly increases on the in¬ 
terval [0,0.5], strictly decreases on the interval [0.5,1], and reaches its unique 
maximum In 2 at t = 0.5. 

Example 1.57: Let f be a zigzag uncertain variable Z(a,b,c). Then its 
entropy is 

m] = ^ (i-2oi) 

Example 1.58: Let f be a normal uncertain variable Af(e,a). Then its 
entropy is 

m = ^§- ( 1 - 202 ) 

Theorem 1.51. Let f be an uncertain variable. Then H[f] > 0 and equality 
holds if £ is essentially a constant. 

Proof: The positivity is clear. In addition, when an uncertain variable tends 
to a constant, its entropy tends to the minimum 0. 

Theorem 1.52. Let f be an uncertain variable taking values on the interval 
[a, 6]. Then 

H[f\<(b-a) In 2 (1.203) 

and equality holds if f has an uncertainty distribution $( 2 ;) = 0.5 on [a,b]. 

Proof: The theorem follows from the fact that the function S(t) reaches its 
maximum In 2 at t = 0.5. 

Theorem 1.53. Let f be an uncertain variable, and let c be a real number. 
Then 

H[f + c] = H[f}. (1.204) 

That is, the entropy is invariant under arbitrary translations. 
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Proof: Write the uncertainty distribution of £ by Then the uncertain 
variable £ + c has an uncertainty distribution — c). It follows from the 
definition of entropy that 

/ +oo p +oo 

5($(ar-c))da:= / S($(*))da: = i/[£]. 

-oo J —OO 

The theorem is proved. 


Theorem 1.54 (Dai and Chen \2^ ). Let £ be an uncertain variable with 
uncertainty distribution 4>. Then 

£?[£]=/ 4> _1 (a) In —^—da. (1.205) 

Jo 1 - a 

Proof: It is clear that S(a) is a derivable function with S'(a) = — lna/(l — 
a). Since 

S'( < I>(a:)) = / S l, (a)do = — / S' , (a)da, 

JO JS’f'z') 


we have 


/ +oo /»0 /*+oo /*1 

S'( < I > (a:))dx = / / S' , (a)da;d.T — / / S ,, (a)do;da:. 

-oo J — oo J 0 J 0 J <J>(x) 


' — oo J 0 

It follows from Fubini theorem that 
r $(o) /.O 


r'yyo) r u c 1 1 (“) 

JT[£] = / / S ,, (a)da;da — / S l, (a)da;dc 

Jo J$-!(a) J$(0) Jo 

/.4>(0) /-I 

= — $ _1 (a)S l, (a)da — / < F _1 (a)5 ,, (a)da 

Jo J$(o) 

= — [ 4> _1 (a)S' , (a)da = [ $ _1 (a) In —-—da. 

Jo Jo 1 -« 


The theorem is verified. 


Theorem 1.55 (Dai and Chen \2$ ). Let £ and 77 be independent uncertain 
variables. Then for any real numbers a and b, we have 

iJ[a£ + bp] = |a|JJ[£] + \b\H[rj\. (1.206) 

Proof: Suppose that £ and 77 have uncertainty distributions $ and T, re¬ 
spectively. 

Step 1: We prove ff[a£] = |a|ff[£]. If a > 0, then the inverse uncertainty 
distribution of a£ is 

T _1 (a) = a$“ x (a). 
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It follows from Theorem II .541 that 

if[a£l = [ ad> _1 (a) In —^-—da = a [ d> _1 (a)ln—-—da=|a|if[£]. 

Jo l-a Jo l ~ a 

If a = 0, we immediately have H[al ;] = 0 = |a|if[£]. If a < 0, then the inverse 
uncertainty distribution of is 

T _1 (a) = ad> _1 (l — a). 

It follows from Theorem 11.541 that 

if[a£l = / ad> _1 (l — a) In -—-—da =(—a) / d> _1 (a)ln-—-—da = |a|if[£l. 
Jo 1 — a J g 1 — a 

Thus we always have if[a£] = |a|if[£]. 

Step 2: We prove if [£ + 77] = if [£] + H[rj\. Note that the inverse uncer¬ 
tainty distribution of £ + rj is 

T _1 (a) = 4)~ 1 (a) + \E' _1 (a). 

It follows from Theorem II .541 that 

H[£,+v}= [ (4>“ 1 (a) + \l/ _1 (a)) In —-—da = if[£] + H[rj\. 

Jo 1 - a 

Step 3: Finally, for any real numbers a and b , it follows from Steps 1 and 
2 that 

ifK + brj\ = if [a£] + H[brj\ = |a|if[£] + \b\H[rj\. 

The theorem is proved. 

Entropy of Function of Uncertain Variables 

Theorem 1.56 (Dai and Chen Let be independent un¬ 

certain variables with uncertainty distributions d*!, d>2, • • • , d> n , respectively. 
If f '■ - 1 > is a strictly increasing function, then the uncertain variable 

t = f(f, 1,6: ’ ’ ’ >tn) has an entropy 

m= / 1 /(d>r 1 (a),d> 2 - 1 (a),..- ,d>- 1 (a))ln-^da. (1.207) 

Jo 1 - « 

Proof: Since / is a strictly increasing function, it follows from Theorem ll.201 
that the inverse uncertainty distribution of £ is 

T- 1 (a) = /(d>r 1 (a),^ 1 (a),--- ^(a)). 


By using Theorem 1 1.541 we get (11.20711 . The theorem is thus verified. 
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Exercise 1.5: Let £ and 77 be independent and nonnegative uncertain vari¬ 
ables with uncertainty distributions •!> and 41, respectively. Then 

r 1 q . 

Http] = / 4>~ 1 (a)4'~ 1 (a) In-da. (1.208) 

Jo 1 - a 

Theorem 1.57 (Dai and Chen [EJf ). Let £i,£ 2 ,--- , £« he independent un¬ 
certain variables with uncertainty distributions 4>i, 4 > 2 , • • ■ ,4> n , respectively. 
If f is a strictly decreasing function, then 

m) = f 1 , $- x (a)) In —da. (1.209) 

Jo a 

Proof: Since / is a strictly decreasing function, it follows from Theorem ll.251 
that the inverse uncertainty distribution of £ is 

T-V) = 1 - <*), *2 Hi - «). • • • , ~ a))- 

By using Theorem 1 1.541 we get (11.2091) . The theorem is thus verified. 

Exercise 1.6: What is the entropy of an alternating monotone function of 
uncertain variables? 


Exercise 1.7: Let £ and p be independent and positive uncertain variables 
with uncertainty distributions 4> and 4', respectively. Prove 


H 


£ 

v 


< f > ~ 1 (q) 

4'^ 1 (1 — a) 1 — a 


In- 


-da. 


( 1 . 210 ) 


Maximum Entropy Principle 

Given some constraints, for example, expected value and variance, there are 
usually multiple compatible uncertainty distributions. Which uncertainty 
distribution shall we take? The maximum entropy principle attempts to 
select the uncertainty distribution that maximizes the value of entropy and 
satisfies the prescribed constraints. 

Theorem 1.58 (Chen and Dai m)- Let £ be an uncertain variable whose 
uncertainty distribution is arbitrary but the expected value e and variance a 2 . 
Then 

m < ^ (i-2ii) 

and the equality holds if £ is a normal uncertain variable A f(e,a). 


Proof: Let 4>(x) be the uncertainty distribution of £ and write ^(rr) = 
4>(2e — a;) for x > e. It follows from the stipulation (11.17811 that the variance is 


V[£] = 2 



e)(l — 4>(ai))da; + 2 



(x — e)4'(ai)da: = a 2 . 
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Thus there exists a real number n such that 

/ +oo 

(x — e)(l — <l>(a;))da; = kct 2 , 

r+oo 

2 / (x — e)^(x)dx = (1 — n)a 2 . 

J e 

The maximum entropy distribution $ should maximize the entropy 

/ +oo /»+oo /*+oo 

5($(o:))da:= / 5($(®))da + / S(d>(x))dx 

-oo J e Je 

subject to the above two constraints. The Lagrangian is 


S($(x))da; 


5(^(x))dx 


—a ^2 J (x — e)(l — <f>(a;))d 2 — kct 2 ^ 

—(3 ^2 J (x — e)T(;r)dx — (1 — k)<t 2 ^ ■ 


The maximum entropy distribution meets Euler-Lagrange equations 
lnd>(a:) — ln(l — <h(x)) = 2a(x — e), 

In it (a;) — ln(l — ^(x)) = 2/3(e — x). 

Thus <f> and T have the forms 

<f>(x) = (1 + exp(2a(e — x))) _1 , 

T(x) = (1 + exp(2 /3(x — e))) _1 . 

Substituting them into the variance constraints, we get 


< t>(x) = 1 1 + exp 


T (x) = 1 + exp 


' ir(e — x) \ 
, v / 6 nct / 

7r(x — e) 

/ 6(1 — k)<t 


Then the entropy is 


m = 


-KGs/H nay/l — K 
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which achieves the maximum when n = 1/2. Thus the maximum entropy 
distribution is just the normal uncertainty distribution 7V(e, cr). 


1.11 Distance 


Definition 1.25 (Liu \120( ). The distance between uncertain variables £ 
and r) is defined as 

d(Z,v) = E[\Z-T 1 \\. (1.212) 

Theorem 1.59. Let f,r],T be uncertain variables, and let d(-,-) be the dis¬ 
tance. Then we have 

(a) (Nonnegativity) d(J(,rj) > 0; 

(b) (Identification) d(^,rf) = 0 if and only if £ = 77; 

(c) (Symmetry) d(£,ij) = d(r},£); 

(d) (Triangle Inequality) d(t;,r]) < 2d(£, t) + 2d(ij, r). 


Proof: The parts (a), (b) and (c) follow immediately from the definition. 
Now we prove the part (d). ft follows from the countable subadditivity axiom 
that 


/•-+- 00 

d(£,v) = / M{|£ - 77 1 > r} dr 

Jo 

r +co 

< / M{|£ — t| + |r — 77 1 > r}dr 

Jo 

r+ 00 

< / M {(|£ — r| > r/2) U (|r — 77 1 > r/2)}dr 
Jo 

r+ 00 

< / (3Vt{|£ — r| > r/2} + M{|r — 77 I > r/2}) dr 

Vo 


= 2£7[|^ - t|] + 2 £[|t - tj\\ = 2 4 £> t) + 2 d(r, 77 ). 


Example 1.59: Let T = { 71 , 72 , 73 }- Define M{0} = 0, M{T} = 1 and 
M{A} = 1/2 for any subset A (excluding 0 and T). We set uncertain variables 
£, 77 and r as follows, 

{ 1 , if 7 = 71 f 0 , if 7 = 71 

1, if 7 = 72 77 ( 7 ) = S if 7 = 72 t(7) = 0. 

0, if 7 = 73 , [ -1, if 7 = 73 , 

ft is easy to verify that d(£, r) = d(r, rj) = 1/2 and d(£, 77 ) = 3/2. Thus 

d(€,v) = \{d(f,,T) + d(r, 77 )). 

A conjecture is d(£, 77 ) < 1.5(d(£, r) + d(r, 77 )) for arbitrary uncertain variables 
(;, 77 and r. This is an open problem. 
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1.12 Inequalities 


Theorem 1.60 (Liu \120f ). Let f be an uncertain variable, and f a non¬ 
negative function. If f is even and increasing on [0,oo), then for any given 
number t > 0, we have 

(1.213) 

Proof: It is clear that M{|£| > / - 1 (r)} is a monotone decreasing function 
of r on [0,oo). It follows from the nonnegativity of /(£) that 

/■+°o r+oo 

E[fm = / M{/(0 > r}dr = / M{|£| > / _ 1 (r)}dr 

Jo Jo 

rfW /•/(*) 

> M{|£| > / _1 (r)}dr > / dr • M{|£| > / _1 (/(t))} 

Jo Jo 

which proves the inequality. 

Theorem 1.61 (Liu \l£0f , Markov Inequality). Let £ be an uncertain vari¬ 
able. Then for any given numbers t > 0 and p > 0, we have 

E\\f\ p ] 

M{|£|>i}< (1.214) 

Proof: It is a special case of Theorem II.601 when f(x) = \x\ p . 


Example 1.60: For any given positive number t, we define an uncertain 
variable as follows, 


£ = 


0 with uncertain measure 1/2 
t with uncertain measure 1 / 2 . 


Then E[f p ] = t p /2 and M{£ > t} = 1/2 = E[f p ]/t p . 

Theorem 1.62 (Liu llflOf , Chebyshev Inequality). Let ( be an uncertain 
variable whose variance V[£] exists. Then for any given number t > 0, we 
have 

M {|£-£[■£] | (1-215) 

Proof: It is a special case of Theorem II.601 when the uncertain variable £ is 
replaced with ( — E[£], and /( x) = x 2 . 


Example 1.61: For any given positive number t, we define an uncertain 
variable as follows, 


f = 


—t with uncertain measure 1/2 
t with uncertain measure 1 / 2 . 
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Then U[£] = t 2 and M{|£ - £[£]| > t} = 1 = U[£]/f 2 . 

Theorem 1.63 (Liu !l20f . Holder's Inequality). Let p and q be positive 
numbers with 1 /p+ 1/q = 1, and let £ and p be independent uncertain vari¬ 
ables with £'[|£| p ] < 00 an d < oo. Then we have 

mv\] < Vm\ p WE[\r,\«]. (1.216) 

Proof: The inequality holds trivially if at least one of £ and p is zero a.s. 
Now we assume i?[|£| p ] > 0 and f?[|? 7 | 9 ] > 0. It is easy to prove that the 
function f(x,y) = Lfxtfy is a concave function on {(x,y) : x > 0,y > 0 }. 
Thus for any point (xo,yo) with Xo > 0 and yo > 0, there exist two real 
numbers a and b such that 

f(x, y) - f(xo,yo) < a{x - x 0 ) + b(y -y 0 ), Vx > 0, i/ > 0. 

Letting x 0 = £[|£| p ], y 0 = E[\p\ g ], x = |£| p and y = \p\ q , we have 

m\ p , \v \ q ) - mm,E[\ v \ q )) < ad^r - Em +- e[ m. 

Taking the expected values on both sides, we obtain 

m\e,\v\ q )]<f(mnm q })- 

Hence the inequality (11.2161) holds. 

Theorem 1.64 (Liu 1120) . Minkowski Inequality). Let p be a real number 
with p > 1 , and let £ and p be independent uncertain variables with £'[|£| p ] < 
oo and i?[|? 7 | p ] < oo. Then we have 

vm+v\ p ] < vm\ p ] + ve[\vk (1-217) 

Proof: The inequality holds trivially if at least one of £ and p is zero a.s. Now 
we assume i?[|£| p ] > 0 and > 0. It is easy to prove that the function 

f(x,y) = (l/x + tfy) p is a concave function on {(x, y) : x > 0, y > 0}. Thus 
for any point (xo,yo) with xg > 0 and yo > 0, there exist two real numbers 
a and b such that 

f(x, y) - f(x 0 ,y 0 ) < a(x - x 0 ) + b(y -y 0 ), Vx > 0, y > 0. 

Letting xg = i?[|£| p ], yo = .E[|? 7 | p ], x = |£| p and y = || p , we have 

m\ p , \v \ p ) - mm,E[\p\ p ]) < a m p ^ii£H)+ k h p - Em. 

Taking the expected values on both sides, we obtain 

m\z\ p ,\v\ p )}<f(mnm p })- 


Hence the inequality (11.2171) holds. 
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Theorem 1.65 (Liu \ 12(f) . Jensen’s Inequality). Let f be an uncertain vari¬ 
able, and f : 9? —> 3? a convex function. If E[f\ and !?[/(£)] are finite, then 

fm])<E[f(0). (1.218) 

Especially, when f(x) = |a;| p and p > 1, we have |.E[£]| P < .E[|£| p ]. 

Proof: Since / is a convex function, for each y, there exists a number k such 
that f(x) — f(y) > k • (x — y). Replacing x with £ and y with E[f], we obtain 

Taking the expected values on both sides, we have 

mm - frn d > * • (m - m )=o 

which proves the inequality. 


1.13 Convergence Concepts 

We have the following four convergence concepts of uncertain sequence: con¬ 
vergence almost surely (a.s.), convergence in measure, convergence in mean, 
and convergence in distribution. 

Table 1.1: Relationship among Convergence Concepts 

Convergence Convergence Convergence 

in Mean in Measure in Distribution 


Definition 1.26 (Liu 1120) ). Suppose that £,£i,£ 2 , - • • are uncertain vari¬ 
ables defined on the uncertainty space (r,£,M). The sequence {£i} is said 
to be convergent a.s. to £ if there exists an event A with M{A} = 1 such that 

lim |&(7) - £(7)1 = 0 (1.219) 

l —>00 

for every 7 € A. In that case we write £» —* £, a.s. 

Definition 1.27 (Liu ’. 12(f) ). Suppose that £,£ 1,^2 , • • • are uncertain vari¬ 
ables. We say that the sequence {^} converges in measure to f if 

lim M{|& —>e} = 0 (1.220) 


for every £ > 0 . 
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Definition 1.28 (Liu \120f ). Suppose that £, £i, £ 2 , • • • are uncertain vari¬ 
ables with finite expected values. We say that the sequence {£j} converges in 
mean to £ if 

lim E[\£i — £|] = 0. (1.221) 

i—>oo 

In addition, the sequence {£*} is said to converge in mean square to £ if 

lim E[\£i — £| 2 ] = 0. (1.222) 

i —>-oo 

Definition 1.29 (Liu \12Uf ). Suppose that >i>, $i, < f> 2 , • • • are the uncertainty 
distributions of uncertain variables £, £i, £ 2 , ■ 1 ‘ > respectively. We say that 
{£,;} converges in distribution to £ if 


lim d>,(a;) = d>(:r) 

i —>-oo 

at any continuity point x 0 /$. 


(1.223) 


Convergence in Mean vs. Convergence in Measure 

Theorem 1.30 (Liu \120f ). Suppose that £, £i, £ 2 , ■'' are uncertain vari¬ 
ables. If {£%} converges in mean to £, then {£j} converges in measure to £. 

Proof: ft follows from the Markov inequality that for any given number 
e > 0 , we have 

M{|&-g|>g}< ->0 

£ 

as i —> 00. Thus {^} converges in measure to £. The theorem is proved. 

Example 1.62: Convergence in measure does not imply convergence in 
mean. Take an uncertainty space (r, £, M) to be { 71 , 72, • • • } with 


sup 1/i, 

7iSA 


if sup 1/i < 0.5 

7»eA 


M{A} = 1 — sup 1/i, if sup 1/i < 0.5 

7i£A 


7i£A 

0.5, 

The uncertain variables are defined by 
&(T i) = 


otherwise. 


i, if j = i 


0 , otherwise 

for i = 1,2, • • • and £ = 0. For some small number e > 0, we have 

M{|£: - £| > £} = M{|& - £\ > £} = i - 0 . 

I 

That is, the sequence {£i} converges in measure to £. However, for each i, 
we have 

£[] 6 -£|] = i- 

That is, the sequence {£,;} does not converge in mean to £. 
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Convergence in Measure vs. Convergence in Distribution 

Theorem 1.31 (Liu 1120 f ). Suppose £, £i, £ 2 , ■ ■ ■ are uncertain variables. If 
{£,;} converges in measure to £, then {^} converges in distribution to £. 

Proof: Let a; be a given continuity point of the uncertainty distribution <3>. 
On the one hand, for any y > x, we have 

Ui < a:} = {& < x, £ < y} U {& < x, £ > y} C {£ < y} U {|& - f \ > y - xj. 


It follows from the countable subadditivity axiom that 
$i(aO < $( V ) + M{|& - £| >y-x}. 

Since {^} converges in measure to £, we have M{|£i — £| > y — x} —> 0 as 
i —> 00. Thus we obtain limsup^^ ^(x) < d>(y) for any y > x. Letting 
y —> x, we get 

limsup <!>, (x) < 4>(x). (1.224) 

i —*00 

On the other hand, for any z < x, we have 

U < 2} = {& < X, £ < z} U {& > x, ( < z} C Ui < x} U {|& - £| > X - z} 
which implies that 

$(z) < $»(a;) +M{|^ - (\ > x - z}. 

Since M{|£i — £| > x — z} —> 0, we obtain $( 2 ) < liminfj^oc, ^(x) for any 
z < x. Letting z —> x, we get 

4>(x) < liminf 4>j(x). (1.225) 

i —»oo 

It follows from (11.2241) and (11.2251) that 4>j(x) —> 4>(x). The theorem is 
proved. 


Example 1.63: Convergence in distribution does not imply convergence in 
measure. Take an uncertainty space (r,C,M) to be {71,72} with M{7i} = 
M{ 72 } = 1/2. We define an uncertain variables as 


£(7) 


- 1 , if 7 = 71 
1 , if 7 = 72 . 


We also define £* = — £ for * = 1,2,--- Then and £ have the same chance 
distribution. Thus {£i} converges in distribution to £. However, for some 
small number e > 0 , we have 


M{|&-£|><=} = M{|&-£|>e} = l. 


That is, the sequence does not converge in measure to £. 
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Convergence Almost Surely vs. Convergence in Measure 


Example 1.64: Convergence a.s. does not imply convergence in measure. 
Take an uncertainty space (T, £, M) to be {71,72, • • • } with 


{ sup i/(2i + 1), 

7»eA 

1 — sup i/(2i + 1), 

7i£A 

0.5, 

Then we define uncertain variables as 


if sup i/(2i + 1) < 0.5 

7.6A 

if sup i/{2i + 1) < 0.5 

7i^A 

otherwise. 


Ci(7j) 


i, if j = i 
0, otherwise 


for i = 1,2,- • • and £ = 0. The sequence {£,} converges a.s. to £. However, 
for some small number £ > 0, we have 

M{|£i - Cl > e} = M{|& - Cl > 6} = 

That is, the sequence {£;} does not converge in measure to £. 


Example 1.65: Convergence in measure does not imply convergence a.s. 
Take an uncertainty space (T,C,M) to be [0,1] with Borel algebra and 
Lebesgue measure. For any positive integer i, there is an integer j such 
that i = 2 J + k, where k is an integer between 0 and 2 3 — 1. Then we define 
uncertain variables as 


6(7) 


1, if k/2 3 <7< (k + l)/2 3 
0, otherwise 


for * = 1,2,--- and £ = 0. For some small number £ > 0, we have 

-Z\>e} = M{|& - £| > £} = ^ - 0 

as i —> 00. That is, the sequence {£,} converges in measure to £. However, for 
any 7 £ [0,1], there is an infinite number of intervals of the form [k/2°, (fc + 
1)/2 J ] containing 7. Thus £*(7) does not converge to 0. In other words, the 
sequence {£,} does not converge a.s. to £. 


Convergence Almost Surely vs. Convergence in Mean 


Example 1.66: Convergence a.s. does not imply convergence in mean. Take 
an uncertainty space (T, L, M) to be {71, 72, • • • } with 

M{A) = £ A 

7i6A 
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The uncertain variables are defined by 


&(7 j) 


2% if j = i 
0, otherwise 


for * = 1,2, • • • and £ = 0. Then converges a.s. to £. However, the sequence 
{£,:} does not converge in mean to £ because E[\£i — £|] = 1. 


Example 1.67: Convergence in mean does not imply convergence a.s. Take 
an uncertainty space (T,C,M) to be [0,1] with Borel algebra and Lebesgue 
measure. For any positive integer i, there is an integer j such that i = 2° + k, 
where k is an integer between 0 and 2 J — 1. The uncertain variables are 
defined by 


Ci( 7 ) 


1, if k/2* <7< {k + l)/2i 
0, otherwise 


for * = 1,2, • • • and £ = 0. Then 


mi-z i] = ^->o. 


That is, the sequence {C} converges in mean to £. However, for any 7 £ [0,1], 
there is an infinite number of intervals of the form [k/2 J , (/c+1)/2 J ] containing 
7. Thus ^(7) does not converge to 0. In other words, the sequence {&} does 
not converge a.s. to £. 


Convergence Almost Surely vs. Convergence in Distribution 


Example 1.68: Convergence in distribution does not imply convergence a.s. 
Take an uncertainty space (T,C,3V[) to be {71,72} with M{7 i} = M{ 72} = 
1/2. We define an uncertain variable £ as 


£(7) 


-1, if 7 = 7i 
1, if 7 = 72- 


We also define C = — £ for * = 1,2, • • • Then and £ have the same uncer¬ 
tainty distribution. Thus {£*} converges in distribution to £. However, the 
sequence {£,} does not converge a.s. to £. 

Example 1.69: Convergence a.s. does not imply convergence in distribution. 
Take an uncertainty space (T, £, M) to be {71,72, • • • } with 


M{A} = 


sup i/(2i + 1), 

7i6A 

1 — sup i/(2i + 1), 

7i£A 

0.5, 


if sup i/(2i + l) < 0.5 

7«eA 

if sup i/(2i + 1) < 0.5 

7i^A 

otherwise. 
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The uncertain variables are defined by 

ei(7i) = { o’ otherwise 


for i = 1,2,- •• and £ = 0. Then the sequence {£*} converges a.s. to £. 
However, the uncertainty distributions of are 

( 0, if x < 0 

$i(x) = < (i + l)/(2i + 1),, if 0 < x < i 
1, if x > i 


for i = 1,2, • • •, respectively. The uncertainty distribution of £ is 


$(a;) 


0, if x < 0 
1, if x > 0. 


It is clear that $*(a;) does not converge to <I>(a;) at x > 0. That is, the 
sequence {£,} does not converge in distribution to £. 


1.14 Conditional Uncertainty 


We consider the uncertain measure of an event A after it has been learned 
that some other event B has occurred. This new uncertain measure of A is 
called the conditional uncertain measure of A given B. 

In order to define a conditional uncertain measure M{H|£>}, at first we 
have to enlarge M {A D B} because M{4 n B} < 1 for all events whenever 
M{£>} < 1. It seems that we have no alternative but to divide 3V[{4ni?} by 
M{£>}. Unfortunately, M{HnH}/M{H} is not always an uncertain measure. 
However, the value should not be greater than 3VC{4 D B}/M{B} 

(otherwise the normality will be lost), i.e., 


M{A\B} < 


M{4nB} 

M{5} 


(1.226) 


On the other hand, in order to preserve the self-duality, we should have 

M{A\B} = 1 - M{A<\B} > 1 - M{ M { g } B} - (1-227) 


Furthermore, since (A fl B) U ( A c D B) = B, we have M{H} < M{4 n B} + 
M {A c n B} by using the countable subadditivity axiom. Thus 


M{A C <1B} ^ M {A<1B} 

M{H} - M{£} 


< 1 . 


(1.228) 


Hence any numbers between 1 —and are 

reasonable values that the conditional uncertain measure may take. Based 
on the maximum uncertainty principle, we have the following conditional 
uncertain measure. 
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Definition 1.32 (Liu \120f ). Let (r,£,M) be an uncertainty space, and A, 
B £ L. Then the conditional uncertain measure of A given B is defined by 



f M{A n B} 

M{AnB} 


M{R} ’ 

11 M {B} 

M{A|B} = < 

M{A c nB} 
M{B} ’ 

M{A C n B} 


%i M{B} 


l 0.5, 

otherwise 


(1.229) 


provided that M{B} > 0. 


It follows immediately from the definition of conditional uncertain measure 


that 


1 - 


M {A c n B} 

M{R} 


< M{A\B} < 


M {AnB} 

M{5} 


(1.230) 


Furthermore, the conditional uncertain measure obeys the maximum uncer¬ 
tainty principle, and takes values as close to 0.5 as possible. 


Remark 1.6: Assume that we know the prior uncertain measures 
M{AnR} and M{A c nl?}. Then the conditional uncertain measure M{A|R} 
yields the posterior uncertain measure of A after the occurrence of event B. 


Theorem 1.66. Let (r,U,M) be an uncertainty space, and B an event with 
M{1?} > 0. Then defined by \1.229\) is an uncertain measure, and 

(r,£,3V[{-|R}) is an uncertainty space. 


Proof: It is sufficient to prove that M{-|£>} satisfies the normality, mono¬ 
tonicity, self-duality and countable subadditivity axioms. At first, it satisfies 
the normality axiom, i.e., 


M{r|.B} = l- 


M{r c n b} 
M{R} 


= 1 - 


M{0} 

M{B} 


For any events A\ and A 2 with A\ C A 2 , if 

M{Ai n Bj ^ M{A 2 n B} 
M{R} “ M{R} 


then 


If 




M{Ai n B} ^ M {A 2 n B} 
M{B} “ M{B} 


M{A 2 \B}. 


M{Ai fl B} M{A 2 n B} 

M{5} - " J - M{B} 


then M{Ai|R} < 0.5 < M{A 2 \B}. If 


M{Ai n B} ^ M{A 2 n B} 
M{R} “ M{R} 
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then we have 


M{Ai|B} 


M {A1 n B}\ 
M{B} j 


VO.5 < 


M{A c 2 n B}\ 

M{B} j 


VO.5 = M{A 2 \B}. 


This means that satisfies the monotonicity axiom. 

A, if 


M{AnB} 

M{B} 


> 0.5, 


M{A C n Bj 
M {B} 


> 0.5, 


For any event 


then we have M{A|.B} + JA{A C \B} = 0.5 + 0.5 = 1 immediately. Otherwise, 
without loss of generality, suppose 


M{A<1B} ^ M {A C <1B} 

M{B} < ' < M{5} 


then we have 


M{B} 


M{dns}\ _ 
M{B} J ~ 


That is, 3V[{-|i?} satisfies the self-duality axiom. Finally, for any countable 
sequence {A,} of events, if 3VC{Ai|.B} < 0.5 for all i, it follows from the 
countable subadditivity axiom that 


M 


u Ai n b \ < 


i=l 


M <1 [J Ai n B 

,i =1 _ J 

M{B} 


< 


i= 1 


M{B} 


= ^M{A i |B}. 

»=i 


Suppose there is one term greater than 0.5, say 


M{Ai|B} >0.5, M{Ai|B}<0.5, i = 2,3, 

If M{U,;Ai|i3} = 0.5, then we immediately have 

( oo ^ oo 

JVW (J AiC\B \ < 


,2=1 


2=1 


If M{ \JiAi\B } > 0.5, we may prove the above inequality by the following 
facts: 

oo / oo \ 

A\ n B c (J(i4j n B) u m A? n B , 

2=2 \ 2 = 1 / 

oo C oo 'j 

M{A1 OB}<^M{A, ; nfi} + M Pi A- n B l, 

2=2 1 2=1 J 

, MlnA-nsl 


M I U Ai\B Ul- 


,2=1 


M{B} 
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>1 

2=1 


M {AlnB} 
M{S} 


OO 


2=2 


M{£} 


If there are at least two terms greater than 0.5, then the countable subad¬ 
ditivity is clearly true. Thus satisfies the countable subadditivity 

axiom. Hence is an uncertain measure. Furthermore, (r,U,3V[{-|H}) 

is an uncertainty space. 


Definition 1.33 (Liu 1 120f ). The conditional uncertainty distribution <I>: 
3? —> [0,1] of an uncertain variable f given B is defined by 


$(s|B) = M{£ < x\B} 


(1.231) 


provided that M{H} > 0. 


Theorem 1.67. Let £ be an uncertain variable with uncertainty distribution 
<f>(x), and t a real number with <f>(t) < 1. Then the conditional uncertainty 
distribution of £ given f > t is 


0, 


if d>(x) < d>(t) 


>I>(x) 


*(x|(f,+oo)) = ) tF* 5) A0 - 5 ’ WX*M<(l + *«))/2 

>I>(x) — <I>(f) 


1 - $(t) 


*/( l + *(i))/2 <$(*). 


Proof: It follows from <f>(x|(t, +oo)) = M {£ < x|£ > t} and the definition of 
conditional uncertainty that 


3Vt{(£<x)n(£>t)} 


M{£ > t} 


if M{(g<x)n (£>t)} < 0 5 


M{£ > *} 


<t>(x|(t,+oo))=< 


1 - 


M{(£>x)n(£>f)} if M{(£>x)n(£>f)} 


MU > t} 

0.5, 

When <f)(x) < <I> (£), we have x < t, and 

M{(£ < x) n (f > *)} M{0} 


M{£ > t} 

otherwise. 


< 0.5 


M{£ > t} 


i - m 


= 0 < 0.5. 


Thus 


When <I>(t) < <I>(x) < (1 + $(t))/2, we have x > t, and 

M{0£ > x) n (£ > t)} _ 1 - d>(x) 1 - (1 + $(t))/2 


M{£ > t} 


i - m 


> 


i - m 


= 0.5 
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and 


M{(g<a;)n(g>f)} $Q) 

M{£ >0 - 1 - $(t)' 


It follows from the maximum uncertainty principle that 


$01 0 +oo)) = 1 A 0.5. 


When (1 + <3>(t))/2 < $(a;), we have x >t, and 


M{(f>x)n(f>t)} 

M{£ > t} 

Thus 


1 ~$ 0 ) ^ l~(l + $(*))/2 

1 -$(t) - !-$(*) " ' 


$0|(t,+oo)) = 1 — 


M{($ > X) n (g > t)} 

M{£ > t} 


1 — $( 0 ;) 

1 - m 


$0) - $o 
1 - m 


The theorem is proved. 


Example 1.70: Let £ be a linear uncertain variable C(a,b), and t a real 
number with a < t < b. Then the conditional uncertainty distribution of £ 
given £ > t is 


$010 Too)) 


0, if x < t 

■ - j A 0.5, if t < x < (b + t)/2 

x — t 

- -A 1, if(6 + i)/2<x. 

0 — t 


Theorem 1.68. Let £ be an uncertain variable with uncertainty distribution 
<I>(:r), and t a real number with <f>(t) > 0. Then the conditional uncertainty 
distribution of £ given £ <t is 


<&0I(~°o,£]) 


$ 0 ’ 


$(x) + $(f) - 1 
$(*) 


V 0.5, 


if &(x) < $(t)/2 
if$(t )/2 < <j>(x) < < 1 >(t) 


1, 


if $(t) < $0)- 


Proof: It follows from $(x|(— 00 , t\) = M {£ < x|£ < 1} and the definition of 
conditional uncertainty that 


$0’|( —00,f])=< 


M{(g<x)n(g<t)} 

M{£ < t} 

M{(^ > x) n (£ < t)} 


1 - 


M{£ < t} 


•r <*)n0<*)} ... 
MU < t} < °' 5 

if ™W>x) n(t <t)} 

M{£ < t) 


0.5, 


otherwise. 
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When <h(a;) < d>(f)/2, we have x < t, and 

M{(£<x)n(£<t)} $(*)^$(t)/2 


< 


= 0.5. 


Thus 


M{£<f} $(i) “ <f>(f) 

M{(£<x)n(£<f)} $(x) 


$(x\(-oo,t]) = 


M{£ < t} 

When <I>(f)/2 < <f>(a;) < d>(t), we have x < t, and 

M{(£ < x) n (£ < t)} _ $(x) $(i)/2 


M{£ < t} 


> 


$(*) ~ $(*) 


m' 


= 0.5 


and 


i.e., 


M{(£ > x) n (£ < t)}_ < !-$(*) 


M{£ < t} 




_ M{(£ > x) n (£ < t)} $(s) + <f>(t) - l 

M{£ < t} - $(t) 

It follows from the maximum uncertainty principle that 

$(x|(-oo,t]) = -“ V0 - 5 ' 

When <1>(f) < < f)(a:), we have x > t, and 

M{(£ > x) fl (£ < t)} M{0} 


M{£ < t} 


m 


= 0 < 0.5. 


Thus 




M{£ < t} 


The theorem is proved. 


Example 1.71: Let £ be a linear uncertain variable C(a,b ), and t a real 
number with a < t < b. Then the conditional uncertainty distribution of £ 
given £ < t is 


t — a 


VO, 


if x < (a + t)/2 


4>(x|(—oo, £]) = < 


1 - 


t — a 
1, 


V 0.5, if (a + t)/2 < x < t 


if x < t. 

Definition 1.34 (Liu 1120 ] ). Let £ be an uncertain variable. Then the con¬ 
ditional expected value of £ given B is defined by 

/»+oo p0 

E[£\B] = / M{£ > r|B}dr - / M{£ < r|B}dr 

J 0 J — oo 

provided that at least one of the two integrals is finite. 


(1.232) 

























Chapter 2 

Uncertain Programming 


Uncertain programming was founded by Liu [ 122] in 2009 as a type of math¬ 
ematical programming involving uncertain variables. This chapter provides 
a general framework of uncertain programming, including expected value 
model, chance-constrained programming, dependent-chance programming, 
uncertain dynamic programming and uncertain multilevel programming. Fi¬ 
nally, we present some uncertain programming models for project scheduling 
problem, vehicle routing problem, and machine scheduling problem. 


2.1 Ranking Criteria 

Assume that s is a decision vector, £ is an uncertain vector, f(x,£) is a 
return function, and c/j(a:,£) are constraint functions, j = 1 , 2 , • • • ,p. Let us 
examine 

{ max / (ay 0 

subject to: (2.1) 

&•(*,€) <0, j = 1, 2, • • • ,p. 

Mention that the model ED is only a conceptual model rather than a mathe¬ 
matical model because there does not exist a natural ordership in an uncertain 
world. 

Thus an important problem appearing in this area is how to rank uncertain 
variables. Let £ and rj be two uncertain variables. Liu [ 122 j gave four ranking 
criteria. 

Expected Value Criterion: We say £ > 77 if and only if E[£] > E\rj\. 

Optimistic Value Criterion: We say £ > 77 if and only if, for some prede¬ 
termined confidence level a £ (0,1], we have £ SU p(oO > ?7sup(a), where £ SU p(aO 
and r) snp (a) are the a-optimistic values of £ and 77, respectively. 

Pessimistic Value Criterion: We say £ > 77 if and only if, for some prede¬ 
termined confidence level a £ ( 0 , 1 ], we have £i n f( ck) > 7/; rl f(a), where £i n f(a) 
and ?7inf(u) are the a-pessimistic values of £ and 77, respectively. 

Chance Criterion: We say £ > 77 if and only if, for some predetermined 
levels r, we have M {£ > r} > M {77 > ¥}. 

B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 81-113. 
springerlink.com (c) Springer-Verlag Berlin Heidelberg 2010 
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2.2 Expected Value Model 

Assume that we believe the expected value criterion. In order to obtain a 
decision with maximum expected return subject to expected constraints, we 
have the following expected value model, 

( maxE[f(x, £)] 

< subject to: (2.2) 

1 E \9j( x ,€)] < 0, j = 2, • • • ,p 


where a; is a decision vector, £ is an uncertain vector, / is a return function, 
and gj are constraint functions for j = 1,2, • ■ • ,p. 

Definition 2.1. A solution x is feasible if and only if E[gj(x, £)] < 0 for 
j = 1,2,- •• ,p. A feasible solution x* is an optimal solution to the expected 
value model \2.2\) if E[f (x *, £)] > E[f(x,£)] for any feasible solution x. 

In practice, a decision maker may want to optimize multiple objectives. Thus 
we have the following expected value multiobjective programming, 

( max [E[fi(x, £)], E[fa(x, £)], • • • ,E[f m (x,£))\ 

< subject to: (2.3) 

1 E[gj(x,£)]< 0, j = 1,2,-■■ ,p 

where fi(x , £) are return functions for i = 1,2, • ■ ■ , to, and gj(x , £) are con¬ 
straint functions for j = 1,2,--- ,p. 

Definition 2.2. A feasible solution x* is said to be a Pareto solution to the 
expected value multiobjective programming 12.31) if there is no feasible solution 
x such that 

E[fi(x,e)]>E[fi{x*,e)\, i= 1,2,--- ,TO (2.4) 

and E[fj(x,£)] > E[fj(x*,£)] for at least one index j. 

In order to balance multiple conflicting objectives, a decision-maker may 
establish a hierarchy of importance among these incompatible goals so as to 
satisfy as many goals as possible in the order specified. Thus we have an 
expected value goal programming, 

l m 

min p j Y,( Ui i d t V 0 + Vi i d i V °) 

3 =1 *=1 

subject to: 


E[f i (x,^)}-b i = d+, 

i = 1,2, • ■ • , to 

bi ~ E[fi(x, £)] = d~, 

i = 1,2, • • • , to 

E[gj(x,£)} < 0, 

CN 

T—1 

II 


(2.5) 
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where Pj is the preemptive priority factor which expresses the relative im¬ 
portance of various goals, Pj Pj+i, for all j, Ujj is the weighting factor 
corresponding to positive deviation for goal i with priority j assigned, v t j 
is the weighting factor corresponding to negative deviation for goal i with 
priority j assigned, df V 0 is the positive deviation from the target of goal 
i, d~ V 0 is the negative deviation from the target of goal i, fi is a function 
in goal constraints, gj is a function in real constraints, bi is the target value 
according to goal i, l is the number of priorities, m is the number of goal 
constraints, and p is the number of real constraints. 

Theorem 2.1. Assume f(x, £) = hi(x)£i + h 2 (x)f 2 H-b h n (x)£ n + ho(x) 

where hi(x), h 2 (x), ■ ■ •, h n (x), ho(x) are real-valued functions and £i,£ 2 > ■ ■ -,£ n 
are independent uncertain variables. Then 

E[f{x , |)] = hi(x)E[^i] + h 2 {x)E[f >2 \ H-h h n (x)E[f n \ + h 0 (x). (2.6) 

Proof: It follows from the linearity of expected value operator immediately. 

Theorem 2.2. Assume that £,i,£ 2 ,--- ■ are independent uncertain vari¬ 
ables and hi(x), h 2 (x), ■ ■ ■ ,h n (x),ho(x) are real-valued functions. Then 

Elhi^x)^ + h 2 {x)^ H-h h n {x)f n + h 0 (x)] < 0 (2.7) 

holds if and only if 

h 1 (x)E[f 1 ] + h 2 (x)E[^ 2 ] H-b h n (x)E[^ n ] + h 0 (x) < 0. (2.8) 

Proof: It follows from Theorem 12.11 immediately. 

2.3 Chance-Constrained Programming 

Since the uncertain constraints gj(x,£) < 0 ,j = 1,2, • • - ,p do not define a 
deterministic feasible set, it is naturally desired that the uncertain constraints 
hold with a confidence level a. Then we have a chance constraint as follows, 

M {&(*>£) < 0, j = 1,2,--- ,p} > a. (2.9) 


Maximax Chance-Constrained Programming 

Assume that we believe the optimistic value criterion. If we want to max¬ 
imize the optimistic value to the uncertain return subject to some chance 
constraints, then we have the following maximax chance-constrained pro¬ 
gramming, 

max max f 
x f 

< subject to: 

At {/(»,£) >/}>/? 

At{ffj(a:,£) < 0} > aj, j = l,2,---,p 


( 2 . 10 ) 
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where a 3 and (3 are specified confidence levels for j = 1, 2, • • • ,p, and max/ 
is the /3-optimistic return. 

In practice, it is possible that there exist multiple objectives. We thus have 
the following maximax chance-constrained multiobjective programming, 


< 


max 

x 


max f 1 , max / 2 , ■ ■ ■ , max f m 
f 1 f 2 f m 


subject to: 


M {/i( x, i)>fi}>0i, * = !, 2, • • • , m 
M{gj(x,g) < 0} > aj, j = 1,2, ■ ■ ■ ,p 


( 2 . 11 ) 


where f3i are predetermined confidence levels for * = 1 , 2 , ■ ■ ■ , to, and max f i 
are the /3-optimistic values to the return functions fi(x,£), i = 1,2,-■■ ,to, 
respectively. 

If the priority structure and target levels are set by the decision-maker, 
then we have a minimin chance-constrained goal programming, 


< 


l m 

n i n Y, p > H 

1=1 i=l 

subject to: 



l d+ V 0 


min d, V 0 


M {/»(*, $) - bi < df} > 0 +, i = 1, 2, • • • , to 
M {fej - fi(x, C) <d~}>(3~, i = 1,2, • ■ •, to 
M {&(*>£) < 0} > aj, J = 1) 2, • • • ,p 


( 2 . 12 ) 


where Pj is the preemptive priority factor which expresses the relative im¬ 
portance of various goals, Pj Pj+i, for all j, u t j is the weighting factor 
corresponding to positive deviation for goal i with priority j assigned, V{ 3 
is the weighting factor corresponding to negative deviation for goal i with 
priority j assigned, min df V 0 is the /3^-optimistic positive deviation from 
the target of goal i, min d~ V 0 is the /3/-optimistic negative deviation from 
the target of goal i, bi is the target value according to goal i, and l is the 
number of priorities. 


Minimax Chance-Constrained Programming 

Assume that we believe the pessimistic value criterion. If we want to maxi¬ 
mize the pessimistic value subject to some chance constraints, then we have 
the following minimax chance-constrained programming, 

max min f 
x f 

< subject to: 

M {/(*,£) </} >0 

M {&(*,£) < 0} > otj, J = 1,2, • • • ,p 


(2.13) 
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where otj and f3 are specified confidence levels for j = 1,2, ■ ,p, and min / 

is the /^-pessimistic return. 

If there are multiple objectives, then we have the following minimax chance- 
constrained multiobjective programming, 


< 


max min f \, min/ 2 , 
x [ fi / 2 

subject to: 


> min f m 
fm 


M {fi(x, £) </,}> Pi, * = 1,2,--- , to 
M{gj(x,g) < 0} > otj, j = 1,2, - • • ,p 


(2.14) 


where min f i are the /^-pessimistic values to the return functions fi(x,£), 
* = 1,2,--- , ?7i, respectively. 

We can also formulate an uncertain decision system as a minimax chance- 
constrained goal programming according to the priority structure and target 
levels set by the decision-maker: 


x 


E Pj E 


j =i 


max d? V 0 ) + 


max d i V 0 


subject to: 

M >#}>#, 

M {6i - /i(as, 0 >d~}> f3~, 
M {gj{x,£) < 0} > otj, 


* = 1 , 2 ,--- , to 

* = 1,2,--- , TO 
J = 1,2,--- ,p 


(2.15) 


where Pj is the preemptive priority factor which expresses the relative im¬ 
portance of various goals, Pj ^ Pj+i, for all j, Uij is the weighting factor 
corresponding to positive deviation for goal i with priority j assigned, v-ij 
is the weighting factor corresponding to negative deviation for goal i with 
priority j assigned, ma xdf V 0 is the /^-pessimistic positive deviation from 
the target of goal i, ma xd~ V 0 is the (3~ -pessimistic negative deviation from 
the target of goal i, bi is the target value according to goal i, and l is the 
number of priorities. 


Theorem 2.3. Assume that 5 £n a,re independent uncertain vari¬ 

ables with uncertainty distributions 4>i, <f> 2 , • • • ,<!>„, respectively, and h\(x), 
h^x),--- ,h n (x),ho(x) are real-valued functions. Then 

M |y^fei(a;)^ < Z*o(®)| > a ( 2 . 16 ) 

holds if and only if 

n n 

h i (*)^, 7l («) - h i ( a; ) $ r 1 ( 1 - a) < h 0 (x) 

i= 1 i=1 


(2.17) 
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where 


h+(x) = 

K (*) = 


hi(x), if hi(x) > 0 
0 , if hi{x) < 0 , 

0 , if hi(x) > 0 
-hi(x), if hi{x) < 0 


(2.18) 

(2.19) 


for i = 1, 2, • ■ ■ , n. Especially, if h\(x), h 2 {x), • • • , h n (x) are all nonnegative, 
then \2.17\) becomes 

n 

J2hi{x)<S>r\ a ) < h 0 {x); ( 2 . 20 ) 

i=1 

if h\(x), h 2 ( 2 ;), • • • , h n (x) are all nonpositive, then becomes 


'^2h i (x)^ i *(1 - a) < h 0 (x). ( 2 . 21 ) 

i=1 


Proof: For each i, if hi(x) > 0, then h^x)^ is an uncertain variable whose 
uncertainty distribution is described by 


'&i 1 (oi) = hf{x)<f> i 1 (a), 0 < a < 1 . 

If hi(x) < 0, then hi(x )£* is an uncertain variable whose uncertainty distri¬ 
bution is described by 


V) = {x)^ i X (1 - a), 0 < a < 1. 

It follows from the operational law that the uncertainty distribution of the 
sum h±(x)fi + h 2 (x )^2 + • • • + h n (x)t; n is described by 


'F : (a) = 'F 1 1 (a) + ’F^ 1 (a) H-b’F” 1 ^), 0 < a < 1 . 


From which we may derive the result immediately. 

Theorem 2.4. Assume that x\,x 2 ,--- ,x n are nonnegative decision vari¬ 
ables, and £ 1 , £21 • • ■ are independently linear uncertain variables C(a\,bi), 

£( 02 , 62 ),-" , £(o„, b n ), C(a, b), respectively. Then for any confidence level 
a £ ( 0 , 1 ), the chance constraint 

M <^j > a (2.22) 

holds if and only if 

n 

5 >- 

i—1 


a)ai + abi)Xi < aa + (1 — a)b. 


(2.23) 
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Proof: Assume that the uncertain variables £ 1 , £21 ■ • ■ , £ n , £ have uncertainty 
distributions $ 1 , $ 2 , • • • respectively. Then 

<h” 1 (a) = (1 - a)cn + ab t , * = 1,2,--- ,n, 

4> _1 (1 — a) = aa + (1 — a)b. 

Thus the result follows from Theorem 12.31 immediately. 

Theorem 2.5. Assume that xx,X 2 ,--- ,x n are nonnegative decision vari¬ 
ables, and £ 1 , £ 2 , • • • ; £n, £ are independently zigzag uncertain variables Z(a\, bx, C\), 
Z(a 2 , & 2 , C 2 ), • • • ,Z(a n ,b n ,c n ),Z(a,b,c), respectively. Then for any confi¬ 
dence level a > 0.5, the chance constraint 

M <?j > « (2.24) 

holds if and only if 

n 

^((2 - 2 a)bi + (2a - 1 )a)xi < a(2a - l)a + (2 - 2 a)b. (2.25) 

i=l 

Proof: Assume that the uncertain variables £ 1 , £ 2 , ■ ■ • , £ n , £ have uncertainty 
distributions 4>i, 4> 2 , • ■ • respectively. Then 

dtrV) = (2 - 2a)bi + (2a - l)c i; * = 1,2,--- ,n, 

$-!(l - a) = (2a - l)o + (2 - 2 a)b. 

Thus the result follows from Theorem 12.31 immediately. 


Theorem 2.6. Assume that xx,X 2 ,--- ,x n are nonnegative decision vari¬ 
ables, and £ 1 , £21 • • ■ ,£n,£ are independently normal uncertain variables J\f (ex, af), 
Af(e 2 , 02), ''' ,N(e n , cr n ),Af(e, a), respectively. Then for any confidence level 
a £ (0,1), the chance constraint 


<£\ > 


(2.26) 


holds if and only if 


( ViVS . a 

2^ e i H-In ■ 


i=l 


7T 1 — a 


g\J 3 . a 

Xo < e -in ■ 


7T 1 — a 


(2.27) 


Proof: Assume that the uncertain variables £ 1 , £21 ■ ■ • , £ n , £ have uncertainty 
distributions 4>i, d> 2 , • • • , 4>„, 4>, respectively. Then 


1 _ 1 / , aiy/3 a 

(a) = e.i-\ -In- 


7r 1 — a 


* = 1 , 2 , 


,_i f1 , crV 3 a 

<3> (1 — a) = e-In ■ 


7r 1 — a 

Thus the result follows from Theorem 12.31 immediately. 
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Theorem 2.7. Assume xi, X2, ■ ■ ■ ,x n are nonnegative decision variables, and 
£1, £2) • • •, £n) £ are independently lognormal uncertain variables C.OQM(e±, <Ti), 
COQJ\f(e 2 , <J- 2 ),•• • , COQAf (e n ,a n ), COQAf (e,a), respectively. Then for any 
confidence level a £ (0,1), the chance constraint 


<0 > 


. i —1 


holds if and only if 


^cxp(ei) ( —- 


a 

1 — a 


\Arr, j 71 


Xi < exp(e) 


1 — a 


'JZcr j-R 


(2.28) 


(2.29) 


Proof: Assume that the uncertain variables £ 1 , £ 2 , • • • , f n , £ have uncertainty 
distributions $ 1 , <b 2 , ■ ■ • respectively. Then 


<fv x (o) = exp(ei) 



* = 1,2,--- ,n, 


$ _1 (1 


a) = exp(e) 



Thus the result follows from Theorem 12.31 immediately. 


2.4 Dependent-Chance Programming 

In practice, there usually exist multiple tasks in a complex uncertain decision 
system. Sometimes, the decision-maker believes the chance criterion and 
wishes to maximize the chance of meeting these tasks. In order to model 
this type of uncertain decision system, Liu m provided the third type 
of uncertain programming, called dependent-chance programming , in which 
the underlying philosophy is based on selecting the decision with maximal 
chance to meet the task. Dependent-chance programming breaks the concept 
of feasible set and replaces it with uncertain environment. 

Definition 2.3. By an uncertain environment we mean the uncertain con¬ 
straints represented by 

9j(x,0< 0, J = 1) 2, • • • ,p (2.30) 

where x is a decision vector, and £ is an uncertain vector. 

Definition 2.4. By a task we mean an uncertain inequality (or a system of 
uncertain inequalities) represented by 

h(x,£)< 0 (2.31) 

where x is a decision vector, and £ is an uncertain vector. 
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Definition 2.5 . The chance function of task £ characterized by \2.31\) is 
defined as the uncertain measure that the task £ is met, i.e., 

f(x) = M{h(x,£)< 0} (2.32) 

subject to the uncertain environment \2.30\) . 

How do we compute the chance function in an uncertain environment? In 
order to answer this question, we first give some basic definitions. Let 
r(x±, X 2 , ■ ■ ■ ,x n ) be an n-dimensional function. The *th decision variable 
Xi is said to be degenerate if 

r ( x ± , • * • , Xi — 1, Xi , Xi -^- l , • * 1 , £n) — 1 '{ x \; ? Xi — 1: Xi , £j-{-1, * * * , X n ) 

for any x\ and x"\ otherwise it is nondegenerate. For example, 
r(x i,x 2 ,x 3 ,X 4 ,x 5 ) = (a"i + x 3 )/xi 

is a 5-dimensional function. The variables x\,x 3 ,Xi are nondegenerate, but 
X 2 and a ,’5 are degenerate. 

Definition 2.6. Let £ be a task h(x,£) < 0. The support of the task £, 
denoted by £*, is defined as the set consisting of all nondegenerate decision 
variables of h{x, $f). 

Definition 2.7. The jth constraint gj(x,£f) < 0 is called an active constraint 
of task £ if the set of nondegenerate decision variables of gj(x,£) and the 
support £* have nonempty intersection; otherwise it is inactive. 

Definition 2.8. Let £ be a task h(x,£) < 0 in the uncertain environment 
gj(x,£) < 0, j = 1,2,- •• ,p. The dependent support of task £, denoted by 
£**, is defined as the set consisting of all nondegenerate decision variables of 
h(x,£) and gj(x,£) in the active constraints of task £. 

Remark 2.1: It is obvious that £* C £** holds. 

Definition 2.9. The jth constraint gj(x,£) < 0 is called a dependent con¬ 
straint of task £ if the set of nondegenerate decision variables of gj{x,£f) 
and the dependent support. £** have nonempty intersection; otherwise it is 
independent. 

Remark 2.2: An active constraint must be a dependent constraint. 

Definition 2.10. Let £ be a task h(x,£) < 0 in the uncertain environment 
gj(x , £) < 0, j = 1, 2, • • • ,p. For each decision x and realization £, the task 
£ is said to be consistent in the uncertain environment if the following two 
conditions hold: (i) h(x,£) < 0; and (ii) gj(x,£) < 0, j S J, where J is the 
index set of all dependent constraints. 
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In order to maximize the chance of some task in an uncertain environment, 
a dependent-chance programming may be formulated as follows, 

{ max M {h(x, £) < 0} 

subject to: (2.33) 

9j(x,£)< 0 , j = 1,2, • ■ ■ ,p 

where x is an n-dimensional decision vector, d is an uncertain vector, the task 
£ is characterized by h(x, d) < 0, and the uncertain environment is described 
by the uncertain constraints gj(x,£) < 0, j = 1,2,- ■ • ,p. The model (12.331) 
is equivalent to 


max M {h(x, d) < 0, gj(x,d) < 0 ,j £ J} (2.34) 

where J is the index set of all dependent constraints. 

If there are multiple tasks in an uncertain environment, then we have the 
following dependent-chance multiobjective programming, 

max [M{hi(x, £) < 0}, ■ • • ,M{h m (x, £) < 0}] 
subject to: (2.35) 

gj(x,£)< 0 , j = 1,2, • • • ,p 

where tasks £i are characterized by /i, ( x, d) < 0, i = 1,2, • • • , m, respectively. 
The model (12.351) is equivalent to 

max M {hi(x, £) < 0, gj{x,£) < 0 ,j £ Ji} 
max M {h 2 {x,£) < 0, gj(x,£) < 0 ,j £ J 2 } ( 2 .36) 

max M {h m (x, £) < 0, gj(x,£) < 0 ,j £ J m } 

where Ji are the index sets of all dependent constraints of tasks £i, i = 
1,2, ■ ■ • ,to, respectively. 

Dependent-chance goal programming is employed to formulate uncertain 
decision systems according to the priority structure and target levels set by 
the decision-maker, 

' l m 

min JO Pj JO {uijdf V 0 + % d~ V 0) 
j=i i= i 

subject to: 

M{hi(x,£) < 0} - bi = df, i = 1,2, 
bi-M{hi(x,£)<0} = dr, i = 1,2, 
gj{x,d)< 0, J = 1,2, 


• • • ,m 

• • • ,m 
■ ■ ■ ,P 


where Pj is the preemptive priority factor which expresses the relative im¬ 
portance of various goals, Pj Pj+i, for all j, Uij is the weighting factor 
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corresponding to positive deviation for goal i with priority j assigned, Vij 
is the weighting factor corresponding to negative deviation for goal i with 


priority j assigned, V 0 is the positive deviation from the target of goal i 


d~ V 0 is the negative deviation from the target of goal i, gj is a function in 
system constraints, bi is the target value according to goal i, l is the number 
of priorities, m is the number of goal constraints, and p is the number of 
system constraints. 

Theorem 2 . 8 . Assume Xi,X 2 , ,x n are nonnegative decision variables, 
and £i, £ 2 , • • • , are independently linear uncertain variables £(a±, b±), C(a, 2 , 62 )) 
• • • , C(a n , b n ), respectively. When 


n 


n 



(2.37) 


t G 


we have 


n 



(2.38) 


Otherwise, the measure will be 0 if t is on the left-hand side of interval \2.37\ ) 
or 1 if t is on the right-hand side. 

Proof: Since £ 1 , £25 • • • , fn are independently linear uncertain variables, their 
weighted sum £ 1 X 1 + £ 2^2 + • • • + f, n x n is also a linear uncertain variable 



From this fact we may derive the result immediately. 

Theorem 2.9. Assume that X\,X 2 ,--- ,x n are nonnegative decision vari¬ 
ables, and £ 1 , £ 2 , * * * , fn are independently zigzag uncertain variables 
Z(ai,&i,ci), Z(a 2 , b 2 , C 2 ), • • • , Z(a n ,b n ,c n ), respectively. When 


n 


n 


t G 



(2.39) 


we have 


n 


M | fiXi < t 




(2.40) 


n 


2 ^ Oji)Xi 
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When 


we have 


t G 


,»=1 2=1 


2—1 

2 + ^(cj - 26i)a 


(2.41) 


M < £*£* < £ > = 


2=1 


2^^(cj 6j)a 


(2.42) 


Otherwise, the measure will be 0 if t is on the left-hand side of interval \2.39\ ) 
or 1 if t is on the right-hand side of interval ra- 

Proof: Since £i, £ 2 ,• • • , £ n are independently zigzag uncertain variables, 
their weighted sum £ 12 ; 1 + £ 2 X 2 + • • • + £ n a; n is also a zigzag uncertain variable 

( n n n \ 

y: azXi, j. 

2=1 2=1 2=1 / 

From this fact we may derive the result immediately. 

Theorem 2.10. Tssitrae Xi,X 2 ,"' ,x n are nonnegative decision variables, 
and '• , £n are independently normal uncertain variables Af(ei,ai), 

7V(e2, < 72 ), • • • ,A f(e.„,cr n ), respectively. Then 


( 


M < ^ £,Xi < t > = 


1 + exp 




V 


V 


v^E 


G{Xi 


/ 


(2.43) 


Proof: Since £i,£ 2 ,--- if,n are independently normal uncertain variables, 
their weighted sum £ 1 X 1 + £ 2 X 2 + ’' , + ( n in is also a normal uncertain variable 

( n n \ 

2=1 2=1 / 

From this fact we may derive the result immediately. 

Theorem 2.11. Assume Xi,X 2 ,--- ,x n are nonnegative decision variables, 
£ 1 , £2, •' ■ , £22 are independently lognormal uncertain variables COQN (ei, <Ti), 
COQJ\f(e 2 , 02)1 • ’' ,C-OQN(e n ,<T n ), respectively. Then 


M l Y& x i < t l = \l/(2) 


(2.44) 
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where is determined by 

n / \ y/3i7i/-K 

^ _1 (a) = 5Z exp ( ei M ) Xi ' ( 2 - 45 ) 
2=1 ' ' 

Proof: Since £i, £ 2) • • ■ ,£ n are independently lognormal uncertain variables, 
the uncertainty distribution of £\X\ + £, 2%2 + • —h £ n x n is just determined 
by (12.451) . From this fact we may derive the result immediately. 

2.5 Uncertain Dynamic Programming 

In order to model uncertain decision processes, Liu [122 J proposed a gen¬ 
eral framework of uncertain dynamic programming, including expected value 
dynamic programming, chance-constrained dynamic programming as well as 
dependent-chance dynamic programming. 

Expected Value Dynamic Programming 

Consider an TV-stage decision system in which (ai,a 2 ,--- , ajv) represents 
the state vector, (x 3 ,x 2 ,--- , ajjv) the decision vector, (£i,£ 2 ,--- i£jv) the 
uncertain vector. We also assume that the state transition function is 

a n+1 = T(a n ,x n ,£ n ), n = 1,2, • ■ ■ , N - 1. (2.46) 


Xi x 2 x 3 x 3 


Stage 1 

Stage 2 

Stage 3 


€1 

£2 

£3 



d\ CL 2 0-3 CL 4 . 


Figure 2.1: A Multistage Decision System 

In order to maximize the expected return over the horizon, we may use 
the following expected value dynamic programming, 

{ f N {a) = max E[r N (a, x, £ N )] 

E[g N (a,x,£ N )]<0 

fn{a)= max E[r n (a,x,£ n ) + f n+1 (T(a,x,£ n ))] (2.47) 

£[ g „( a , a ;,£ n )]<0 

n < N - 1 

where r n are the return functions at the nth stages, n = 1, 2, • • • , N, respec¬ 
tively. 

Chance-Constrained Dynamic Programming 

In order to maximize the optimistic return over the horizon, we may use the 
following chance-constrained dynamic programming, 
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/jv(«) 

fn(a) 


max 

M{piv(a,a3,^ iV )<0}>Q: 


r N (a,x,£ N ) 


max 

M{p n (a,a3,^ Tl )<0}>Q; 


r„(a, a;, £ J + /„+i(T(a, a:, £J) 


n < N — 1 


(2.48) 


where the functions r n are defined by 

r n (a , x, = sup {r | M{r n (a, x, £„) > r} > /?} (2.49) 

for n = 1,2, • • • , N. If we want to maximize the pessimistic return over the 
horizon, then we must define the functions r n as 

r n (a, x , = inf {r | M{r n (a , x, |„) < r} > /?} (2.50) 


for n = 1,2, • • • , AT. 


Dependent-Chance Dynamic Programming 

In order to maximize the chance over the horizon, we may employ the fol¬ 
lowing dependent-chance dynamic programming, 

/jv(a) = max M{/ijv(a, x, % N ) < 0} 
fn(a) = max M{/i„(a, x, |„) < 0} + /„ +x (T(a, x, |„)) 

gn{a,,x,£ n )<0 

n < N — 1 

where h n (a , x, £ n ) < 0 are the events, and g n (a, x, £ ra ) < 0 are the uncertain 
environments at the ?rth stages, n = 1,2, • • ■ , iV, respectively. 

2.6 Uncertain Multilevel Programming 

In order to model uncertain decentralized decision systems, Liu [I22j pre¬ 
sented three types of uncertain multilevel programming, including expected 
value multilevel programming, chance-constrained multilevel programming 
and dependent-chance multilevel programming, and provided the concept of 
Stackelberg-Nash equilibrium to uncertain multilevel programming. 

Expected Value Multilevel Programming 

Assume that in a decentralized two-level decision system there is one leader 
and to followers. Let x and y i be the control vectors of the leader and 
the ith followers, i = 1,2, , m, respectively. We also assume that the 
objective functions of the leader and ith followers are F(x,y 1 , ••• ,y m ,£) 
and fi(x, y 1: ■ ■ ■ , y m , £), i = 1 , 2 , • • ■ , m, respectively, where £ is an uncertain 
vector. 
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Figure 2.2: A Decentralized Decision System 


Let the feasible set of control vector x of the leader be defined by the 
expected constraint 

£[G(a;,£)]<0 (2.51) 

where G is a vector-valued function and 0 is a zero vector. Then for each de¬ 
cision x chosen by the leader, the feasibility of control vectors y i of the All fol¬ 
lowers should be dependent on not only x but also y 1 , • • • , j/ i _ 1 , y i+1 , • • • , y m , 
and generally represented by the expected constraints, 

E[g l (x,y 1 ,y 2 , - ■ ■ ,y m ,£)] < 0 (2-52) 


where <?,; are vector-valued functions, i = 1,2,--- , to, respectively. 

Assume that the leader first chooses his control vector x, and the followers 
determine their control array (y 1 ,y 2 ,--- ,y m ) after that. In order to max¬ 
imize the expected objective of the leader, we have the following expected 
value bilevel programming, 

maxE[F(x, y\, y 2 , ■ ■ • , y* m , £)] 

X 

subject to: 

| £7[G(*,£)]<0 

< (y*,Vtr-- , y* m ) solves problems (i = 1, 2, • • • , m) (2.53) 

! ma xE[f i (x,y 1 ,y 2 ,--- ,y m ,£)] 

Vi 

subject to: 

E[g i (x,y 1 ,y 2 ,--- ,y m ,£)} < 0. 

Definition 2.11. Let x be a feasible control vector of the leader. A Nash 
equilibrium, of followers is the feasible array (y\, y 2 , ■ ■ ■ , yjjj with respect to 
x if 

E[fi(x,y*,--- ,y*i-i,y„y*i+ 1 ,--- ,y* m ,0] 

<E[fi(x,yi,--- ,iC,S)} 

for any feasible array (y\, • • • , y*_ 1 ,y. l , y* +1 , ■ ■ ■ , y* m ) and i = 1,2, • • • , m. 


Definition 2.12. Suppose that x* is a feasible control vector of the leader 
and (y*,J/ 2 >‘“ > y*m ) a Atash equilibrium of followers with respect to x*. 
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We call the array (as*, yf, y 2 , ■ ■ ■ ,Um) a Stackelberg-Nash equilibrium to the 
expected value bilevel programming \2. 53 1) if 

E[F(x,y 1 ,y 2 ,y m ,Q] < E[F(x*,yl,y 2 ,-■ • ,y™,£)] (2.55) 

for any feasible control vector x and the Nash equilibrium (yi,y 2 ,-'' iVm) 
with respect to x. 


Chance-Constrained Multilevel Programming 

In order to maximize the optimistic return subject to the chance constraint, 
we may use the following chance-constrained bilevel programming, 

max max F 
x f 
subject to: 

M{F(x,yt,y* 2 ,--- ,y* m ,£) >F}>[3 

M{G(®,£) < 0} > a 

< ivl, ■ ■ ■ , y*m) solves problems (i = 1, 2 , • • • , to) (2.56) 

max max / ; 

y > 7i 

( subject to: 

f i (x,y ll y 2 , ■■■ ,y m ,£)> /J > A 

M{fl , i (a:,y 1 ,y2,-■' ,y m ,€) < 0} > a* 

where a, /3, a*, /%, i = 1, 2 , • • • , to are predetermined confidence levels. 

Definition 2.13. Lef x be a feasible control vector of the leader. A Nash 
equilibrium of followers is the feasible array (yj, y 2 , ■ ■ ■ , yjjj with respect to 
x if 

2 /l > ' ' ' > Vt—1) Vii Vi+ll ^Vm) (2 57) 

<7i(*,y*,-" , 0 ?-!.V*.!/*+!.■■• ,y* m ) 

for any feasible array (yj, • • • , y*_ 1 ,y i , y* +1 , • • • , y * m ) and i = 1,2 , • • • , to. 

Definition 2.14. Suppose that x* is a feasible control vector of the leader 
and (y*,y 2 , • • • ,y^) a IVasft equilibrium of followers with respect to x*. 
The array (x *, y j, y^, • • • , y^) is called a Stackelberg-Nash equilibrium to the 
chance-constrained bilevel programming S2.56\ ) if 

F{x,y i,y 2 ,--- ,y m ) < F(x*,yl,y 2 , ■ ■ ■ ,y* m ) (2.58) 

/or any feasible control vector x and the Nash equilibrium {yi,y 2 ,-" Jm) 
with respect to x. 
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In order to maximize the pessimistic return, we have the following minimax 
chance-constrained bilevel programming, 

max min F 

X p 

subject to: 

M{F(x,yl,y* 2 ,--- ,y* m ,£) <F} > p 
M{G(a:, £) < 0} > a 

< .Wm) solves problems (i = 1,2,-■■ ,m) (2.59) 

max min / ■ 

Vi fi 

t subject to: 

M{f i (x,y 1 ,y 2 , ■■■ ,y m ,£)< /J > Pi 
M{g i (x,y 1 ,y 2 ,--- ,y m ,£) <0}>ati 

where a, /?, a*, Pi, i = 1, 2, • • • , m are predetermined confidence levels. 

Dependent-Chance Multilevel Programming 

Let H(x, y 1 , y 2 , • • • ,y m> £) < 0 and h i (x,y 1 ,y 2 ,-■ ■ ,y m ,€) < 0 be the tasks 
of the leader and ith followers, i = 1,2, • • • ,m, respectively. In order to max¬ 
imize the chance functions of the leader and followers, we have the following 
dependent-chance bilevel programming, 

m&xM{H(x,yl,y%,--- < 0} 

X 

subject to: 

G(x,£)<0 

< {y*i,y* 2 ,- ■■ ,ytn) solves problems (i = 1,2,- •• ,m) (2.60) 

{ maxM {h i (x,y 1 ,y 2 ,--- ,y m ,£) < 0} 

Vi 

subject to: 

9i{x,y 1 ,y 2 , ■■■ ,y m ,£) < 0. 

Definition 2.15. Let x be a control vector of the leader. We call the array 
(y*i,y2>--- ,2/m) a Nash equilibrium of followers with respect to x if 

M{hi(x,yl,-- ,y*- 1 ,y i ,yi +1 , - ,2/m>C) < °) , 2 ^ 

<M{hi{x,y\,--- ,y* m ,£) < 0} 

subject to the uncertain environment gi{x, y 1 , y 2 , ■ ■ ■ , y m , £) < 0, * = 1,2, • • ■ , 
m for any array (y\, ■ ■ ■ ,y*_ 1 ,y t ,y* +1 , ■ ■ ■ ,y* m ) and i = 1,2,-- ■ ,m. 

Definition 2.16. Let x* be a control vector of the leader, and {y\,y 2 ,- ■ • , 
y)„) a Nash equilibrium of followers with respect to x*. Then {x*, y\, y 2 , • ■ • , 
y*j) is called a Stackelberg-Nash equilibrium to the dependent-chance bilevel 
programming \2.60\) if 









98 


Chapter 2 - Uncertain Programming 


M{H(x,y 1 ,y 2 ,--- ,y m ,g) <0} < y \, y* 2 , • • • ,y* m ,£) <0} 

subject to the uncertain environment G(x,£) < 0 for any control vector x 
and the Nash equilibrium ■ ■ • , y m ) with respect to x. 

2.7 Hybrid Intelligent Algorithm 

From the mathematical viewpoint, there is no difference between determin¬ 
istic mathematical programming and uncertain programming except for the 
fact that there exist uncertain functions in the latter. Essentially, there are 
three types of uncertain functions in uncertain programming, 

U x :x-> E[f(x,£)}, 

U 2 : x —> M{/(®,£) < 0} , (2.62) 

U 3 : x -> max {/ | M{f(x,g) >/}>«}■ 

Note that those uncertain functions may be calculated by the 99-method if 
the function / is monotone. Otherwise, I give up! It is fortunate for us that 
almost all functions in practical problems are indeed monotone. 

In order to solve uncertain programming models, we must find a numerical 
method for solving deterministic mathematical programming, for example, 
genetic algorithm, particle swarm optimization, neural networks, tabu search, 
or any classical algorithms. 

Then, for example, we may integrate the 99-method and the genetic al¬ 
gorithm to produce a hybrid intelligent algorithm for solving uncertain pro¬ 
gramming models: 

Step 1 . Initialize chromosomes whose feasibility may be checked by the 99- 
method. 

Step 2. Update the chromosomes by the crossover operation in which the 
99-method may be employed to check the feasibility of offsprings. 

Step 3. Update the chromosomes by the mutation operation in which the 
99-method may be employed to check the feasibility of offsprings. 

Step 4. Calculate the objective values for all chromosomes by the 99- 
method. 

Step 5. Compute the fitness of each chromosome based on the objective 
values. 

Step 6. Select the chromosomes by spinning the roulette wheel. 

Step 7. Repeat the second to sixth steps a given number of cycles. 

Step 8. Report the best chromosome as the optimal solution. 

Please visit the website at http://orsc.edu.cn/liu/resources.htm for com¬ 
puter source files of hybrid intelligent algorithm and numerical examples. 
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2.8 'D Graph 

Any types of uncertain programming (including stochastic programming, 
fuzzy programming and hybrid programming) may be represented by a 4' 
graph 

(Philosophy, Structure, Information) 
which is essentially a coordinate system in which, for example, the plane 

“P = CCP” 

represents the class of chance-constrained programming; the plane 

“S = MOP” 

represents the class of multiobjective programming; the plane 

“I = Uncertain” 

represents the class of uncertain programming; and the point 
“(P,S,I) = (DCP, GP, Uncertain)” 
represents the uncertain dependent-chance goal programming. 


Information 



Philosophy 


Figure 2.3: 4' Graph for Uncertain Programming Classifications (Liu [112] j 
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2.9 Project Scheduling Problem 

Project scheduling problem is to determine the schedule of allocating re¬ 
sources so as to balance the total cost and the completion time. The study 
of project scheduling problem with uncertain factors was started by Liu (122! 
in 2009. This section presents an uncertain programming model for project 
scheduling problem in which the duration times are assumed to be uncertain 
variables with known uncertainty distributions. 

Project scheduling is usually represented by a directed acyclic graph where 
nodes correspond to milestones, and arcs to activities which are basically 
characterized by the times and costs consumed. 



Let {V,A) be a directed acyclic graph, where V = {1,2,-•• ,n,n+ 1} is 
the set of nodes, A is the set of arcs, ( i,j ) £ A is the arc of the graph (V,.A) 
from nodes i to j. It is well-known that we can rearrange the indexes of the 
nodes in V such that i < j for all (i,j) £ A. 

Before we begin to study project scheduling problem with uncertain ac¬ 
tivity duration times, we first make some assumptions: (a) all of the costs 
needed are obtained via loans with some given interest rate; and (b) each 
activity can be processed only if the loan needed is allocated and all the 
foregoing activities are finished. 

In order to model the project scheduling problem, we introduce the fol¬ 
lowing indices and parameters: 

uncertain duration time of activity (i,j) in A\ 
uncertainty distribution of fy; 

Cij: cost of activity (i,j) in A; 
r: interest rate; 

Xi : integer decision variable representing the allocating time of all loans 
needed for all activities ( i,j ) in A. 

Starting Times 

For simplicity, we write £ = : (i,j) £ A} and x = (xi,X 2 ,--- ,x n ). 

Assume each uncertain duration time is represented by a 99-table, 
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Let Tj( x,£) denote the starting time of all activities (■ i,j ) in A. According 
to the assumptions, the starting time of the total project (i.e., the starting 
time of of all activities (1, j) in A) should be 

T 1 (x,0=x i (2.64) 


whose inverse uncertainty distribution may be written as 

= Xl (2.65) 


and has a 99-table, 


0.01 

0.02 

0.03 


0.99 

Xl 

X\ 

Xl 


Xl 


( 2 . 66 ) 


Generally, suppose that the starting time T k (x,£) of all activities (k,i) in A 
has an inverse uncertainty distribution 'LjT (a) and has a 99-table, 


0.01 

0.02 

0.03 


0.99 

Vk 

Vk 

vl 


7/ yy 

Vk 


(2.67) 


Then the starting time Ti(x , £) of all activities (i. j) in A should be 

Ti(x,g) = Xi\/ max (T k (x,£) + £ fcl ) (2.68) 

(k,i)£A 


whose inverse uncertainty distribution is 

I'CV) = Xi V max (^(a) + <f>^f(a )) (2.69) 

(k,i)€A 


and has a 99-table, 


0.01 


0.99 

Xi V max (yi + tL) 

(. k,i)eA 


x iV max (yf+t 99 ) 
(k,i)£A 


where y \., y \, • • • , y 99 are determined by (12.671) . This recursive process may 
produce all starting times of activities. 

Completion Time 

The completion time T(x,£) of the total project (i.e, the finish time of all 
activities (k,n+l) in A) is 

T(x,£) = max (T k {x, £) + Cfe,n+i) (2.71) 

(k,n+l)£A 

whose inverse uncertainty distribution is 

*' I( “ ) = (».S5f«K 1( “ ) + *^« ( “)) (272) 
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and has a 99-table, 


0.01 


0.99 

max (yi + ti + ,) 

(k,n+i)GA /c ’” +i 


max (y r + t- +1 ) 
(k,n+l)€A 


where yl > y 99 are determined by (12.671) . 


(2.73) 


Total Cost 


Based on the completion time T(x,£), the total cost of the project can be 
written as _. r „, n 

C(x,$= c io^ + r) mx ’ 0 ~ XiA (2.74) 

where [a] represents the minimal integer greater than or equal to a. Note 
that C(x,£) is a discrete uncertain variable whose inverse uncertainty distri¬ 
bution is ._, ry -If X - 

T~ l (x] a) = Y, Cii (! + »•) (35;Q)_:ril (2.75) 

(i,j)eA 

for 0 < a < 1. Since T(aj,£) is obtained by the recursive process and repre¬ 
sented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

Sl 

S2 

S3 


S99 


the total cost C(x,£) has a 99-table, 


0.01 


0.99 

£ Mi + h"- 1 

(i,o)eA 


£ ^(' • r,: 
(i,j)eA 


(2.76) 


(2.77) 


Project Scheduling Model 


If we want to minimize the expected cost of the project under the completion 
time constraint, we may construct the following project scheduling model, 

min£)[(7(a;,4)] 
subject to: 

M{T(ai,£) < T°} > a 
x > 0, integer vector 


where T° is a due date of the project, a is a predetermined confidence level, 
T(x, £) is the completion time defined by (12.711) . and C(x, £) is the total cost 
defined by (12.741) . This model is equivalent to 




+oo 


min / (1 — T(ic; z))dz 


Jo 

subject to: 

y(x-,T°) > a 
x > 0, integer vector 


(2.79) 
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where T is determined by (12.721) and T is determined by (12.751) . Note that the 
completion time T(x,£) and total cost C(x,£) are obtained by the recursive 
process and are respectively represented by 99-tables, 


0.01 

0.02 

0.03 


0.99 

Si 

S2 

S 3 


S99 


0.01 

0.02 

0.03 


0.99 

Cl 

C2 

C3 


C99 


Thus the project scheduling model is simplified as follows, 

min (ci + c 2 +- b Cg 9 )/99 

subject to: 

fc/100 > a if s k > T° 
x > 0, integer vector. 


(2.81) 


Numerical Experiment 

Consider a project scheduling problem shown by Figure im in which there are 
8 milestones and 11 activities. Assume that all duration times of activities 
are linear uncertain variables, 


£ij ~ £{3i,3j), W{i,j)eA 
and assume that the costs of activities are 

Cij=i + j, V(i,j)eA. 

In addition, we also suppose that the interest rate is r = 0.02, the due 
date is T° = 60, and the confidence level is a = 0.85. In order to find 
an optimal project schedule, we integrate the 99-method and a genetic al¬ 
gorithm to produce a hybrid intelligent algorithm. A run of the computer 
program (http://orsc.edu.cn/liu/resources.htm) shows that the optimal allo¬ 
cating times of all loans needed for all activities are 


Date 

7 

11 

13 

23 

26 

29 

Node 

1 

4 

3 

2,7 

6 

5 

Loan 

12 

11 

27 

22 

14 

13 


whose expected total cost is 166.8, and M{T(a;*,£) < 60} = 0.89. 

2.10 Vehicle Routing Problem 

Vehicle routing problem (VRP) is concerned with finding efficient routes, 
beginning and ending at a central depot, for a fleet of vehicles to serve a 
number of customers. 
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Figure 2.5: A Vehicle Routing Plan with Single Depot and 7 Customers 


Due to its wide applicability and economic importance, vehicle routing 
problem has been extensively studied. Liu |! l22l first introduced uncertainty 
theory into the research area of vehicle routing problem in 2009. In this 
section, vehicle routing problem will be modelled by uncertain programming 
in which the travel times are assumed to be uncertain variables with known 
uncertainty distributions. 

We assume that (a) a vehicle will be assigned for only one route on which 
there may be more than one customer; (b) a customer will be visited by one 
and only one vehicle; (c) each route begins and ends at the depot; and (d) each 
customer specifies its time window within which the delivery is permitted or 
preferred to start. 

Let us first introduce the following indices and model parameters: 
i = 0: depot; 

i = 1,2, • • • , n: customers; 
k = 1, 2, • • • , to: vehicles; 

Dij\ travel distance from customers i to j, i,j = 0,1, 2, • • • , n; 

T t j: uncertain travel time from customers i to j, i,j = 0,1, 2, • • • , n; 

uncertainty distribution of , i, j = 0,1,2, • • • , n; 

[a,i, bi ]: time window of customer i, i = 1,2, ■ • • , n. 

Operational Plan 

In this book, the operational plan is represented by the formulation (Liu 
ra via three decision vectors x, y and £, where 

x = {x\, X 2 , ■ ■ ■ ,x n ): integer decision vector representing n customers with 
1 < Xi < n and Xi yf Xj for all i j, i, j = 1,2, • • ■ , n. That is, the sequence 
{x!,x 2 , ■ ■ ■ , x n } is a rearrangement of {1, 2, • • • , n}; 

V = (yi,V 2 , ■ ■ ■ , Vm-i)'- integer decision vector with y 0 = 0 < yi < y 2 < 
■ < y m -1 <n = y m -, 

t = (ti, t 2 , ■ ■ ■ , t m ): each tk represents the starting time of vehicle k at the 
depot, k = 1, 2, • • • , to . 
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Figure 2.6: Formulation of Operational Plan in which Vehicle 1 Visits Cus¬ 
tomers Xi,X 2 , Vehicle 2 Visits Customers £ 3 , X 4 and Vehicle 3 Visits Cus¬ 
tomers X 5 ,X 6 ,X 7 - 


We note that the operational plan is fully determined by the decision 
vectors x, y and t in the following way. For each k (1 < k < m), if yk = yk- 1 , 
then vehicle k is not used; if yk > yk- 1 , then vehicle k is used and starts from 
the depot at time tk, and the tour of vehicle k is 0 —> x yk _ 1 +i —+ x Vk _ 1 +2 —+ 
■ ■ ■ —> x Vk —> 0. Thus the tours of all vehicles are as follows: 

Vehicle 1:0-* x Vo+ i —* x Vo+2 —>•••—> x yi —* 0; 

Vehicle 2:0—+ x yi +± —* x Vl +2 —>•••—* x V2 —* 0; 

Vehicle to: 0 -> x Vm _ 1+1 -* x Vrn _ 1+2 ->-+ x Vm -+ 0. 

It is clear that this type of representation is intuitive, and the total number 
of decision variables is n + 2to — 1. We also note that the above decision 
variables x, y and t ensure that: (a) each vehicle will be used at most one 
time; (b) all tours begin and end at the depot; (c) each customer will be 
visited by one and only one vehicle; and (d) there is no subtour. 

Arrival Times 

Let fi{x,y,t) be the arrival time function of some vehicles at customers i 
for i = 1,2, • • • ,n. We remind readers that fi(x, y, t) are determined by the 
decision variables x , y and t, i = 1,2, • • • , n. Since unloading can start either 
immediately, or later, when a vehicle arrives at a customer, the calculation of 
fi(x,y,t) is heavily dependent on the operational strategy. Here we assume 
that the customer does not permit a delivery earlier than the time window. 
That is, the vehicle will wait to unload until the beginning of the time window 
if it arrives before the time window. If a vehicle arrives at a customer after 
the beginning of the time window, unloading will start immediately. For each 
k with 1 < k < in, if vehicle k is used (i.e., yk > yk- 1 ), then we have 

fxy k _ 1+ 1 ( x , y,t) = tk + T 0xyk _ i+1 (2.82) 

and 

f X y k -l+j( Xl y ’ *) = f X V k - 1 +3-l( X ' y^) V a *!/*_l+j-i+ Txy k _ 1+j -lXy k _ 1+j (2.83) 

for 2 < j < yk — yk- 1 - It follows from the uncertainty of travel times s 
that the arrival times fi(x, y, t), i = 1,2, • ■ ■ , n are uncertain variables fully 
determined by (12.8211 and (12.831) . 
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Assume that each travel time from customers i to j is represented by 
a 99-table, 


0.01 

0.02 

0.03 


0.99 


t 2 

t- 


L ij 


(2.84) 


If the vehicle k is used, i.e., y k > yk- i, then the arrival time f x +1 (a:, y, t) 
at the customer x Vk _ 1 +\ is an uncertain variable whose inverse uncertainty 
distribution is 

= +*£,_,♦>) < 2 - 85 > 

and has a 99-table, 


0.01 

0.02 


0.99 

tk + f o* Vfe _ 1+1 

tk + 


t, _i_ 

tfe + t 0x, fe _ 1+ i 


( 2 . 86 ) 


Generally, suppose that the arrival time f a 


uncertainty distribution 4/ 


-l 

'■Vk-l+j 


Vk-1+i 


_ k {x,y,t) has an inverse 


(a), and has a 99-table, 


0.01 

0.02 


0.99 


+1 


. s " 

x Vk- l + j - 1 


(2.87) 


Since the arrival time f Xyk i+j (x, y, t) at the customer x Vk _ 1 J r j has an inverse 
uncertainty distribution 




(oO — lb r (od V fX Xl i ■ , -I - 

’Vfe_l+J V ' X Vk — 1+.7 -1 ' ^Vk— 1+J -1 


.. 1X ^ («) (2-88) 


for 2<j<y k - j/fc-i, the arrival time fx yk _ 1+j (x, y, t) has a 99-table, 


0.01 


0.99 

Sx yfc_i+J-1 V ax yf..-i+3'- 1 

At 1 


s" V a 

x yfc_i+i-i x yfc_i+3'-i 

+t" 

x Vk-i+i- lx Vk-i+i 


(2.89) 


where si ° 2 • • • 

X Vk -1 + 

recursive process may produce all arrival times at customers. 


sz sz" , are determined by (12.871) . This 


Travel Distance 

Let g(x,y) be the total travel distance of all vehicles. Then we have 


g{x,y) = ^2g k {x,y) 


(2.90) 



k =1 


Vk -1 

yfc_i+i ^ x j x j +1 

3=Vk- i+l 


D 


x vu 0; 


for k = 1, 2, • • • , m. 


if 2/fc > yk- 1 
if Vk = 2/fe—l 
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Vehicle Routing Model 

If we hope that each customer i (1 < * < n) is visited within its time window 
with confidence level a; (he., the vehicle arrives at customer i before 
time bi), then we have the following chance constraint, 

M{fi(x,y,t) < bi} > cti. (2.91) 

If we want to minimize the total travel distance of all vehicles subject to the 
time window constraint, then we have the following vehicle routing model, 

min g(x, y) 
subject to: 

M{fi(x,y,t) < bi} > at, i = 1,2, ■ ■ • ,n 

< 1 < Xi < n, i = l, 2 ,---,n (2.92) 

Xi 7 ^ Xj . i 7 ^ j , i, j = 1 , 2 , • • • , n 

0 < yi < ?/2 < • • • < y m -i < n 

Xi, Vj, i = 1,2, ■■■ ,n, j = 1,2, ••• ,m- 1, integers 

which is equivalent to 

min g(x,y) 
subject to: 

^i{x,y,t-,bi) > a*, i = l,2,---,n 

< 1 < Xi < n, i = 1,2, • • • , n (2.93) 

Xi 7 ^ Xj , i 7 ^ j , i , j = 1 , 2 , • • • ,71 
o < yi < 2/2 < • • • < Vm—i < n 

Xi, Vj, i = 1,2, ■ ■ • ,n, j = 1,2, ••• ,m- 1, integers 

where are uncertainty distributions determined by (12.851) and (12.8811 for 
i = 1,2 ,■■■ ,n. Note that all arrival times fi(x,y,t), i = 1,2 ,-,n are 
obtained by the 99-method and are respectively represented by 99-tables, 



(2.94) 
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Thus the vehicle routing model is simplified as follows, 
min g(x, y ) 
subject to: 

fc/100 > (Xi if s![ > bi, i = 1,2, • • • , n 
< 1 < Xi < n. i = l,2,---,n (2.95) 

Xi ^ Xj, ijtj, i,j = 1 , 2 ,--- ,n 

0 < 2/1 < 2/2 < • • • < Urn- i < n 

Xi,yj, i = 1,2, j = 1,2, — ,m- 1, integers. 

Numerical Experiment 

Assume that there are 3 vehicles and 7 customers with the following time 
windows, 


Node 

Window 

Node 

Window 

1 

[7 : 00,9 : 00J 

5 

[15 : 00,17 : 00] 

2 

[7 : 00,9 : 00] 

6 

[19 : 00,21 : 00] 

3 

[15 : 00,17 : 00] 

7 

[19 : 00,21 : 00] 

4 

[15 : 00,17 : 00] 




and each customer is visited within time windows with confidence level 0.90. 
We also assume that the distances are 

D ij = \i~j\> = 0,1,2,--- ,7 

and travel times are normal uncertain variables 

Tij ~ A7(2|* - j\,l), i,j = 0,1,2,-,7. 

In order to find an optimal operational plan, we integrate the 99-method 
and a genetic algorithm to produce a hybrid intelligent algorithm. A run 
of the computer program (http://orsc.edu.cn/liu/resources.htm) shows that 
the optimal operational plan is 

Vehicle 1: depot—> 1 —> 3 —»depot, starting time: 6:18 
Vehicle 2: deport—> 2 —> 5 —> 7 ^depot, starting time: 4:18 
Vehicle 3: depot—> 4 —> 6 —>depot, starting time: 8:18 

whose total travel distance is 32. 

2.11 Machine Scheduling Problem 

Machine scheduling problem is concerned with finding an efficient schedule 
during an uninterrupted period of time for a set of machines to process a set 
of jobs. A lot of research work has been done on this type of problem. The 
study of machine scheduling problem with uncertain processing times was 
started by Liu [122| in 2009. 
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Machine 


m 3 

Jq 

■h 

m 2 

Ja 

J 5 



Mi 


J2 

J 3 



Makespan -> 


Time 


Figure 2.7: A Machine Schedule with 3 Machines and 7 Jobs 


In a machine scheduling problem, we assume that (a) each job can be 
processed on any machine without interruption; (b) each machine can process 
only one job at a time; and (c) the processing times are uncertain variables 
with known uncertainty distributions. We also use the following indices and 
parameters: 

i = 1,2, • • • , n: jobs; 
k = 1,2, • ■ • , m: machines; 

uncertain processing time of job i on machine k; 
d>ifc: uncertainty distribution of 


How to Represent a Schedule? 

The schedule is represented by the formulation (Liu [ 112) ) via two decision 
vectors x and y, where 

x = (xi,x 2 ,- ,x n ): integer decision vector representing n jobs with 1 < 
Xi < n and ay ^ Xj for all i ^ j, i 7 j = 1,2, ••• ,n. That is, the sequence 
{a’i, X 2 , ■ ■ ■ , x n } is a rearrangement of {1, 2, ■ • • , n}; 

V = (yi,V2, ■ ■ ■ ,2/m-i): integer decision vector with y 0 = 0 < yi < y 2 < 

■ < y m -i <n = y m . 

We note that the schedule is fully determined by the decision vectors x 
and y in the following way. For each k (1 < k < m), if yk = 2/fc-i, then the 
machine k is not used; if yk > yk- i, then the machine k is used and processes 
jobs x Vk _ 1 J r \ 1 x Vk ^j+ 2 , ■ • • ,x Vk in turn. Thus the schedule of all machines is 
as follows, 


Machine 1: x Vo+ i —*• x yo+2 —>■■■—> x yi ; 
Machine 2: x Vl +i —> x yi + 2 —>•••—> x V2 ; 

Machine m: x Vm _ 1 +i —»• x yrn _ 1 J r2 —> ■ ■ • —> x y . 


(2.96) 
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Figure 2.8: Formulation of Schedule in which Machine 1 Processes Jobs 
x\,X 2 i Machine 2 Processes Jobs X 3 ,24 and Machine 3 Processes Jobs 

*^55 *^6> x 7 • 

Completion Times 

Let Ci(x, y , £) be the completion times of jobs i, i = 1,2, • • • , n, respectively. 
For each k with 1 < k < m, if the machine k is used (i.e., ijk > J/fc-i), then 
we have 

^ X v k - 1 +i^ x ' V' £) = (2.97) 

and 

Cx yic _ 1+j ( x , V, $,) = C Xyk _ i+j _ 1 (x, y, 0 + ix Vk _ 1+j k (2.98) 

for 2 < j < y k - yk-i- 

Assume that each uncertain processing time ^ of job i on machine k is 
represented by a 99-table, 


0.01 

0.02 

0.03 


0.99 

L ik 

t 2 

L ik 

i 6 

L ik 


*99 

L ik 


(2.99) 


If the machine k is used, then the completion time C Xyk +1 (x,y,£) of job 
x Vk _ 1+1 is an uncertain variable whose inverse uncertainty distribution is 


if - 1 

x y k -i + i 


( a ) + 


and has a 99-table, 


0.01 

0.02 


0.99 

t x 

X Vk- 1+ 1 

t 2 

x Vk- 1+1 


' x V k -l+ 1 


( 2 . 100 ) 


( 2 . 101 ) 


Generally, suppose the completion time C Xyk 1+j _ k (x, y, £) has an inverse 
uncertainty distribution ^ Xyk +i _ 1 ( a ) and is represented by a 99-table, 


0.01 

0.02 


0.99 

s 1 

x yk-i+j~ 1 


~s^ 

z Bfe_l+J-l 


( 2 . 102 ) 


Then the completion time C Xyk +j (x,y,£) has an inverse uncertainty dis¬ 
tribution 


df -1 

x y k -!+j 


(a) = 'F 


-1 

z Wfc_i+i-i 


(a) +<F 


-1 

x Vk-l+O k 


(a) 


(2.103) 
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and has a 99-table, 


0.01 


0.99 

s 1 t 1 

X yk-l+3-l X Vk-l+3^ 


„99 j.99 

x yk-l+3~l x Vk — l+3k 


where si. , . . s? , s?. 9 , . , are determined by (12.1021) , and 

X Vh-l+3~ 1 X Vk-l+3- 1 x yk — i+J — 1 J ' - V 

t\ h , ti , ,i® 9 b are determined by (12.991) . This recursive 

x Vk — x yk — i+3 r '' 

process may produce all completion times of jobs. 


Makespan 

Note that, for each k (1 < k < m), the value C Xyk (x,y, £) is just the time 
that the machine k finishes all jobs assigned to it, and has a 99-table, 


0.01 

0.02 


0.99 

_ X *k 

s i 

_ 


_ x yk 


Thus the makespan of the schedule (a;, y) is determined by 


(2.104) 


f{x,y,i)= max C x Ax,y,£) 

1 <k<m 

whose inverse uncertainty distribution is 

r~\a)= max ’f" 1 (a) 

1 <k<m 

and has a 99-table, 


0.01 

0.02 


0.99 

m 

V Sx y k 

k =1 

m 

k= 1 


m 

V C 

fe=l 


(2.105) 


(2.106) 


(2.107) 


Machine Scheduling Model 

In order to minimize the expected makespan E[f(x,y,£)], we have the fol¬ 
lowing machine scheduling model, 

min E[f(x,y,g)] 
subject to: 

1 < Xi < n, i = 1 , 2 , • • • , n 
Xi ± Xj, i ± j, i,j = 1 , 2 , — , n 
0 < yi < 2/2 • • • < Urn-1 < n 

Xi,Vj, * = 1,2, ■ ■ • , n, j = 1,2, ••• ,m- 1, integers. 


(2.108) 
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By using (12.1071) . the machine scheduling model is simplified as follows, 



subject to: 

1 < a ’i < n, i = 1,2, • • • , n 


(2.109) 


Xi ± Xj, i ± j, i,j = 1 , 2 ,--- ,n 
0 < yi < yi ■ ■ ■ < ym -1 < n 

Xi , yj , i= 1 , 2 , ■■■ ,n, j = 1 , 2 , • ■ • ,m - 1 , integers. 

Numerical Experiment 

Assume that there are 3 machines and 7 jobs with the following linear un¬ 
certain processing times 


£ik ~ C(i, i + k), i = 1,2, • • • , 7, k = 1,2,3 


where i is the index of jobs and k is the index of machines. In order to 
find an optimal machine schedule, we integrate the 99-method and a genetic 
algorithm to produce a hybrid intelligent algorithm. A run of the computer 
program (http://orsc.edu.cn/liu/resources.htm) shows that the optimal ma¬ 
chine schedule is 

Machine 1: 1 —> 4 —> 5 
Machine 2: 3 —> 7 
Machine 3: 2 —> 6 

whose expected makespan is 12. 

2.12 Exercises 

In order to enhance your ability in modeling, this section provides some 
exercises. 

Exercise 2.1: One approach to improve system reliability is to provide 
redundancy for components in a system. There are two ways to provide 
component redundancy: parallel redundancy and standby redundancy. In 
parallel redundancy, all redundant elements are required to operate simul¬ 
taneously. This method is usually used when element replacements are not 
permitted during the system operation. In standby redundancy, one of the 
redundant elements begins to work only when the active element fails. This 
method is usually employed when the replacement is allowable and can be 
finished immediately. The system reliability design is to determine the op¬ 
timal number of redundant elements for balancing system performance and 
total cost. Assume the element lifetimes are uncertain variables with known 
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uncertainty distributions. Please construct an uncertain programming model 
for the system reliability design. 

Exercise 2.2: The facility location problem is to find locations for new 
facilities such that the conveying cost from facilities to customers is mini¬ 
mized. In practice, some factors such as demands, allocations, even locations 
of customers and facilities are changing and then are assumed to be uncertain 
variables with known uncertainty distributions. Please construct an uncer¬ 
tain programming model for the facility location problem. 

Exercise 2.3: The inventory problem (or supply chain) is concerned with 
the issues of when to order and how much to order of some goods. The 
purpose is to obtain the right goods in the right place, at the right time, and 
at low cost. Assume the demands and prices are uncertain variables with 
known uncertainty distributions. Please construct an uncertain programming 
model to determine the optimal order quantity. 

Exercise 2.4: The capital budgeting problem (or portfolio selection) is 
concerned with maximizing the total profit subject to budget constraint by 
selecting appropriate combination of projects. Assume the future returns are 
uncertain variables with known uncertainty distributions. Please construct 
an uncertain programming model to determine the optimal investment plan. 

Exercise 2.5: One of the basic network optimization problems is the shortest 
path problem which is to find the shortest path between two given nodes in a 
network, where the arc lengths are assumed to be uncertain variables. Please 
construct an uncertain programming model to find the shortest path. 

Exercise 2.6: The maximal flow problem is related to maximizing the flow 
of some commodity through the arcs of a network from a given origin to a 
given destination, where each arc has an uncertain capacity of flow. Please 
construct an uncertain programming model to discover the maximum flow. 

Exercise 2.7: The transportation problem is to determine the optimal trans¬ 
portation plan of some goods from suppliers to customers such that the total 
transportation cost is minimum. Assume the unit transportation cost of each 
route is an uncertain variable. Please construct an uncertain programming 
model to solve the transportation problem. 




Chapter 3 

Uncertain Risk Analysis 


The term risk has been used in different ways in literature. Here the risk 
is defined as the “accidental loss” plus “uncertain measure of such loss”. 
Uncertain risk analysis was proposed by Liu (I26j in 2010 as a tool to quantify 
risk via uncertainty theory. One main feature of this topic is to model events 
that almost never occur. This chapter will introduce a definition of risk index 
and provide some useful formulas for calculating risk index. 

3.1 Risk Index 

A system usually contains uncertain factors, for example, lifetime, demand, 
production rate, cost, profit, and resource. Risk index is defined as the 
uncertain measure that some specified loss occurs. Note that the loss is 
problem-dependent. 

Definition 3.1 (Liu \126f ). Assume a system contains uncertain variables 
£i, £ 2 , • ■ an d there is a loss function L such that some specified loss 
occurs if and only if L(£ 1 , £ 2 , ■ ■ ■ , £„) < 0. Then the risk index is 

= ,£») <0}. (3.1) 

Example 3.1: Consider a series system in which there are n elements whose 
lifetimes are independent uncertain variables £i,£ 2 >"‘ , with uncertainty 
distributions 4>i, <f> 2 , • • • , 4> n , respectively. Such a system fails if any one 
element does not work. Thus the system lifetime 

£ = £1 A & A • • • A ^ (3-2) 

is an uncertain variable with uncertainty distribution 

'f'(x) = < f>i(x) V 4> 2 (x) V • • ■ V $ n (x). (3.3) 

If the loss is understood as the case that the system fails before time T, then 
the risk index is 

Risk = M{£ <T} = $ X (T) V $ 2 (T) V • • • V <L„(T). (3.4) 


Example 3.2: Consider a parallel system in which there are n elements 
whose lifetimes are independent uncertain variables £ 1 , £ 2 ,''' , fn with 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 115- 


springerlink.com 
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3 


Output 


Figure 3.1: A Series System 

uncertainty distributions d>i, <f> 2 , • • • , respectively. Such a system fails 
if all elements do not work. Thus the system lifetime 

£ = & v 6 V • • ■ V (3.5) 

is an uncertain variable with uncertainty distribution 

4'(a:) = d>i(a;) A d> 2 (a;) A • • • A <I> n (ir). (3.6) 

If the loss is understood as the case that the system fails before time T, then 
the risk index is 

Risk = M{£ <T} = $ X (T) A <F 2 (T) A • • • A <F„(T). (3.7) 


Input 



Output 


Figure 3.2: A Parallel System 


Theorem 3.1 (Liu 11^6) . Risk Index Theorem). Assume that £i, £ 2 , • • • , 
are independent uncertain variables with uncertainty distributions 3>i, $ 2 , • • •, 
<!>„, respectively, and L is a strictly increasing function. If some specified loss 
occurs if and only if i, £ 2 , • ■ • , £„) < 0, then the risk index is 


Risk = a 


(3.8) 


where a is the root of 

,d>- 1 (a)) = 0. (3.9) 

Proof: It follows from Theorem 11.201 that L(£i,£ 2) - ■ ■ , £ n ) is an uncertain 
variable whose inverse uncertainty distribution is 


Since Risk = M{L(£i,£ 2 , • • ■ ,£ n ) < 0} = 'P(O), we get (13.81) . 
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L 



Figure 3.3: The Equation L(<h^ 1 (a), <t>^ 1 (a), • • • , $,“ 1 (a)) = 0 whose root a 
may be estimated by the bisection method since L is a monotone function 
with respect to a. 


Example 3.3: Assume that an investor has n projects whose returns are 
uncertain variables £i, £ 2 , ■ ■ ■ , £ n . If the loss is understood as case that the 
total return £1 + £2 + ■ • • + is negative, then the risk index is 


Risk — M{& + £2 + ■ ■ ■ + fn ^ 0}. (3.10) 

If £1, £2, • • ■ , are uncertain variables with uncertainty distributions d>i, $2, 
■ ■ • , <I>„, respectively, then the risk index is just the root a of 


V) + ^(a) + • • • + <i>nV) = 0 . (3.11) 

Theorem 3.2 (Liu 11261/ . Risk Index Theorem). Assume that £ 1 , £ 2 , • • • ,f n 
are independent uncertain variables with uncertainty distributions $ 1 , $ 2 , • • •, 
<I> ra , respectively , and L is a strictly decreasing function. If some specified loss 
occurs if and only if 1, £2, ■ ■ • , £„) < 0, then the risk index is 


Risk = a 


(3.12) 


where a is the root of 

L($f\ 1 - a), $2 X (1 - a), • • • , ^(l - a)) = 0. (3.13) 

Proof: It follows from Theorem 11.251 that L{f 1 , ^2 , • ■ ■ , £ n ) is an uncertain 
variable whose inverse uncertainty distribution is 

T-V) = - <*), $ 2 '(1 - a), • • • , $- : (l - a)). 

Since Risk = M{L(£i,£ 2 , • ■ ■ , f n ) < 0} = 'F(O), we get (13.121) . 

Theorem 3.3 (Liu I126f . Risk Index Theorem). Assume that ^ 1 ,^ 2 ,’ • • ,( n 
are independent uncertain variables with uncertainty distributions $ 1 , $ 2 , ■ ■ •, 
<1>„, respectively, and the function L(xi,X 2 , ■ • ■ , x n ) is strictly increasing with 
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respect to Xi,X 2 , • ■ ■ ,x m and strictly decreasing with respect to x m +i,x m + 2 , 
■ ■ ■ ,x n . If some specified loss occurs if and only if 1 ,^ 2 , ■ ■ • ,£ n ) < 0, then 
the risk index is 

Risk = a (3-14) 

where a is the root of 

1-a)--- ,$- 1 (l-a))=0. (3.15) 

Proof: It follows from Theorem 11.261 that L(£ 1 ,^ 2 ,’ ■ ■ , £ n ) is an uncertain 
variable whose inverse uncertainty distribution is 

Since Risk = M{L(£i,£ 2 , • • ■ , £ n ) < 0} = ’I'(O), we get (13.1411 . 

Example 3.4: Consider a structural system in which £ is the strength vari¬ 
able and 77 is the load variable. The system failure occurs whenever the load 
variable 17 exceeds the strength variable £. If the loss is understood as the 
system failure, then the risk index is 

Risk = M{£ < 77 }. (3.16) 

If £ and 77 are uncertain variables with uncertainty distributions 4> and T, 
respectively, then the risk index is just the root a of 

$(a) = T(1 - a). (3.17) 


3.2 Hazard Distribution 


Suppose that £ is the lifetime of some system/element. Here it is assumed 
to be an uncertain variable with a prior uncertainty distribution. At some 
time t, it is observed that the system/element is working. What is the resid¬ 
ual lifetime of the system/element? The following definition answers this 
question. 


Definition 3.2 (Liu Let £ be a nonnegative uncertain variable rep¬ 

resenting lifetime of some system/element. If £ has a prior uncertainty 
distribution <I>, then the hazard distribution (or failure distribution) at time 
t is 


<I>(x|f) 


0 , 


4>(x) 

< 1 - $(f) 


A 0.5, 


<I>(x) — 4>(t) 

1 - m 


if 4>(x) < 4>(i) 

if $(t) < $(x) < (1 + 4>(t))/2 
if (1 + $(i))/2 < $(x) 


(3.18) 


that is just the conditional uncertainty distribution of £ given £ > t. 
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The hazard distribution is essentially the posterior uncertainty distribution 
just after time t given that it is working at time t. 


Example 3.5: Let £ be a linear uncertain variable C(a,b), and t a real 
number with a < t < b. Then the hazard distribution at time t is 


<f>(:r|t) = < 


0 , if x < t 

^—j A 0.5, if t < x < (b + t )/2 

Y—- A 1, if (b + t)/2 < x. 

b—t 


Theorem 3.4 (Liu HUB ], Conditional Risk Index Theorem). Consider a 
system that contains n elements whose uncertain lifetimes £ 1 ,^ 2 , • • • , are 
independent and have uncertainty distributions $i, 4 > 2 ,--- respectively. 
Assume L is a strictly increasing function, and some specified loss occurs 
if and only if L(( 1 ,^ 2 , ■ ■ • , £ n ) < 0. If it is observed that all elements are 
working at some time t, then the risk index is 


Risk = a 


(3.19) 


where a is the root of 

L($f\a\t), * 2 '(alt), • • ■ , S-Hali)) = 0 (3.20) 

where <hi(ir|f) are hazard distributions determined by 


$i(x) 


A 0.5, 


^i(x\t) = 1 - $i(t) 

$i(a;) - $j(t) 


if$i(x) < $i(t) 

if$i(t) < (1 + <5>i(t))/2 

^(l + $<(i))/2 <$<(*) 


for i = 1,2, • • • ,n. 


(3.21) 


Proof: It follows from Definition 13.21 that each hazard distribution of ele¬ 
ment is determined by (13.211) . Thus the conditional risk index is obtained by 
Theorem 13.11 immediately. 

Theorem 3.5 (Liu Conditional Risk Index Theorem). Consider a 

system that contains n elements whose uncertain lifetimes - ■■ are 

independent and have uncertainty distributions 4 * 1 , $ 2 , • • • ,& n > respectively. 
Assume L is a strictly decreasing function, and some specified loss occurs 
if and only if L((i, £ 2 , • • • , £„) < 0. If it is observed that all elements are 
working at some time t, then the risk index is 


Risk = a 


( 3 . 22 ) 
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where a is the root of 

,$~ 1 (l-a\t)) = 0 (3.23) 

where <I>j(a;|£) are hazard distributions determined by \3.21\ ) fori = 1, 2, • • ■ ,n. 

Proof: It follows from Definition 13.21 that each hazard distribution of ele¬ 
ment is determined by (13.211) . Thus the conditional risk index is obtained by 
Theorem 13.21 immediately. 

Theorem 3.6 (Liu \ 12(f) . Conditional Risk Index Theorem). Consider a 
system that contains n elements whose uncertain lifetimes £i,£ 2 ,--- , £ n are 
independent and have uncertainty distributions $i,3>2> - " , 4>„, respectively. 
Assume L{x i, £ 2 , ■ ■ ■ , x n ) is strictly increasing with respect to X\,X 2 , ■ ■ ■ , x m 
and strictly decreasing with respect to x m +i,x m + 2 , ■ ■ • , x n , and some specified 
loss occurs if and only if L(£ 1 ,^ 2 ,-■■ , £«) < 0. If it is observed that all 
elements are working at some time t, then the risk index is 


Risk = a 


(3.24) 


where a is the root of 

L($(\a\t), ■■■, <S>~\a\t), $-^(1 - a\t), ■■■, ^(l - a\t)) = 0 (3.25) 

where 4>i(:r|t) are hazard distributions determined by \3.21\ ) fori — 1, 2, • • ■ , n. 

Proof: It follows from Definition 13.21 that each hazard distribution of ele¬ 
ment is determined by (13.211) . Thus the conditional risk index is obtained by 
Theorem 13.31 immediately. 


3.3 Boolean System 


Many real systems may be simplified to a Boolean system in which each 
element (including the system itself) has two states: working and failure. 
This section provides a risk index theorem for such a system. 

We use £ to express an element and use a to express its reliability in 
uncertain measure. Then the element £ is essentially an uncertain variable 


£ = 


1 with uncertain measure a 
0 with uncertain measure 1 — a 


(3.26) 


where £ = 1 means the element is in working state and £ = 0 means £ is in 
failure state. 

Assume that X is a Boolean system containing elements £ 1 , £ 2 , - - - ,£«■ 
Usually there is a function / : {0,1}™ —> {0,1} such that 


A = 0 if and only if /(£ 1 , £ 2 , • ■ ■ , £ n ) = 0, 


(3.27) 












Section 3.3 - Boolean System 


121 


X = 1 if and only if /(£i, 6 , • • • , £„) = 1. (3-28) 

Such a Boolean function / is called the truth function of X. 

Example 3.6: For a series system, the truth function is a mapping from 
{ 0 , 1 }” to { 0 , 1 }, i.e., 

f{x i,x 2 , • • • ,x„) = xi A a; 2 A • • • A x n . (3.29) 


Example 3.7: For a parallel system, the truth function is a mapping from 
{ 0 , 1 }” to { 0 , 1 }, i.e., 

f{x i,x 2 , • • • ,x n ) = X! V x 2 V • • • V x n . (3.30) 


Example 3.8: For a k-out-of-n system, the truth function is a mapping 
from { 0 , 1 }” to { 0 , 1 }, i.e., 


{ 1 , if X\ + x 2 + ■ ■ ■ + x n > k 

(3.31) 

0 , if X\ + x 2 + ■ ■ ■ + x n < k. 

For any system with truth function /, if the loss is understood as the 
system failure, i.e., X = 0, then the risk index is 

Risk = M{f(tub,-- ,fn) = 0}. (3.32) 

Theorem 3.7 (Liu Risk Index Theorem for Boolean System). Assume 

that £i,£ 2 , - '• ; fn are independent elements with reliabilities ai,a 2 ,--- ,a n , 
respectively. If a system contains , ^ 2 , • • • , and has truth function f, then 
the risk index is 


Risk = < 


sup min Vi(xf), 

f(x ,*„)=o !<*<« 

if sup min v. L (x. t ) <0.5 

f(xi,x 2 ,- ,x n )=0 1 ^ n 

1 — sup min 

f{x l,l 2 ,-,I„)=l 1 ^’ 1 

if sup min v. L (x t ) >0.5 

f(xi,x 2 ,- ,x n )=0 1 ^ n 


(3.33) 


where Xi take values either 0 or 1 , and Vi are defined by 


i{Xi) = 


di , 

1 ^ a; 


for i = 1 , 2 , ■ ■ ■ , n, respectively. 


if Xi = 1 
if Xi = 0 


(3.34) 
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Proof: Since £1, £2 >■'' , £ n are Boolean uncertain variables and / is a Boolean 
function, the equation (13.331) follows from Risk = M{/(£i, £ 2 , • • • , £ n ) = 0} 
and Theorem 11.271 immediately. 

Example 3.9: Consider a series system having uncertain elements £ 1 , £ 2 , • • ■ , 
£„ with reliabilities 01 , 02 ,-•• ,a n , respectively. Note that the truth func¬ 
tion is 

f(xi,X 2 ,- • • ,x n ) = Xi A x 2 A • • • A x n . (3.35) 

It follows from the risk index theorem or Theorem 11.281 that the risk index is 

Risk = (1 — ai) V (1 — 02 ) V • • • V (1 — a n ). (3.36) 

Example 3.10: Consider a parallel system having uncertain elements £ 1 , £21 
• • • , £„ with reliabilities oi, 02 , • • • , a n , respectively. Note that the truth func¬ 
tion is 

f(xi,X 2 , ■ ■ ■ ,x n ) = Xi V x 2 V • • • V x n . (3.37) 

It follows from the risk index theorem or Theorem 11.291 that the risk index is 

Risk = (1 — ai) A (1 — 02 ) A • • • A (1 — a n ). (3.38) 


Example 3.11: Consider a fc-out-of-n system having uncertain elements 
£ 1 ,£ 2 , ,£n with reliabilities 0 i, 02 ,-- - ,a n , respectively. Note that the 

truth function is 


f(xi,x 2 , ■■■ ,x n ) 


1 , if X\ + x 2 + ■ ■ ■ + x n > k 
0 , if x\ + x 2 + ■ ■ ■ + x n < k. 


(3.39) 


It follows from the risk index theorem or Theorem 11.301 that the risk index is 


Risk = “the fcth smallest value of 1 — ai, 1 — 02, ■ • • , 1 — a n ”. (3.40) 


3.4 Risk Index Calculator 

Risk Index Calculator is a software for calculating the risk index of Boolean 
system, and is available at http://orsc.edu.cn/liu/resources.htm. 

Example 3.12: Consider a bridge system shown in Figure E3] that consists 
of 5 elements whose states are denoted by xi, x 2 , xs,X 4 , x$. It is obvious that 
there are 4 paths from the input of the system to the output: 

Path 1: input—1 — 4—output, 

Path 2: input—2 — 5—output, 

Path 3: input—1 — 3 — 5—output, 

Path 4: input—2 — 3 — 4—output. 
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Input 



Figure 3.4: A Bridge System 


Assume each path works if and only if all elements on which are working. 
Then the states of the 4 paths are 


X\ A X4, X2 A £5, a:i A13A15, £2 A £3 A £4. 

Assume the system works if and only if there is a path of working elements. 
Then the truth function of the bridge system is 

f(x 1, x 2 , £3, X4, x 5 ) = (xi A £4) V (x 2 A £5) V (xi A X3 A x 5 ) V (x 2 A X3 A X4). 

Assume the 5 elements have reliabilities 0.91, 0.92, 0.93, 0.94, 0.95 in uncer¬ 
tain measure. When the loss is understood as the bridge system failure, a 
run of Risk Index Calculator shows that the risk index is 0.08 in uncertain 


measure. 









Chapter 4 

Uncertain Reliability 
Analysis 


Uncertain reliability analysis was proposed by Liu m in 2010 as a tool 
to deal with system reliability via uncertainty theory. Note that uncertain 
reliability analysis and uncertain risk analysis have the same root in mathe¬ 
matics. They are separately treated for application convenience in practice 
rather than theoretical demand. 

This chapter will introduce a definition of reliability index and provide 
some useful formulas for calculating reliability index. 

4.1 Reliability Index 

Reliability index is defined as the uncertain measure that some system is 
working. 

Definition 4.1 (Liu \l26f ). Assume a system contains uncertain variables 
£i,£ 2 > - '' ,Cn, and there is a function R such that the system is working if 
and only if R(f i,£ 2 , ■ ■ • , £ n ) > 0- Then the reliability index is 

Reliability = M{.R(£i, £ 2 ) • • • , £ n ) > 0}. (4-1) 

Example 4.1: Consider a series system in which there are n elements whose 
lifetimes are independent uncertain variables £i,£ 2 , ■ ■ ■ . f n with uncertainty 
distributions <f>i, 4> 2 , • • • , 4>„, respectively. Such a system works if all elements 
are working, and the system lifetime £ has an uncertainty distribution 4*(o;) = 
<!>i(a;) V 1 * 2 ( 0 ;) V • • • V 4> n (o;). If we hope the system is working until time T, 
then the reliability index is 

Reliability = M{£ > T} = 1 - 4>i(T) V 4> 2 (T) V • • • V 4>„(T). (4.2) 


Example 4.2: Consider a parallel system in which there are n elements 
whose lifetimes are independent uncertain variables £i,£ 2 ,--- , £ n with un¬ 
certainty distributions 4 >i, 4> 2 ,--- ,4> n , respectively. Such a system works if 
there is at least one working element. Thus the system lifetime £ has an 
uncertainty distribution 4> (x) = 4>i(o;) A 4> 2 (o;) A • • • A 4> n (o;). If we hope the 
system is working until time T, then the reliability index is 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 125- 
springerlink.com (c) Springer-Verlag Berlin Heidelberg 
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Reliability = M{£ > T} = 1 - 4>i(T) A 4> 2 (T) A • • • A 4>„(T). (4.3) 

Theorem 4.1 (Liu !T20) . Reliability Index Theorem). Assume £i, £ 2 , • ■ ■ , 
are independent uncertain variables with uncertainty distributions $ 1 , $ 2 , ■ ■ ■, 
4>„, respectively, and R is a strictly increasing function. If some system is 
working if and only if i?(£ 1 , £ 2 , ■ • • , f n ) > 0, then the reliability index is 

Reliability = a (4-4) 

where a is the root of 

R(*i\ 1 - a), $2 X (1 - a), ■ ■ ■ , $- x (l - a)) = 0. (4.5) 

Proof: It follows from Theorem 11.201 that - • • ,£«) is an uncertain 

variable whose inverse uncertainty distribution is 

* -1 (a) = R^f\a),^\a), ■ ■ • , $" x (a)). 

Since Reliability = 3Vt{.R(£i, £ 2 , • • • , £ n ) > 0} = 1 — tE'(O), we get (14.411 . 

Theorem 4.2 (Liu 1126V . Reliability Index Theorem). Assume £ 1 , £ 2 , • • • , 
are independent uncertain variables with uncertainty distributions 4>i, 4> 2 , • • •, 
4>„, respectively, and R is a strictly decreasing function. If some system is 
working if and only if R(£i, £ 2 , ■ • • , £„) > 0, then the reliability index is 

Reliability = a (4-6) 

where a is the root of 

^rV^V),-.. ,4>“ 1 (a)) = 0. (4.7) 

Proof: It follows from Theorem 11.251 that i?(£i,£ 2 ,--- • fn) is an uncertain 
variable whose inverse uncertainty distribution is 

* _1 (a) = 1 - a), • • ■ , ^~\l - a)). 

Since Reliability = 3Vt{.R(£i, £ 2 , • • • ,£ n ) >0} = 1 — ^(0), we get (14.611 . 

Theorem 4.3 (Liu 1120) , Reliability Index Theorem). Assume £ 1 , £ 2 , • • • , 
are independent uncertain variables with uncertainty distributions $ 1 , 4> 2 , • • ■, 
<!>„, respectively, and the function R(x 1 , x 2 , • • • , x n ) is strictly increasing with 
respect to X\,X 2 , ■ ■ ■ ,x m and strictly decreasing with respect to x m +i,x m + 2 i 
■ ■ ■ ,x n . If some system is working if and only if R(£, 1 , £ 2 , • • • , £ n ) > 0, then 
the reliability index is 

Reliability = a (4-8) 

where a is the root of 

R($f\l-a),--- ^-'(l-a),*- 1 ^)-- - ,<&-») = 0. (4.9) 
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Proof: It follows from Theorem 11.261 that i?(£ i,£ 2 ,--- ,£n) is an uncertain 
variable whose inverse uncertainty distribution is 



Since Reliability = M{i?(£i, £ 2 , ■ ■ • , £„) >0} = 1 — 111(0), we get (14.811 . 

Example 4.3: Consider a structural system in which £ is the strength vari¬ 
able and 77 is the load variable. The system works whenever the load variable 
77 does not exceed the strength variable £. Then the reliability index is 


Reliability = 3V[{£ > 77 }. 


(4.10) 


If £ and 77 are uncertain variables with uncertainty distributions <f> and T, 
respectively, then the reliability index is just the root a of 


<&(1 - a) = T(a). 


(4.11) 


4.2 Conditional Reliability 

This section provides some conditional reliability index theorems given that 
all elements are working at time t. 

Theorem 4.4 (Liu 1126$ . Conditional Reliability Index Theorem). Consider 
a system that contains n elements whose uncertain lifetimes £ 1 , £ 2 , • • • , £ n are 
independent and have uncertainty distributions <I>i, $ 2 , • • • ,& n , respectively. 
Assume R is a strictly increasing function, and some system is working if and 
only if i?(£i, £ 2 , • • • , £ n ) > 0. If it is observed that all elements are working 
at some time t, then the reliability index is 


Reliability = a 


(4.12) 


where a is the root of 

R($f\l-a\t),^\l~a\t),--- ,d>; 1 (l-a|t)) = 0 (4.13) 

where are hazard distributions determined by 

0 , if ®i(x) < ®i(t) 




for i = 1,2, • • • , n. 

Proof: Since each hazard distribution of element is determined by (14.141) 
the conditional reliability index is obtained by Theorem 14.11 immediately. 
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Theorem 4.5 (Conditional Reliability Index Theorem). Consider a system 
that contains n elements whose uncertain lifetimes £i, £ 2 , • • • , £„ are indepen¬ 
dent and have uncertainty distributions 4>i, $ 2 , • • • , & n , respectively. Assume 
R is a strictly decreasing function, and some system is working if and only if 
■ ■ , £n) > 0. If it is observed that all elements are working at some 
time t, then the reliability index is 

Reliability = a (4-15) 


where a is the root of 

R(® rVW. $2 Vl*). • • • > $nVl*)) = 0 (4- 16 ) 

where 4>j(a;|£) are hazard distributions determined by ij 4 - 14 \ ) fori — 1 , 2 , • • ■ , n. 

Proof: Since each hazard distribution of element is determined by (14.141) . 
the conditional reliability index is obtained by Theorem 14.21 immediately. 

Theorem 4.6 (Conditional Reliability Index Theorem). Consider a system 
that contains n elements whose uncertain lifetimes £ 1 , ■ ■ • , are indepen¬ 

dent and have uncertainty distributions 4>i, $ 2 , • • • , respectively. Assume 
R(x\, X 2 , ■ ■ ■ ,x n ) is strictly increasing with respect to X\,X 2 ,- — ,x m and 
strictly decreasing with respect to x m +i,x m + 2 , - ■ ■ ; x n, and some 
system is working if and only if R(fi,£, 2 , • • • , £ n ) > 0. If it is observed that 
all elements are working at some time t, then the reliability index is 

Reliability = a (4-17) 


where a is the root of 

R(^\l-a\t),--- (4.18) 

where 4>j(a;|£) are hazard distributions determined by ( |4 -H\ ) fori—1 , 2, • • ■ , n. 

Proof: Since each hazard distribution of element is determined by (14.141) . 
the conditional reliability index is obtained by Theorem 14.81 immediately. 

4.3 Boolean System 

Consider a Boolean system with n elements £ 1 , £21 ■ ■ ■ ■ and a truth function 
/. Since the system is working if and only if /(£ 1 , ^ 2 > ■ • • ,£n) = 1) the 
reliability index is 


Reliability = £ 2 , • • • ,£„) = 1}. (4-19) 

Theorem 4.7 (Liu 1126J . Reliability Index Theorem for Boolean System). 
Assume £ 2 are independent elements with reliabilities a 1 , < 22 , • • •, a n , 
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respectively. If a system contains £ 1 , £ 2 , • ■ • , £ ra and has truth function f, then 
the reliability index is 


Reliability = < 


sup min 

f(x 1 -*- n 

if sup min Vi{xf) < 0.5 

f(x 1,X2,- ,®»)=i 1 < i < n 

1 — sup min vfxi), 

f(x i,* 2l - ,*n)=0 1 < i < n 

if sup min v-fx-i) > 0.5 

f(x 1 ,X 2 ,- ,X n )=l i<*<™ 


(4.20) 


where Xi take values either 0 or 1 , and Vi are defined by 


i (Xi ) 


a», ifxi = 1 

1 — Oi, if Xi = 0 


(4.21) 


for i = 1,2, • ■ ■ , n, respectively. 


Proof: Since £1 , £2 >■'' , £n are Boolean uncertain variables and / is a Boolean 
function, the equation (14.201) follows from Reliability = M{/(£ 1 , £ 2 , • ■ ■ , £ n ) = 
1} and Theorem II .271 immediately. 


Example 4.4: Consider a series system having uncertain elements £ 1 , £ 2 , • • ■ , 
£„ with reliabilities a\, 02 , • • • , o n , respectively. Note that the truth function 
is a Boolean function, 

f(xi,x 2 ,- • • ,x„) = si A x 2 A • • • A x„. (4.22) 

It follows from the reliability index theorem or Theorem 11.281 that the relia¬ 
bility index is 

Reliability = 01 A 02 A • • • A a n . (4.23) 


Example 4 . 5 : Consider a parallel system having uncertain elements £1,^2, 
• • • , £„ with reliabilities a\, 02, • • • , a n , respectively. Note that the truth func¬ 
tion is a Boolean function, 

f(xi,X2, • ■ • ,x n ) = x\ V x 2 V ■ • • V x„. (4.24) 

It follows from the reliability index theorem or Theorem 11.291 that the relia¬ 
bility index is 

Reliability = ai V 02 V • • • V a n . (4-25) 


Example 4 . 6 : Consider a fc-out-of-n system having uncertain elements 
£i,£ 2 , ; fn with reliabilities ai,a 2 ,-- - ,a n , respectively. Note that the 

truth function is a Boolean function, 


f(xi,x 2 , ■■■ ,x n ) 


1 , if x\ + x 2 + ■ ■ ■ + x n > k 
0 , if xi + X 2 + ■ ■ ■ + x n < k. 


(4.26) 
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It follows from the reliability index theorem or Theorem 11.301 that the relia¬ 
bility index is 

Reliability = the kth largest value of ai, a 2l • • ■ , a n . (4.27) 


4.4 Reliability Index Calculator 

Reliability Index Calculator is a software for calculating the reliability index 



Figure 4.1: A Bridge System 


Example 4.7: Consider a bridge system shown in Figure iOl that consists of 
5 elements whose states are denoted by x±, x 2 , £ 3 , £ 4 , £ 5 - Assume each path 
works if and only if all elements on which are working and the system works 
if and only if there is a path of working elements. Then the truth function 
of the bridge system is 

f(xi,X2, £ 3 , X4 , £5) = ( X\ A £4) V (£ 2 A £5) V (£1 A £3 A £5) V (x 2 A £3 A £4). 

When the 5 elements have reliabilities 0.91, 0.92, 0.93, 0.94, 0.95 in uncer¬ 
tain measure, a run of Reliability Index Calculator shows that the system 
reliability index is 0.92 in uncertain measure. 























Chapter 5 

Uncertain Process 


An uncertain process is essentially a sequence of uncertain variables indexed 
by time or space. The study of uncertain process was started by Liu m 
in 2008. This chapter introduces the basic concepts of uncertain process, in¬ 
cluding renewal process, martingale, Markov process and stationary process. 

5.1 Uncertain Process 

Definition 5.1 (Liu \121f ). Let T be an index set and let (T,C,M) be an 
uncertainty space. An uncertain process is a measurable function from T x 
(r,C,M) to the set of real numbers, i.e., for each t eT and any Borel set B 
of real numbers, the set 

{X t G B} = { 7 G T | X t ( 7 ) G B} (5.1) 

is an event. 

That is, an uncertain process X t ( 7 ) is a function of two variables such that 
the function X t *( 7 ) is an uncertain variable for each t*. 

Definition 5.2. For each fixed 7 *, the function X t ("f*) is called a sample 
path of the uncertain process X t . 

Definition 5.3. An uncertain process X t is said to be sample-continuous if 
almost all sample paths are continuous with respect to t. 

Definition 5.4. An uncertain process X t is said to have independent incre¬ 
ments if 

x tl - X to , X ta - X tl , • • • , X tk - X tk _, (5.2) 

are independent uncertain variables for any times to < t± < ■ ■ ■ < tk- 

Definition 5.5. An uncertain process X t is said to have stationary incre¬ 
ments if for any given t > 0, the increments X s+t — X s are identically 
distributed uncertain variables for all s > 0. 

Definition 5.6. For any partition of closed interval [0,f] with 0 = t.\ < <2 < 

• • • < tk+i = t, the mesh is written as 

A = max |t i+ i -ti\. 

Ki<k 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 131 -138. 
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Let m > 0 be a real number. Then the m-variation of uncertain process X t is 

k 

||X||r= Hm^l X ti+1 -X ti r (5.3) 

i=1 

provided, that the limit exists almost surely and is an uncertain process. Es¬ 
pecially, 

k 

ll A 1‘ = i i “E! A ^+ 1 - x p! ( 5 - 4 ) 

^ i—1 

is called total variation, and 

k 

m\ 2 t = hmJ2\X ti+ i ^ x ti \ 2 (5.5) 

i=1 

is called the squared variation of uncertain process X t . 

5.2 Renewal Process 

Definition 5.7 (Liu \121f ). Let £i,&, ■ ■ ■ be iid positive uncertain variables. 
Define So = 0 and S n = £i + £2 + • • • + for n > 1. Then the uncertain 
process 

N t = maxjn I S n < f} (5-6) 

is called a renewal process. 

If ■ • • denote the interarrival times of successive events. Then S n can 
be regarded as the waiting time until the occurrence of the nth event, and 
N t is the number of renewals in (0, t\. The renewal process N t is not sample- 
continuous. But each sample path of N t is a right-continuous and increasing 
step function taking only nonnegative integer values. Furthermore, the size 


N t 



Figure 5.1: A Sample Path of Renewal Process 
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of each jump of N t is always 1. In other words, N t has at most one renewal 
at each time. In particular, N t does not jump at time 0. Since Nt > n is 
equivalent to S n < t, we immediately have 

M{N t >n} = M{S n < t}. (5.7) 

Since Nt < n is equivalent to S n +i > t, by using the self-duality axiom, we 
immediately have 


M{N t < n} = 1 - M{5 n+ i < t). (5.8) 

Theorem 5.1. Let N t be a renewal process with uncertain interarrival times 
£i,£ 2 ) - '' If those interarrival times have a common uncertainty distribution 
<I>, then Nt has an uncertainty distribution 

T t (x) = l-*(j-±- [ y Vx > 0 (5.9) 

where represents the maximal integer less than or equal to x. 

Proof: Note that SV t+ i has an uncertainty distribution $(i/(n+ 1)). It 
follows from (l5~~51) that 

M {N t <n} = 1 - MjS'n+i <t} = 1 - $ 

Since N t takes integer values, for any x > 0, we have 

T t (ar) = M{N t < a:} = M{iV t < [acj} = 1 — T> 

The theorem is verified. 

Theorem 5.2. Let N t be a renewal process with uncertain interarrival times 
£l,£2 )' If those interarrival times have a common uncertainty distribution 
d>, then 

E[Nt} = ( 5 - 10 ) 

n =1 ^ J 

Proof: Since N t takes only nonnegative integer values, it follows from the 
definition of expected value and Theorem 15.11 that 

/»00 00 

E[N t ] = (1 - T t 0r))dx = X!(1- T t (n)) 

-E*(sti)-£*(=)■ 

n =0 x 7 n—1 x 7 

Thus the theorem is verified. 
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T t (aO 


Tt( 5) 


Tt(4) 


T t (3) 


T t (2) 


Tt(l) 


Figure 5.2: Uncertainty Distribution T t of Renewal Process N t 


Theorem 5.3 (Renewal Theorem). Let N t be a renewal process with uncer¬ 
tain interarrival times £i, £ 2 , ■ ■ • Then 


lim « = £ 


1 

LfiJ 


(5.11) 


t— >00 t 

If those interarrival times have a common uncertainty distribution 4>, then 

E[N t \ 


r+°° (\ 

<F 


lim 

t—>° o t J Q 

If the uncertainty distribution 4> is regular, then 


dx. 


limM 

t ->00 t 


l 


/0 $ Ha) 


da. 


(5.12) 


(5.13) 


Proof: The uncertainty distribution Y* of N t has been given by Theo¬ 
rem ED It follows from the operational law that the uncertainty distribution 
of N t /t is 

**<*> = T > {tx) = 1 - * (itef+r) 

where [_tej represents the maximal integer less than or equal to tx. Thus 


E[N t ] 

t 


+ OO 


(1 - \H t (a;))da;. 


On the other hand, l/£i has an uncertainty distribution 1 — 4>(l/x) whose 
expected value is 
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Note that 



( 1 -**(*)) < $ Q , 


dx. 

Vt, x 


and 


lim (1 — tl/Aa;)) = <I> 

t *oo \ X 


\/x. 


It follows from Lebesgue dominated convergence theorem that 


lim = lim 

t—>-00 t t 


/*+oc /* 

im / (1 — 'I' t (a;))dx = / 

"^°° Jo Jo 


+oo /j 

$ ( — ) da: = E 
x 


1 

UiJ 


Furthermore, since the inverse uncertainty distribution of l/£ is 1 /<& 1 (1 — a), 
we get 


E 


1 


$-!(!- a) 


da = 


1 


'o 


da. 


The theorem is proved. 


E[N t ]/t 



Figure 5.3: Average Renewal Number E[N t ]/t 

Example 5.1: A renewal process N t is called a linear renewal process if 
£i, • • • are iid linear uncertain variables C(a,b) with a > 0. It follows from 

the renewal theorem that 


lim« 

t—> OO t 


In b — In a 
b — a 


(5.14) 


Example 5.2: A renewal process N t is called a zigzag renewal process if 
, £ 2 , •'' are iid zigzag uncertain variables Z(a,b,c) with a > 0. It follows 
from the renewal theorem that 
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E\N t ] 1 /In b — In a Inc — ln6\ 
Inn -= - —--1--— 

t— ► oo t 2 \ b — a c — b ) 


(5.15) 


Example 5.3: A renewal process N t is called a lognormal renewal process 
if £i, £ 2 , • • • are iid lognormal uncertain variables COQM{e , a). If er < n/ v^, 
then 

lim = v / 3crexp(—e) csc(v / 3ct). (5.16) 

t—> 00 t 

Otherwise, we have 

lim = + 00 . (5.17) 

t—* OO t 


Renewal Reward Process 

Let (£1,771), (£2,772), • • • be a sequence of pairs of uncertain variables. We 
shall interpret 77 i as the rewards (or costs) associated with the i-th interarrival 
times & for i = 1 , 2 , • • •, respectively. 

Definition 5.8. Let £i,£ 2 5 -- ' be iid uncertain interarrival times, and let 
771,772," '• be iid uncertain rewards. It is also assumed that £1,771, £2,772 , • • • 
are independent. Then 

N t 

* = 5 > ( 5 . 18 ) 

2 = 1 

is called a renewal reward process, where N t is the renewal process. 

A renewal reward process Rt denotes the total reward earned by time t. In 
addition, if 77,; = 1 , then R t degenerates to a renewal process. 

Theorem 5.4. Let Rt be a renewal reward process with uncertain interarrival 
times £ 1 ,^ 2 , • •• and uncertain rewards 771 , 772 ,-•• Assume those interarrival 
times and rewards have uncertainty distributions <f> and 4'. respectively. Then 
Rt has an uncertainty distribution 

T,(l) = To (‘ ~ * (tTl)) A * (!)' (519) 

Here we set x/k = +00 and 4'( x/k ) = 1 when k = 0. 

Proof: It follows from the definition of renewal reward process that the 
renewal process N t is independent of uncertain rewards ?7i, 772, • • •, and 
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N t 


T t (x) = M{i? t < x} = 3Vt ^ ^ ip < 

( 


i= 1 
k 


= M < [ J (N t = k) fl rjj < x > 

V k—0 i—1 ) 

= M.j[J(W, = J0n(„<|)J 

= T“ M { (iv ' - k>n ( m - I)} 

= maxM {N t < fc} A M |??i < — j 

(!) ■ 


= max ( 1 — <J> 

fc> o 


A T 

k+lJJ Vfc 


The theorem is proved. 

Tt(x) 



Figure 5.4: Uncertainty Distribution T t (:r) of Renewal Reward Process Rt in 
which the dashed horizontal lines are 1 — 4>(t/(fc + 1)) and the dashed curves 
are T( x/k ). 

Theorem 5.5 (Renewal Reward Theorem). Assume that Rt is a renewal 
reward process with uncertain interarrival times £i,£ 2 , • • • and uncertain re¬ 
wards rji , 7 / 2 , • //U[? 7 i/£i] exists, then 


lim « = E 

t—> OO t 


m 

L6J 


(5.20) 


If those interarrival times and rewards have regidar uncertainty distributions 
4) and T. respectively, then 


t—> OO t 


$-!(! -a) 


da. 


(5.21) 
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Proof: It follows from Theorem I5H that the uncertainty distribution of 
Rt is 

TtW = K( 1 -*(ibTT)) A *(i)' 

Then Rt/t has an uncertainty distribution 

T«(ix) = maj( 1 -4.(^1 T )) A »(|). 

When t —> oo, we have 

T t (tx) -> sup(l - $(y)) A W( xy ) 
y> o 

which is just the uncertainty distribution of Thus the equation (15.201) 

follows from the existence of E[g In addition, since the inverse uncer¬ 
tainty distribution of is just T _1 (a)/<i) _1 (l — a), the equation (15.211) 

follows from Theorem II.321 immediately. 

5.3 Martingale 

Definition 5.9. An uncertain process X t is called martingale if it has inde¬ 
pendent increments whose expected values are zero. 

5.4 Markov Process 

Definition 5.10. An uncertain process X t is called Markov if, given the 
value of X t , the uncertain variables X s and X u are independent for any 
s > t > u. 

5.5 Stationary Process 

Definition 5.11. An uncertain process X t is called stationary if for any 
positive integer k and any times ti,t 2 ,- ■■ , tfc and s, the uncertain vectors 

{X tl , X t2 , ■ ■ ■ , X tk ) and (X tl+S , X t2+S , ■ ■ ■ , X tk+S ) (5.22) 


are identically distributed. 










Chapter 6 

Uncertain Calculus 


Uncertain calculus, invented by Liu m in 2009, is a branch of mathemat¬ 
ics that deals with differentiation and integration of function of uncertain 
processes. This chapter will introduce canonical process, uncertain integral, 
chain rule, and integration by parts. 

6.1 Canonical Process 

Definition 6.1 (Liu 1123 ) /_). An uncertain process Ct is said to be a canonical 
process if 

(i) Co = 0 and almost all sample paths are Lipschitz continuous, 

(ii) Ct has stationary and independent increments, 

(Hi) every increment C s +t — C s is a normal uncertain variable with expected 
value 0 and variance t 2 , whose uncertainty distribution is 

*M = (i + ex p(-7§)) - (61) 


C t 



Note that almost all sample paths of canonical process are Lipschitz continu¬ 
ous functions, but almost all sample paths of Brownian motion are continuous 
but non-Lipschitz functions. If we say Brownian motion describes the irreg¬ 
ular movement of pollen with infinite speed, then we may say the canonical 
process describes the irregular movement of pollen with finite speed. 

Theorem 6.1 (Existence Theorem). There is a canonical process. 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 139- 145 
springerlink.com (c) Springer-Verlag Berlin Heidelberg 2010 







140 


Chapter 6 - Uncertain Calculus 


Proof: Without loss of generality, we only prove that there is a canonical 
process on the range of t £ [0,1]. Let 

|£(r) | r represents rational numbers in [ 0 , 1 ]} 


be a countable sequence of independently normal uncertain variables with 
expected value zero and variance one. For each integer n, we define an 
uncertain process 


X n {t) = 


Since the limit 



if t = 


k 

n 


(A; = 0 , 1 ,*-- , n) 


linear, otherwise. 


lim X n (t) 

n—*oo 


exists almost surely, we may verify that the limit meets the conditions of 
canonical process. Hence there is a canonical process. 


Theorem 6.2. Let Ct be a canonical process. Then for each time t > 0, the 
ratio Ct/t is a normal uncertain variable with expected value 0 and variance 
1. That is, 

y~A/-(0,l) ( 6 . 2 ) 

for any t > 0 . 

Proof: It follows from the definition of canonical process that at each time 
t, Ct is a normal uncertain variable with uncertainty distribution 

*M = (i + exp (-(§)) . 

Thus Ct/t has an uncertainty distribution 

1 + exp 

Hence Ct/t is a normal uncertain variable with expected value 0 and variance 
1. The theorem is verified. 



= 4>(ta) = 


Theorem 6.3. Let Ct be a canonical process. Then for any level x £ 3? and 
any time t > 0, we have 

M{C t < x} = ^1 + exp -^0^ , (6.3) 

M{C t > x} = ^1 + exp (^f=^ ■ ( 6 - 4 ) 

Proof: Since Ct is a normal uncertain variable with expected value 0 and 
variance t 2 , we get (16.311 immediately. The equation (16.411 may be derived 
from M {C t > x} = 1 — M {C t < i}. 
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Arithmetic Canonical Process 

Definition 6.2. Let Ct be a canonical process. Then for any real numbers e 
and a, 

A t = et + aC t (6.5) 

is called an arithmetic canonical process, where e is called the drift and a is 
called the diffusion. 

At each time t , the arithmetic canonical process A t is a normal uncertain 
variable, i.e., 

A t ~ Af(et,at). (6.6) 

That is, the expected value i?[A t ] = et and variance U[A t ] = <j 2 t 2 at any 
time t. 

Geometric Canonical Process 

Definition 6.3. Let Ct be a canonical process. Then for any real numbers e 
and a, 

G t = exp(et + aC t ) (6.7) 

is called a geometric canonical process, where e is called the log-drift, and a 
is called the log-diffusion. 

At each time t , the geometric canonical process Gt is a lognormal uncertain 
variable, i.e., 

G t ~ COQAf(et, at). (6.8) 

If t < 7t/((t\/ 3), then E[G t ) = V3at exp(et) csc(v / 3at). However, when t 
arrives at 7 t/(<t\/ 3), we have E[Gt} = +oo. 

6.2 Uncertain Integral 

Definition 6.4 (Liu 112$ ). Let X t be an uncertain process and let Ct be a 
canonical process. For any partition of closed interval [a, b] with a = t\ < 
t 2 < • • ■ < tk+i = b, the mesh is written as 

A = max \t i+ i — ti |. (6.9) 

l<i<k 

Then the uncertain integral of X t with respect to Gt is 

[ X t dC t = \YmJ^X ti -{Ct i+1 -C ti ) (6.10) 

-* 0 i=i 


provided that the limit exists almost surely and is an uncertain variable. 
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Example 6.1: Let Ct be a canonical process. Then for any partition 0 = 
ti <t% < •• • < tfc+i = s, we have 



d C t = lim V(C, 

A—>0 ' 
i=l 


C ti ) = c s -c 0 = c s . 


Example 6.2: Let Ct be a canonical process. Then for any partition 0 = 
t\ < t 2 < ■ ■ ■ < tk+ i = s, we have 

c . 2 =Z( c l>- c l) 

i=l 

k k 

= E (^ +1 - c t y +2 e c u (c ti+1 c u ) 

i—l 

CtdCt 

as A —> 0. That is, 

J a CtdCt = ±cl 

Theorem 6.4. Let Ct be a canonical process and let f(t) be a determinstic 
and integrable function with respect to t. Then the uncertain integral 

ffmct (6.H) 

Jo 

is a normal uncertain variable at each time s, i.e., 

f(i)dC t ~ M (o, J° \f(t)\d?) . (6.12) 

Proof: Since the canonical process has stationary and independent incre¬ 
ments and every increment is a normal uncertain variable, for any partition 
of closed interval [0, s] with 0 = t\ < £2 < • ■ ■ < tk+ 1 = s, it follows from 
Theorem 11.231 that 

k / k 

E / (U)(C ti+1 - C u ) ~ N 0,5^ \f{U)\{t i+1 - U) 

i—l \ »= 1 

That is, the sum is also a normal uncertain variable. Since / is an integrable 
function, we have 




k 

E 

2—1 


\f(U)\(U +1 - U ) 
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as the mesh A —> 0. Hence we obtain 

J’ f(i)dC t = hm J2f(ti)(C ti+1 - C ti ) ~ AT |/(t)|di) . 

The theorem is proved. 

Example 6.3: Let C* be a canonical process. Then for any number a 
(0 < a < 1), the uncertain process 

F s = [ (s-t)~ a dC t (6.13) 

Jo 

is called a, fractional canonical process with index a. At each time s, it follows 
from Theorem 16.41 that F s is a normal uncertain variable, i.e., 

F, ~v(o, Al) . ( 6 . 14 ) 


6.3 Chain Rule 

Theorem 6.5 (Liu \123\j ). Let Ct be a canonical process, and let h(t,c) be 
a continuously differentiable function. Define X t = h(t,Ct). Then we have 
the following chain rule 

r)h r)h 

dX t = ^(t,C t )dt + J-(t,C t )dC t . (6.15) 

at oc 

Proof: Write A Ct = Ct+At~Ct = C^t- Then At and A Ct are infinitesimals 
with the same order. Since the function h is continuously differentiable, by 
using Taylor series expansion, the infinitesimal increment of X t has a first- 
order approximation 

f)h r)h 

A At = 2£(t, C t )At + ^-(t, C t )AC t . 

ot OC 

Hence we obtain the chain rule because it makes 

X s = X 0 + j^ §(t,Ct)dt + j ( ^(t,Ct)dC t 

for any s > 0. 

Remark 6.1: The infinitesimal increment dCt in (16.1511 may be replaced 
with the derived canonical process 

d Y t = ii t df + v t dC t (6.16) 


where Ut and Vt are absolutely integrable uncertain processes, thus producing 
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Example 6.4: Applying the chain rule, we obtain the following formula 

d(tCt) = C t dt + tdC t . 


Hence we have 


sC s = [ d(tC t ) 

Jo 


C t dt 



tdC t . 


That is, 



tdCt = sC s — 



C t dt. 


Example 6.5: Applying the chain rule, we obtain the following formula 


d (C?) = 2C t dC t . 


Then we have 

Cg = f d(Cl)= 2 fc t dC t . 

Jo Jo 

It follows that 

r s 1 

/ c t dCt = ~C 2 S . 

Jo 2 s 

Example 6.6: Applying the chain rule, we obtain the following formula 

d(Cf) = 3C 2 dC t ■ 


Thus we get 


That is 


Ct 



d(C t 3 ) = 3 



C 2 t dC t . 



6.4 Integration by Parts 


Theorem 6.6 (Integration by Parts). Suppose that Ct is a canonical process 
and F(t) is an absolutely continuous function. Then 


F(t)dC t = F(s)C s — / C t dF{f). 


(6.18) 


Proof: By defining h(t, Ct) = F(t)Ct and using the chain rule, we get 


d (F(t)C t ) = C t dF(t) + F(f)dC t . 
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Thus 


F(s)C s = [ d(F(t)C t ) = [ C t dF(t) + f F(t)dC t 
Jo Jo Jo 


which is just (16.181) . 

Example 6.7: Assume F(t) = 1. Then by using the integration by parts, 
we immediately obtain 

[ d C t = C s . 


Example 6.8: Assume F(t) = t. Then by using the integration by parts, 
we immediately obtain 



Example 6.9: Assume F(t) = t 2 . Then by using the integration by parts, 
we obtain 


/ t 2 dC t = s 2 C s - / C f dt 2 = s 2 C s - 2 / tCtdt 
1 0 Jo Jo 


= (s 2 - 2 s)C s + 2 [ Ctdt. 

Jo 


Example 6.10: Assume F(t) = sint. Then by using the integration by 
parts, we obtain 


/ sin tdC t = C s sin s — / C t d sin t = C s sms— C t cos tdt. 
Jo Jo Jo 





Chapter 7 


Uncertain Differential 
Equation 


Uncertain differential equation, proposed by Liu m in 2008, is a type of 
differential equation driven by canonical process. Uncertain differential equa¬ 
tion was then introduced into finance by Liu [ 1231 in 2009. After that, an 
existence and uniqueness theorem of solution of uncertain differential equa¬ 
tion was proved by Chen and Liu 1171 . and a stability theorem was showed 
by Chen [20]. 

This chapter will discuss the existence, uniqueness and stability of solu¬ 
tions of uncertain differential equations. This chapter will also provide a 99- 
method to solve uncertain differential equations numerically. Finally, some 
applications of uncertain differential equation in finance are documented. 

7.1 Uncertain Differential Equation 

Definition 7.1 (Liu Suppose C t is a canonical process, and f and g 

are some given functions. Then 


dX t = f(t , X t )dt + g(t , X t )dC t 


(7.1) 


is called an uncertain differential equation. A solution is an uncertain process 
X t that satisfies o identically in t. 

Remark 7.1: Note that there is no precise definition for the terms dX t , 
df and d Ct in the uncertain differential equation CD- The mathematically 
meaningful form is the uncertain integral equation 



(7.2) 


However, the differential form is more convenient for us. This is the main 
reason why we accept the differential form. 

Example 7.1: Let Ct be a canonical process. Then the uncertain differential 
equation 


dA' t = adt + bdC t 


(7.3) 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 147-161 
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has a solution 

X t = at + bC t (7.4) 

which is just an arithmetic canonical process. 

Example 7.2: Let Ct be a canonical process. Then the uncertain differential 
equation 

dX t = aX t dt + bX t dC t (7.5) 

has a solution 

X t = exp (at + bCt) (7.6) 

which is just a geometric canonical process. 

Example 7.3: Let Ct be a canonical process. Then the uncertain differential 
equation 

dX t = (to — aX t )dt + crdC t (7.7) 

has a solution 

TO / TTl \ 

X t = -1- exp (—at) (Xo-) + crexp(-at) / exp(as)dC s (7.8) 

a V a / J o 

provided that a ^ 0. It follows from Theorem 16.41 that X t is a normal 
uncertain variable, i.e., 

X t ~ AT (— + exp(-at) (x 0 - — ) , — -exp(-at)-V (7.9) 
\a V a/a a / 

Example 7.4: Let Ut and v t be some continuous functions with respect to 
t. Consider the homogeneous linear uncertain differential equation 


dX t = utXtdt + v t X t dC t . (7.10) 


It follows from the chain rule that 


d In X t = = u t dt + v t dC t . 


Integration of both sides yields 


lnA' t — lnXo = / it s ds + / RsdCg. 


Therefore the solution of (17.101) is 


X t = A'q exp 


S ds 


AC, . 


(7.11) 


Example 7.5: Suppose uu, U 2 t, Vit, v 2 t are continuous functions with respect 
to t. Consider the linear uncertain differential equation 


dXt — (u\tXt + U2t)dt + (vuXt + V2t)dCt- 


(7.12) 
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At first, we define two uncertain processes Ut and Vt via 

d U t = uulltdt + vi t Ut&C u dV t = 77 -dt + ~dC t . 

Ut Ut 

Then we have X t = UtV* because 


dX t = VtdUt + UtdVt 

= (u u U t Vt + u 2 t)dt + ( vi t UtVt + v 2 t)dCt 
= (u u X t + U 2 t)dt + [v u X t + v 2 t)dC t . 


Note that 


U t = Uq exp / u ls ds + / ni s dC s , 


'o 


/ o 


v t =v 0 + r^d S+ r^. 

JO Us Jo U s 


Taking Uq = 1 and Vo = Xq, we get a solution of the linear uncertain 
differential equation as follows, 


X t = U t 



(7.13) 


where 


U t = exp 


itisds - 


v ls dC t 


(7.14) 


7.2 Existence and Uniqueness Theorem 

Theorem 7.1 (Chen and Liu m Existence and Uniqueness Theorem). 
The uncertain differential equation 

dX t = f(t, X t )dt + g(t , X t )dC t (7.15) 

has a unique solution if the coefficients f(x,t) and g(x,t) satisfy the Lipschitz 
condition 

\f{x,t)- f(y,t)\ + \g(x,t)-g(y,t)\<L\x-y\, Va ;,y e JR ,t > 0 (7.16) 

and linear growth condition 

\f(x,t)\ + \g(x,t)\<L(l + \x\), VxG3?,f>0 (7.17) 

for some constant L. Moreover, the solution is sample-continuous. 

Proof: We first prove the existence of solution by a successive approximation 
method. Define = Xq, and 
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for n = 1 , 2 , • • • and write 


4 n) ( 7) 


max 

0<s<t 


*i n+1) (7) - ^i n) (7) 


for each 7 € T. It follows from the Lipschitz condition and linear growth 
condition that 


Df°\ 7 ) = max 

0 <s<t 


f(X 0 ,v)dv+ [ g(X 0 ,v)dC v (j) 
Jo 

< [ \f(Xo,v)\dv + K 7 [ | 5 f(X 0 ,u)|du 
Jo Jo 


< (1 + |Xo|)I/(l + I\ 7 )t 


where K 1 is the Lipschitz constant to the sample path Ct( 7 ). In fact, by 
using the induction method, we may verify 


A (n) ( 7 ) < (i + 


for each n. This means that, for each sample 7 , the paths X^ip/) converges 
uniformly on any given interval [0,T], Write the limit by X t ("/) that is just 
a solution of the uncertain differential equation because 


X t = X 0 + [ f(X s ,s)ds+ f g(X s ,s)ds. 

Jo Jo 

Next we prove that the solution is unique. Assume that both X t and X t * 
are solutions of the uncertain differential equation. Then for each 7 £ T, it 
follows from the Lipschitz condition and linear growth condition that 

\Xt{l) - *,*( 7)1 < L( 1 + I< 7 ) f |^( 7 ) - AT*(7)|dw. 

Jo 

By using Gronwall inequality, we obtain 


|X t ( 7 ) - X t *( 7 )| < 0 • exp(L(l + KJt) = 0 . 


Hence X t = X£. The uniqueness is proved. Finally, let us prove the sample- 
continuity of X t . The Lipschitz condition and linear growth condition may 
produce 


l*t(7)-*«(7)l = 


f(X v ('y),v)dv+ / g(X v (j),v)dC v ('y) 


< (1 + K 7 )( 1 + |A 0 |) exp(L(l + KJt)(t - s) 
—> 0 as s —> t. 


Thus X t is sample-continuous and the theorem is proved. 
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7.3 Stability Theorem 

Definition 7.2 (Liu \12S ]/ ). An uncertain differential equation is said to be 
stable if for any given numbers k > 0 and e > 0 , there exists a number 6 > 0 
such that for any solutions X t and Y t , we have 

M{\X t -Y t \ > k} <e, Vt > 0 (7.18) 


whenever |Xo — Yo| < <5- 

In other words, an uncertain differential equation is stable if for any given 
number k > 0 , we have 

lim M{\X t -Y t \ >k} = 0, Vf > 0. (7.19) 

IXo-Ybl-0 


Example 7.6: The uncertain differential equation dX t = adt+bdCt is stable 
since for any given numbers k > 0 and e > 0, we may take 5 = k and have 

M{|X t - Y t \ > «} = M{|A 0 - Y 0 \ >k} = M{0} = 0 < e 

for any time t > 0 whenever |Xo — Vo < 6. 

Example 7.7: The uncertain differential equation dX f = X t dt + bdC t is 
unstable since for any given number k > 0 and any different initial solutions 
Xq and To, w e have 

M{|X t -Y t \>n} = M{exp(t)|X 0 - Y 0 \ > k} = 1 
provided that t is sufficiently large. 

Theorem 7.2 (Chen Stability Theorem). Suppose Ut and vt are con¬ 
tinuous functions such that 

rs p+oo 

sup / utdt < +oo, / \v t \dt < +oo. (7.20) 

s>o Jo Jo 

Then the uncertain differential equation 


d X t = u t X t dt + V tX t dC t (7.21) 


is stable. 


Proof: It has been proved that the unique solution of the uncertain differ¬ 
ential equation dX t = utX t dt, + vtX t dCt is 


X t = A'q exp 



u s ds 





152 


Chapter 7 - Uncertain Differential Equation 


Thus for any given number n > 0, we have 


M{|* t - Y t \ > k} = 3Vt | \X (} - Y 0 | exp (^ j w s ds + J v s dC s ^j > k | 


= M< v s dC s > In 


|*o - *c 


ol Jo 


ds > —> 0 


as |Xo — To | —;► 0 because 

J v s dC s ~ Af ^0, J |u s |ds^ 

is a normal uncertain variable with expected value 0 and finite variance, and 


In 


The theorem is proved. 


|*o - Y c 


— / Mgds —> +00. 


01 Jo 


7.4 Numerical Method 

It is almost impossible to find analytic solutions for general uncertain differen¬ 
tial equations. This fact provides a motivation to design numerical methods 
to solve uncertain differential equations. 

Definition 7.3. Let a be a number with 0 < a < 1. An uncertain differential 
equation 

dX t = f(t, X t )dt + git, X t )dC t (7.22) 

is said to have an a-path Xf 1 if it solves the corresponding ordinary differen¬ 
tial equation 

dX?= f{t,X?)dt + g{t,X?)$-\a)dt (7.23) 

where <I> _1 (a) is the inverse uncertainty distribution of standard normal un¬ 
certain variable, i.e., 

$-!(«) = — In (7.24) 

7 r 1 — a 


Example 7.8: The uncertain differential equation dX t = adt + bdCt with 
*o = 0 has an a-path 

* t “ = ai+&$ _1 (a)i. (7.25) 

Example 7.9: The uncertain differential equation dX t = aX t dt + bX t dCt 
with Xq = 1 has an a-path 

= exp (at + &<I> _1 (a)t) . 


(7.26) 
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Xf 



Figure 7.1: A Spectrum of a-Paths of dX t = adt + bdC t 

Definition 7.4 . The uncertain differential equation ( | 7. 22} ) is said to be 
monotone increasing if for any a £ (0,1) and any t > 0, we have 

M{X t < X “} = a (7.27) 

where X t and Xf are the solution and a-path of \7.22}, respectively. 


Example 7.10: The homogeneous linear uncertain differential equation 

d X t = aX t dt + bX t dCt (7.28) 

is monotone increasing whenever b > 0. 

Example 7.11: The special linear uncertain differential equation 

d X t = (to - aX t )dt + crdCt (7.29) 

is monotone increasing whenever a > 0. 

Theorem 7.3. If an uncertain differential equation is monotone increasing, 
then its a-path Xf is increasing with respect to a at each time t. That is, 

X f < Xf (7.30) 


at each time t whenever a < /3. 

Proof: Since the uncertain differential equation is monotone increasing, we 
immediately have 

M{A t < Xf} =a</3 = 3V[{X t < xf}. 
ft follows from the monotonicity of uncertain measure that Xf < Xf. 
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X? 



Figure 7.2: A Spectrum of a-Paths of dX t = aX t dt + bX t dC t 


Definition 7.5. The uncertain differential equation is said to be 

monotone decreasing if for any a £ (0,1) and any t > 0, we have 


M{X t < X?} = l-a 


(7.31) 


where X t and Xf are the solution and a-path of fl 7. £,<?[ ), respectively. 

Theorem 7.4. If an uncertain differential equation is monotone decreasing, 
then its a-path Xf is decreasing with respect to a at each time t. That is, 

X? > X f (7.32) 


at each time t whenever a < (3. 

Proof: Since the uncertain differential equation is monotone decreasing, we 
immediately have 

M{X t < X?} = l-a>l-0 = M{A t < X?}. 


ft follows from the monotonicity of uncertain measure that Xf > X^. 

99-Method for Solving dX t = f(t,X t )dt + g(t, X t )dCt 

For solving a monotone uncertain differential equation, a key point is to 
obtain a 99-table of its solution X s . In order to do so, a 99-method is designed 
as follows: 
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Step 1. Fix a time s and set a = 0. 

Step 2. Set a <— a + 0.01. 

Step 3. Employ a classical numerical method to solve the corresponding or¬ 
dinary differential equation dA'“ = f(t,X^)dt + g(t, A'“)<l) _ 1 (a!)dt 
and obtain Xf. 


Step 4. Repeat the second and third steps until a = 0.99. 

Step 5. For a monotone increasing equation, the solution X s has a 99-table, 


0.01 

0.02 


0.99 


j^U.U2 


j^O.99 


(7.33) 


Step 6. For a monotone decreasing equation, the solution X s has a 99-table, 


0.01 

0.02 


0.99 

j^o.yy 

.98 




Note that the 99-method works only when the uncertain differential equa¬ 
tion is almost monotone. In addition, the 99-method may be extended to 
the 999-method if a more precise result is needed. It is suggested that the 
ordinary differential equations in Step 3 are approximated by the recursion 
formula 

Af +1 = X“ + /( U, Xf)A + g(ti, X?)<S>~\a)A (7.35) 

where A is the step length. 

Example 7.12: Consider a monotone increasing uncertain differential 
equation 

dX t = X t d t + X t dC t , X 0 = 1 (7.36) 

whose solution is X t = exp (t + Ct). The 99-method may solve this equation 
successfully and obtain a 99-table of X t at time t = 1 shown in Figure 17.31 
The computer program is available at http://orsc.edu.cn/liu/resources.htm. 

Example 7.13: Consider a monotone increasing uncertain differential equa¬ 
tion 

d X t = (1 - X t )dt + dC t , X 0 = 1 (7.37) 

whose solution is 

X t = l+ [ exp (s - t)dC s . (7.38) 

Jo 

The 99-method obtains a 99-table of X t at time t = 1 shown in Figure 17.41 

Example 7.14: Consider a nonlinear uncertain differential equation 

dX t = (t + X t )d t + ^1 +X t dC t , X 0 = 2 . (7.39) 

This equation is not completely monotone, even is not well defined because 
1 + X t may take negative values on some extreme sample paths. However, 
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a 



Figure 7.3: The 99-Table of dX t = X t dt + X t dC t with X 0 = 1 
a 


o o 



Figure 7.4: The 99-Table of dX t = (1 — X t )dt + dCt with Xq = 1 


this blemish may be ignored and the 99-method is still valid. The 99-method 
obtains a 99-table of X t at time t = 1 shown in Figure 1731 

Open Problem: A necessary condition of monotone uncertain differential 
equation is that its cc-path is monotone with respect to a. What is a 
sufficient condition? 

7.5 Uncertain Differential Equation with Jumps 

In many cases the stock price is not continuous because of economic crisis 
or war. In order to incorporate those into stock model, we should develop 
an uncertain calculus with jump process. For many applications, a renewal 
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a 



Figure 7.5: The 99-Table of dX t = (t + X t )dt + VI + X t dC t with X 0 = 2 


process N t is sufficient. The uncertain integral of uncertain process X t with 
respect to N t is 



k 

XfdN t hm ,£ x ti ■ (N ti+1 

»=i 


N u )= J2 Xf(N t -N t _). (7.40) 

a<t<6 


Definition 7.6. Suppose Ct is a canonical process, N t is a renewal process, 
and f,g,h are some given functions. Then 

dX t = f(t, X t )dt + g(t, X t )dC t + h{t , X t )dN t (7.41) 

is called an uncertain differential equation with jumps. A solution is an 
uncertain process X t that satisfies (|7yi|) identically in t. 


Example 7.15: Let Ct be a canonical process and N t a renewal process. 
Then the uncertain differential equation with jumps 

dX t = adt + bdC t + cdlV t 

has a solution X t = at + bC t + cN t which is just a jump process. 

Example 7.16: Let Ct be a canonical process and N t a renewal process. 
Then the uncertain differential equation with jumps 

d X t = aX t dt + bX t dC t + cX t d N t 

has a solution X t = exp (at + bCt + cN t ) which may be employed to model 
stock price with jumps. 
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7.6 Uncertain Finance 


If we assume that the stock price follows some uncertain differential equation, 
then we may produce a new topic of uncertain finance. As an example, Liu 
j!23j supposed that the stock price follows geometric canonical process and 
presented a stock model in which the bond price X t and the stock price Y t 
are determined by 


dX t = rX t dt 
d Y t = eY t dt + aY t dC t 


(7.42) 


where r is the riskless interest rate, e is the stock drift, cr is the stock diffusion, 
and Ct is a canonical process. 


European Call Option Price 

A European call option gives the holder the right to buy a stock at a speci¬ 
fied time for specified price. Assume that the option has strike price K and 
expiration time s. Then the payoff from such an option is (Y s — K) + . Con¬ 
sidering the time value of money resulted from the bond, the present value 
of this payoff is exp(— rs)(Y s — I\) + . Hence the European call option price 
should be the expected present value of the payoff, 

f c = exp(-rs)E[(Y s ~ K)+). (7.43) 

It is clear that the option price is a decreasing function of interest rate r. 
That is, the European call option will devaluate if the interest rate is raised; 
and the European call option will appreciate in value if the interest rate is 
reduced. In addition, the option price is also a decreasing function of strike 
price K. 


Y t 



Figure 7.6: Payoff (Y s — K) + from European Call Option 
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Let us consider the financial market described by the stock model (17.421) . 
The European call option price is 

fc = exp(—rs).E[(Yo exp(es + aC s ) - K) + ] 

!■ + OO 

= exp(— rs) / M{To exp(es + <jC s ) — K > x}dx 
Jo 

r+oo 

= exp(— rs)Yo / M{exp(es + crC s ) > y}dy 
Jk/Yo 

r+oo 

= exp(—rs')Yo / M{es + aC s > lnyjdz/ 

Jk/y„ 


>k/Yq 

C + oo 


= exp(-„« / “ ( l + ap (d^I+)Y dy . 

Jk/y 0 \ \ V3 as ) J 

Thus Liu [l'23j derived the following European call option price formula, 

/ c = exp(—rs)y 0 [ f 1 + exp f ——'j \ dy. (7.44) 

Jk/Yo \ \ vocrs / / 

European Put Option Price 

A European put option gives the holder the right to sell a stock at a speci¬ 
fied time for specified price. Assume that the option has strike price K and 
expiration time s. Then the payoff from such an option is ( K — Y" s ) + . Con¬ 
sidering the time value of money resulted from the bond, the present value 
of this payoff is exp(— rs)(K — y s ) + . Hence the European put option price 
should be the expected present value of the payoff, 


f P = exp (~rs)E[(K - Y s ) + ]. 


(7.45) 


It is easy to verify that the option price is a decreasing function of interest 
rate r, and is an increasing function of strike price K. 

Let us consider the financial market described by the stock model (17.421) . 
The European put option price is 

f P = exp (~rs)E[(K - Y 0 exp(es + crC s )) + ] 

r+oo 

= exp (—rs) / M{K — Yq exp(es + aC s ) > x}dx 

Jo 

r+oo 

= exp(— rs)Yo / M{exp(es + crC s ) < y}dy 
Jk/Yq 
fK/Yo 

= exp(—rs)Yo / M{es + aC s < In y}dy 
Jo 


= exp(-r»)y„ J*' Y ° (l + exp (~‘ dp. 
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Thus Liu [ 1231 derived the following European put option price formula, 

f p = exp(-rs)y 0 ^1 + exp ^ — j j dy. (7.46) 


Multi-factor Stock Model 

Now we assume that there are multiple stocks whose prices are determined 
by multiple canonical processes. For this case, we have a multi-factor stock 
model in which the bond price X t and the stock prices Yu are determined by 

f dX t = rX t dt 

l (7-47) 

I dh)^ — epritdt -\- y ^ cjij Y it dCjt , i — 1, 2 , * , m 

[ l=i 

where r is the riskless interest rate, are the stock drift coefficients, a^ 
are the stock diffusion coefficients, Cu are independent canonical processes, 
2 = 1,2,--- ,TO, j = 1,2,- ■ ■ ,n. 

Portfolio Selection 

For the stock model (17.471) . we have the choice of to + 1 different investments. 
At each instant t we may choose a portfolio (fit, Pit, ■ , Pmt) (he., the in¬ 
vestment fractions meeting (3 t + Pit + • • ■ + Pmt = 1 )- Then the wealth Z t at 
time t should follow the uncertain differential equation 

m m n 

d Zt — rPtZtdt + 'y ( eiPit.Ztdt + EE aijPitZtdCjt- (7.48) 

2— 1 2=1 j= 1 

Portfolio selection problem is to find an optimal portfolio {Pt,Pit, ■ • • , Pmt) 
such that the expected wealth E[Z S ] is maximized. 


No-Arbitrage 

The stock model (17.471) is said to be no-arbitrage if there is no portfolio 
{Pt, Pit, • • • , Pmt) such that for some time s > 0, we have 

(M{exp(— rs)Z s > Zq} = 1 (7.49) 

and 

M{exp(— rs)Z s > Zq} > 0 (7.50) 

where Z t is determined by (17.4811 and represents the wealth at time t. We may 
prove that the stock model (17.471) is no-arbitrage if and only if its diffusion 
matrix , 

I ^11 (712 

(721 022 

\ 0- m i (7 m 2 

has rank m, i.e., the row vectors are linearly independent. 


0"1 n \ 
0"2ra 

&mn J 
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Stock Model with Mean-Reverting Process 

Peng m assumed that the stock price follows a type of mean-reverting 
uncertain process and proposed the following stock model, 


dX t = rX t dt 

d Y-t = (m — aY t )dt + adCt 


(7.51) 


where r, m, a, a are given constants. 


Stock Model with Periodic Dividends 

Liu m assumed that a dividend of a fraction S of the stock price is paid 
at deterministic times • • and presented a stock model with periodic 

dividends, 

f X t = X 0 exp (rt) 

{ (7.52) 

\ Y t = y 0 (l - S) nt exp(et + aCt) 

where nt = max{* : Ti < t} is the number of dividend payments made by 
time t. 


Currency Models 

Liu m assumed that the exchange rate follows a geometric canonical pro¬ 
cess and proposed a currency model with uncertain exchange rate, 

{ d-Y ( = eX t dt + aX t dCt (Exchange rate) 

d Y t = uY t dt (Yuan Bond) (7.53) 

dZ t = vZ t dt (Dollar Bond) 

where e,<r, u,v are constants. If the exchange rate follows a mean-reverting 
uncertain process, then the currency model with uncertain exchange rate is 

i d X t = (m — aX t )d t + adC t (Exchange rate) 

d Y t = uYfdt (Yuan Bond) (7.54) 

dZ t = vZ t dt (Dollar Bond) 


where m, a, a, u, v are constants. 






Chapter 8 

Uncertain Logic 


Uncertain logic is a generalization of mathematical logic for dealing with 
uncertain knowledge via uncertainty theory. The first model is uncertain 
propositional logic designed by Li and Liu |96j in which the truth value 
of an uncertain proposition is defined as the uncertain measure that the 
proposition is true. An important contribution is the truth value theorem by 
Chen and Ralescu (Hj that provides a numerical method for calculating the 
truth value of uncertain formulas. The second model is uncertain predicate 
logic proposed by Zhang and Peng \227\ in which an uncertain predicate 
proposition is defined as a sequence of uncertain propositions indexed by one 
or more parameters. 

One advantage of uncertain logic is the well consistency with classical 
logic. For example, uncertain logic obeys the law of truth conservation and is 
consistent with the law of excluded middle and the law of contradiction. This 
chapter will introduce uncertain propositional logic and uncertain predicate 
logic. 

8.1 Uncertain Proposition 

Definition 8.1 (Li and Liu 1.96] /). An uncertain proposition is a statement 
whose truth value is quantified by an uncertain measure. 

That is, if we use £ to express an uncertain proposition and use c to express 
its truth value in uncertain measure, then the uncertain proposition £ is 
essentially an uncertain variable 

{ 1 with uncertain measure c 

( 8 - 1 ) 

0 with uncertain measure 1 — c 
where £ = 1 means £ is true and £ = 0 means £ is false. 

Example 8.1: “Tom is tall with truth value 0.7” is an uncertain proposition, 
where “Tom is tall” is a statement, and its truth value is 0.7 in uncertain 
measure. 

Example 8.2: “Beijing is a big city with truth value 0.9” is an uncertain 
proposition, where “Beijing is a big city” is a statement, and its truth value 
is 0.9 in uncertain measure. 
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Definition 8.2. Uncertain propositions are called independent if they are 
independent uncertain variables. 

Example 8.3: If £ and p are independent uncertain propositions, then for 
any x and y taking values either 0 or 1 , we have 

M{(£ = x) n (77 = y)} = M{£ = x} A M{p = y}, 

Al{(£ = x) U (77 = y)} = M{£ = x} V M{p = y}. 

8.2 Connective Symbols 

In addition to the proposition symbols £ and 77 , we also need the negation 
symbol conjunction symbol A, disjunction symbol V, conditional symbol 


—>, and biconditional symbol <->. Note that 

means “not ( 8 . 2 ) 

£ V i] means “£ or 77”; (8.3) 

£ A 77 = ->(->£ V -> 77 ) means “£ and 77”; (8.4) 

£ —»77 = (-■£) V 77 means “if £ then 77”; (8.5) 

£ «-> 77 = (£ —» 77) A (77 —> £) means “£ if and only if 77”. ( 8 . 6 ) 

8.3 Uncertain Formula 


An uncertain formula is a finite sequence of uncertain propositions and con¬ 
nective symbols that must make sense. For example, let £, 77 , r be uncertain 
propositions. Then 

X = ^, X = £ A 77, A = ($ V 77) -> r 

are all uncertain formulas. However, 1 V (, ( -* V and £77 —> r are not for¬ 
mulas. Note that an uncertain formula A is essentially an uncertain variable 
taking values 0 or 1. If X = 1, then X is true; if X = 0, then X is false. 

Definition 8.3. Uncertain formulas are called independent if they are inde¬ 
pendent uncertain variables. 

8.4 Truth Function 

Assume A is a formula containing propositions £ 1 , £ 2 , • • ■ , f n ■ It is well-known 
that there is a truth function / : {0, l} n —7 {0,1} such that A = 1 if and 
only if /((i,( 2 ,'" ,£n) = 1- 

Example 8.4: The truth function of formula £1 V £2 (£1 or £ 2 ) is 

/(1,1) = 1, /(1,0) = 1, /(0,1) = 1, /(0,0) = 0. 
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Example 8.5: The truth function of formula £i A £2 (£1 and £ 2 ) is 

/( 1 , 1 ) = 1 , /(1,0) = 0, /(0,1) = 0, /(0, 0) = 0. 

Example 8 . 6 : The truth function of formula £1 —*• £2 (if £1 then £ 2 ) is 

/(1,1) = 1, /(1,0) = 0, /(0,1) = 1, /(0,0) = 1. 

Example 8.7: The truth function of £1 <-> £2 (£1 if and only if £ 2 ) is 

/(1,1) = 1, /(1,0) = 0, /(0,1) = 0, /(0,0) = 1. 

Example 8 . 8 : The truth function of £1 V £2 —► £3 is given by 

/(1,1,1) = 1, /(1,0,1) = 1, /(0,1,1) = 1, /(0,0,1) = 1, 

/(1,1,0) = 0, /(1,0,0) = 0, /(0,1,0) = 0, / (0,0,0) = 1. 

8.5 Truth Value 

Truth value is a key concept in uncertain logic, and is defined as the uncertain 
measure that the uncertain formula is true. 

Definition 8.4 (Li and Liu Let X be an uncertain formula. Then 

the truth value of X is defined as the uncertain measure that the uncertain 
formula X is true, i.e., 

T(X) = M{A = 1}. (8.7) 

The truth value is nothing but an uncertain measure. The higher the truth 
value is, the more true the uncertain formula is. 

An uncertain formula X is called a tautology if T(X) = 1. For this case, X 
is certainly true. In other words, it is always true for all possible combinations 
of the values assigned to its propositions. 

An uncertain formula X is called a contradiction if T(X) = 0. For this 
case, A' is certainly false. In other words, it is always false for all possible 
combinations of the values assigned to its propositions. 

An uncertain formula X is called a contingency if 0 < T( X) < 1. For this 
case, X can be made either true or false based on the values assigned to its 
propositions. 

Example 8.9: Let £ and 77 be two independent uncertain propositions with 


truth values a and b , respectively. Then 

T(£) = M{£ = 1} = a, (8.8) 

T(-i£) = M{£ = 0} = 1 - a, (8.9) 

T(£ V r?) = M{£ Vij = 1} = M{(£ = 1 ) U (77 = 1 )} = a V b, (8.10) 

T(£ A 77) = M{£ A r] = 1} = M{(£ = 1) n (77 = 1)} = a A b, (8.11) 

T(£-> 77) = TK V 77) = (1 - a) V 6 . (8.12) 
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8.6 Truth Value Theorem 

Theorem 8.1 (Law of Excluded Middle). Let ( be an uncertain proposition. 
Then £ V ->£ is a tautology, i.e., 

T{£ V ->£) = 1. (8.13) 

Proof: It follows from the definition of truth value and property of uncertain 
measure that 


m v -*) = M{evn( = i} = M{(( = i)u((=o)} = i. 


The theorem is proved. 

Theorem 8.2 (Law of Contradiction). Let £ be an uncertain proposition. 
Then £ A ->£ is a contradiction, i.e., 

T(£ A->0=0. (8.14) 

Proof: It follows from the definition of truth value and property of uncertain 
measure that 

T(£ A -4) = M{£ A -^ = 1} = M{(£ = 1) n (C = 0)} = M{0} = 0. 

The theorem is proved. 

Theorem 8.3 (Law of Truth Conservation). Let ( be an uncertain proposi¬ 
tion. Then we have 

T(0 + TK) = 1. (8.15) 

Proof: It follows from the self-duality of uncertain measure that 

TK) = = 1} = M{£ = 0} = 1 - M{£ = 1} = 1 - T(0- 


The theorem is proved. 

Theorem 8.4 (De Morgan’s Law). For any uncertain propositions ( and g, 
we have 

THUAV )) = T(K)Vh)), (8.16) 

T(-(eVr?))=T(K)A(^)). (8.17) 

Proof: It follows from the basic properties of uncertain measure that 

T(-.(£ A t?)) = M{£ A r) = 0} = M{(£ = 0) U (77 = 0)} 

= M{K) V (-7?) = 1} = T(K) V H ? )) 


which proves the first equality. A similar way may verify the second equality. 
The theorem is proved. 
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Theorem 8.5 (Law of Contraposition). For any uncertain propositions £ 
and we have 

rj) = n-v -> <). (8-18) 

Proof: It follows from the definition of conditional symbol and basic prop¬ 
erties of uncertain measure that 

m ^ rj ) = M{K) Vrj = l}= M{(£ = 0) U (77 = 1)} 

= V (-.£) = 1} = T(~ir] -> -.£). 

The theorem is proved. 

Theorem 8.6 (Monotonicity and Subadditivity). For any uncertain propo¬ 
sitions £ and rj, we have 

T{0 V T(rj) < T(£ V rj) < T(0 + T(rj). (8.19) 

Proof: It follows from the monotonicity of uncertain measure that 

T(£ Vi;) = M{£ V ?; = 1} = M{(£ = 1) U {rj = 1)} 

> M{C = 1} V M {p = 1} = T(0 V T(rj). 

It follows from the subadditivity of uncertain measure that 

nt V rj) = M{£ v 77 = 1} = M{(<£ = 1) U (r? = 1)} 

< = 1} + M{ ? ; = 1} = T( 0 + T( V ). 

The theorem is verified. 

Theorem 8.7. For any uncertain propositions £ and we have 

T(0 + T(V ) ^l<TKAi|)< T(0 A T(rj) . ( 8 . 20 ) 

Proof: It follows from the monotonicity of truth value that 

T(£ A rj) = 1 - TK V —>rj) < 1 — T{~<) V T(-r?) 

= (1 - T{~,0) A (1 - T(->r))) = T(0 A T(rj). 

It follows from the subadditivity of truth value that 

Tit A rj) = 1 — TH V - 77 ) > 1 - (TK) + T(—irj)) 

= 1 - (i - r(0) - (1 - Tfa)) = T(0 + T( V ) - 1 . 

The theorem is proved. 

Theorem 8 . 8 . Let ( be an uncertain proposition. Then ( £ is a tautology, 
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Proof: It follows from the definition of conditional symbol and the law of 
excluded middle that 


n£-o = rKv o = i- 


The theorem is proved. 

Theorem 8.9. Let £ be an uncertain proposition. Then £ «-> £ is a tautology, 
i.e., 

T(S <-£) = !• ( 8 - 22 ) 

Proof: It follows from the definition of biconditional symbol and Theo¬ 
rem 18.81 that 


T(Z <- £) = T((S - £) A (£ - £)) = ->£) = !• 

The theorem is proved. 

Theorem 8.10. Let £ be an uncertain proposition. Then we have 

T(<e->-<£) = ! -T(£). (8.23) 

Proof: It follows from the definition of conditional symbol and the law of 
truth conservation that 

ns - -o = n-< v -£) = nn) = 1 - no- 

The theorem is proved. 

Theorem 8.11. If two uncertain propositions £ and p are independent, then 
we have 

T(£Vr ? )=T(£)VT(r ? ), T(£ A p) = T(£) A Tfa). (8.24) 

Proof: Since £ and p are independent uncertain propositions, they are inde¬ 
pendent uncertain variables. Hence 

T(£ V 7?) = M{£ V p = 1} = 3V1{£ = 1} V M{?y = 1} = T(£) V T(t?), 

T(£ A p) = M{£ A p = 1} = M{£ = 1} A M{?7 = 1} = T(£) A T{p). 

The theorem is proved. 

Theorem 8.12. If two uncertain propositions £ and p are independent, then 
we have 

T(S —> p) = 0-— T(0) V T(p). (8.25) 

Proof: Since £ and p are independent, the uncertain propositions ^£ and p 
are also independent. It follows that 

T(S ~>v) = nn V p) = TK) V T{p) = (1 - T(£)) V Tfa) 


which proves the theorem. 
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Theorem 8.13 (Chen and Ralescu (TW. Truth Value Theorem). Assume 
that '• j£r» are independent uncertain propositions with truth values 

ai, 02 , • • • , a n , respectively. If X is an uncertain formula containing £i,£ 2 > • • • ,f n 
with truth function f, then the truth value of X is 


T(X) = < 


sup min Vi(xf), 

f(x ,®„)=i! —*— n 

if sup min Vi(xf) < 0.5 

/(rci,X2,-,x„)=l 1 < i < n 

1 — sup min Ui(xf), 

f(x l,X 2 ,---,X n )=0 1 ^S« 

if sup min i/,(xj) > 0.5 

/(rci,x 2 ,-,x n )=l 1 < i < n 


(8.26) 


where Xi take values either 0 or 1, and Ui are defined by 


Vi{xi) = 


Oj, — 1 

1 - a», if Xi = 0 


(8.27) 


/or i = 1 , 2 , ■ ■ ■ ,n, respectively. 

Proof: Since X = 1 if and only if /(£i, £ 2 , ■ ■ ■ , £ n ) = 1, we immediately have 


T(X) = M{f&,&,■■■ ,U = 1}. 

Thus the equation (18.261) follows from Theorem II.271 immediately. 

Example 8.10: Let £i,£ 2 ,’'' be independent uncertain propositions 
with truth values Oi, 02 , ■ ■ ■ , a n , respectively. Then 


X = £1 A £2 A • • • A 


(8.28) 


is an uncertain formula whose truth function is 


f(xi,x 2 , ■■ ■ ,x n ) = X! A x 2 A • • • A x„ 

It follows from the truth value theorem or Theorem 11.281 that the truth 
value is 

T(£ 1 A £2 A • • • A /„) = ai A 02 A • • • A a n . (8.29) 

Example 8.11: Let /i,^ 2 ,- -- ,fn be independent uncertain propositions 
with truth values a 1 , 02 , - • • , a n , respectively. Then 

x = £1 V £2 V • • • V (8.30) 


is an uncertain formula whose truth function is 


f(x 1 ,X 2 , ■■■ ,X n ) = X! V x 2 V • • • V x, 
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It follows from the truth value theorem or Theorem 11.291 that the truth 
value is 


T(£i V £ 2 V • • • V £„) = ax V a 2 V • • • V a n . (8.31) 


Example 8.12: Let £i,£ 2 ,‘" , £n be independent uncertain propositions 
with truth values ai,a 2 ,--- ,a n , respectively. For any integer k with 1 < 
k < n, 


X = “at least k propositions of £i, £ 2 ,••• , £n are true” (8.32) 


is an uncertain formula whose truth function is 


f(xi,x 2 ,- • ■ ,x„) 


1, if x\ + X 2 + • • • + x n > k 
0, if X\ + X2 + b x n < k. 


It follows from the truth value theorem or Theorem 11.301 that the truth 
value is 

T(X) = the fcth largest value of a±, 02 , • • • , a n . (8.33) 


Example 8.13: Let £1 and £2 be independent uncertain propositions with 
truth values a± and < 22 , respectively. Then 


X = £1 £2 


(8.34) 


is an uncertain formula whose truth function is 

/(1,1) = 1, /(1,0) = o, /(o, 1) = 0, /(0,0) = 1. 

Then we have 

sup min Vi(xi) = max{ai A a 2 , (1 — ai) A (1 — a9)}, 

/(xi,* 2 )=l 1 < i < 2 

sup min Vi{xi) = max{(l — ai) A 02 , ai A (1 — a 2 )}- 

/(xi.x-s^O 1 ^ 2 

When 01 > 0.5 and ai > 0.5, we have 

sup min vAx *) = ai A 02 > 0.5. 

f(x i,i 3 )=1 1 <*<2 

It follows from the truth value theorem that 

T(X) = 1 — sup min Vi(xi) = 1 — (1 — ai) V (1 — 02 ) = ai A a?- 

f{x i,x 2 )=0 1 <*< 2 

When a\ > 0.5 and a-i < 0.5, we have 

sup min Vi(xi) = (1 — ai) V <32 < 0.5. 

/(xi,x 2 )=l 1 <*< 2 
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It follows from the truth value theorem that 

T(X) = sup min Vi(xi) = (1 — cii) V < 22 . 

/(xi,X 2 ) = l ! —^ — 2 

When ai < 0.5 and a 2 > 0.5, we have 

sup min Vi(xi) = a\ V (1 — a 2 ) < 0.5. 

fix i,a;2)=l 1 ^ i ^ 2 

It follows from the truth value theorem that 

T(X) = sup min Vi(xi) = a\ V (1 — a 2 ). 

/(xi,X 2 ) = l ! —^ — 2 

When ai < 0.5 and a 2 < 0.5, we have 

sup min z/j (xi) = (1 — ai) A (1 — a 2 ) > 0.5. 

f(x 1 ,x 2 )=l 1 < i < 2 

It follows from the truth value theorem that 


T(X) = 1 — sup min = 1 - ai V a 2 = (1 - ai) A (1 — a 2 ). 

/(xi,x 2 )=0 1 < i < 2 


Thus we have 


T(X) = 


a 1 A a 2 , 

(1 - ai) V a 2 , 
ai V (1 - a 2 ), 

(1 - ai) A (1 - a 2 ), 


if ai > 0.5 and a 2 > 0.5 
if ai > 0.5 and a 2 < 0.5 
if ai < 0.5 and a 2 > 0.5 
if ai < 0.5 and a 2 < 0.5. 


(8.35) 


Example 8.14: Let £1 and £ 2 be independent uncertain propositions with 
truth values ai and a 2 , respectively. Then 

X = “£1 or (2 and not both” (8.36) 

is an uncertain formula whose truth function is 

/(1,1) = 0, /(1,0) = 1, /(0,1) = 1, /(0,0) = 0. 

Then we have 

sup min Vi(xj) = max{ai A (1 — a 2 ), (1 — ai) A a 2 }, 

/(xi,x 2 )=l 1 < i < 2 

sup min Vi{xi) = max{ai A a 2 , (1 — ai) A (1 — a 2 )}. 

fix 

When ai > 0.5 and a 2 > 0.5, we have 

sup min z/j(x») = (1 — ai) V (1 — a 2 ) < 0.5. 

fix i,x 2 ) = l 1 < i < 2 
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It follows from the truth value theorem that 


T(X) = sup min Vi(xi) = (1 — di) V (1 — < 22 ). 

f(x 1 ,x 2 )=l 1 < i < 2 


When ai > 0.5 and d 2 < 0.5, we have 


sup min Vi(xi) = di A (1 — 02 ) > 0.5. 

f(xi,x 2 )=l 


It follows from the truth value theorem that 


T(X) = 1 — sup min ^(x*) = 1 — (1 — di) V 02 = a\ A (1 — < 12 ). 

fix i , a : 2 )=0 !<*< 2 


When ai < 0.5 and d 2 > 0.5, we have 


sup min iy(xi) = (1 — di) A d 2 > 0.5. 

f(xi,x 2 )=l x ^ 2 


It follows from the truth value theorem that 


T(X) = 1 — sup min Vi(xi) = 1 — «i V (1 — d 2 ) = (1 — di) A d 2 - 

f(xi,x 2 )=0 !<*< 2 


When di < 0.5 and d 2 < 0.5, we have 


sup min uAxi) = di V d 2 < 0.5. 
/(*!,*>) = l 1 ^ 2 


It follows from the truth value theorem that 


T(X) = sup min r'i(xi) = di V d2- 

f(x i,x 2 )=l 1 < i < 2 

Thus we have 

if di > 0.5 and d 2 > 0.5 
if di > 0.5 and d 2 < 0.5 
if di < 0.5 and d 2 > 0.5 
if di < 0.5 and d 2 < 0.5. 


T(X) = 


(1 - di) V (1 - u 2 ), 
di A (1 - d 2 ), 

(1 - di) A d 2 , 
di V d 2 , 


Exercise 8.1: Let £,??, T be independent uncertain propositions with truth 
values d, b, c, respectively. What is T(£ V 77 —> r)? 

Exercise 8.2: Let £,??, T be independent uncertain propositions with truth 
values d, b, c, respectively. What is T (£ —» ?? A r)? 
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8.7 Truth Value Solver 


Truth Value Solver is a software for computing the truth values of uncertain 
formula based on the truth value theorem. This software may be downloaded 
from http://orsc.edu.cn/liu/resources.htm. Now let us perform it via some 
numerical examples. 

Example 8.15: Assume that £i,£ 2 ,£ 3 )£ 4,£5 are independent uncertain 
propositions with truth values 0.1,0.3,0.5,0.7,0.9, respectively. Let 

X = (£1 A £ 2 ) V (£2 A £ 3 ) V (£3 A £ 4 ) V (£4 A £ 5 ). (8.38) 


It is clear that the truth function is 


f(x 1,X2,X 3 ,X4:,X 5 ) 


1, if X\ + x 2 = 2 
1 , if X 2 + X 3 = 2 
< 1 , if X 3 + X 4 = 2 

1 , if X 4 + X 5 = 2 

0 , otherwise. 

7 


A run of the truth value solver shows that the truth value of X is 0.7 in 
uncertain measure. 


Example 8.16: Assume that £ 1 ,£ 2 ,£ 3 ,£ 4,£5 are independent uncertain 
propositions with truth values 0.1,0.3,0.5,0.7,0.9, respectively. Let 

X = “only 4 propositions of £ 1 , £ 2 , £ 3 , £ 4 , £5 are true”. (8.39) 


It is clear that the truth function is 


f{x !,X 2 ,X 3 ,X4,X 5 ) 


1, if x\ + X2 + X3 + X4 + x 5 = 4 
0, if xi + X2 + X3 + X4 + x 5 7 ^ 4. 


A run of the truth value solver shows that the truth value of X is 0.3 in 
uncertain measure. 


Example 8.17: Assume that £ 1 ,£ 2 ,£ 3 ,£ 4,£5 are independent uncertain 
propositions with truth values 0.1,0.3,0.5,0.7,0.9, respectively. Let 

X = “only odd number of propositions of £ 1 , £ 2 , £ 3 , £ 4 , £5 are true”. (8.40) 


It is clear that the truth function is 
f(x 1 ,X2,X 3 ,X4,X 5 ) = 

A run of the truth value solver shows that the truth value is 0.5 in uncertain 


1, if Ii + l2+l3+l4 + l5f {1, 3,5} 
0, if x\ + x 2 + X3 + X4 + x 5 <E {0, 2,4}. 


measure. 





174 


Chapter 8 - Uncertain Logic 


8.8 Uncertain Predicate Logic 

Uncertain predicate logic, proposed by Zhang and Peng [227] , is a general¬ 
ization of classical predicate logic for dealing with uncertain knowledge via 
uncertainty theory. 

Consider the following propositions: “Beijing is a big city”, and “Tianjin 
is a big city”. Uncertain propositional logic treats them as unrelated propo¬ 
sitions. However, uncertain predicate logic represents them by a predicate 
proposition f(a). If a represents Beijing, then 

£(a) = “Beijing is a big city”. (8-41) 

If a represents Tianjin, then 

£(a) = “Tianjin is a big city”. (8.42) 

Definition 8.5 (Zhang and Peng \227/ ). Uncertain predicate proposition is 
a sequence of uncertain propositions indexed by one or more parameters. 

That is, if we use £(a) to express an uncertain predicate proposition where the 
parameter a is called a variable, then for each fixed a *, we obtain an uncertain 
proposition £(«*) in the sense of uncertain propositional logic. In other words, 
an uncertain predicate proposition may be regarded as a function on a £ A 
that takes values of uncertain propositions in the sense of Definition 18.11 

In order to deal with uncertain predicate propositions, we need a universal 
quantifier V and an existential quantifier 3. If f(a) is a predicate proposition 


defined by (18.4111 and (18.421) . then 

(Va)£(a) = “Both Beijing and Tianjin are big cities”, (8.43) 

(3a) f (a) = “At least one of Beijing and Tianjin is a big city”. (8.44) 

Note that (Va)£(a) and (3a)->£(a) are essentially uncertain propositions 
in the sense of uncertain propositional logic. In addition, it is easy to verify 
that 

“ii(Va)£(a) = (3a)-i£(a). (8.45) 

Thus we have 

T((Va){(a) V (3oK(a)) = 1, (8.46) 

T((Va)f(a) A (3aK(a)) = 0, (8.47) 

T((Va)£(a)) + T((3aK(a)) = 1. (8.48) 


Theorem 8.14 (Zhang and Peng 1227/ ). Let f(a) be an uncertain predi¬ 
cate proposition such that {£(a)|a G A} is a class of independent uncertain 
propositions. Then we have 

T((Va)£(a)) = inf T(£(a)), 

agA 

r((3a)£(a)) = supr(£(a)). 

agA 


(8.49) 

(8.50) 
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Proof: For each uncertain predicate proposition £(a), by the meaning of 
universal quantifier, we obtain 


T((Va)£(a)) = M{(Va)£(a) = 1} = M l (£(a) = 1) 

IqGA 

Since {£(a)|a £ A} is a class of independent uncertain propositions, we get 
T((Vo)£(o)) = inf:M{e(a) = 1} = inf: T(£(a)). 

aEA 

The first equation is verified. Similarly, by the meaning of existential quan¬ 
tifier, we obtain 


T((3a)£(a)) = M{(3a)£(a) = 1} = M < (J (£(a) = 1) \ . 

UeA J 

Since {£(a)|a £ A} is a class of independent uncertain propositions, we get 
T((3a)£(a)) = supM{£(a) = 1} = sup T(£(a)). 

aeA aeA 

The second equation is proved. 

Theorem 8.15 (Zhang and Peng \227( ). Let £,(a,b) be an uncertain pred¬ 
icate proposition such that {£(a, b)\a £ A, b £ B} is a class of independent 
uncertain propositions. Then we have 


T((Va)(3b)£(a,6)) = inf sup T(f(a,b)), 

aeA beB 

(8.51) 

T((3a)(V6)£(a, b)) = sup inf T(£(a, &)). 

aeAbeB 

(8.52) 


Proof: Since {£(a, 6)|a £ A, b £ B} is a class of independent uncertain 
propositions, both {(36)£(a, b)\a £ A} and {(V6)£(a, b)\a £ A} are two classes 
of independent uncertain propositions. It follows from Theorem 18. 141 that 

T((Va)(3&)£(a,6)) = inf T((3&)£(a, b)) = inf: sup T(f(a, b)), 

aeA 

T((3a)(V&)£(a,6)) = supT((V6)£(a,6)) = sup inf T(£(a, ft)). 

aeA aeA b eB 


The theorem is proved. 





Chapter 9 

Uncertain Entailment 


Uncertain entailment, developed by Liu in 2009, is a methodology for 
calculating the truth value of an uncertain formula via the maximum uncer¬ 
tainty principle when the truth values of other uncertain formulas are given. 
In order to solve this problem, this chapter will introduce an entailment 
model. As applications of uncertain entailment, this chapter will also discuss 
modus ponens, modus tollens, and hypothetical syllogism. 

9.1 Entailment Model 

Assume £i,£ 2 > - '' , are independent uncertain propositions with unknown 
truth values a \, <22, • • • , a n , respectively. Also assume that Xi , X2 , ■ • • , X m 
are uncertain formulas containing ^ 1 ,^ 2 , • • • , with known truth values ft, 
ft, • • • , /3 m , respectively. Now let X be an additional uncertain formula con¬ 
taining £ 1 , £ 2 , ■ ■ • , ft- What is the truth value of X ? 

This is just the uncertain entailment problem. In order to solve it, let us 
consider what values cni, 0 : 2 , • ■ ■ ,a„ may take. The first constraint is 


(9.1) 


0 < ckj < 1, j = 1,2, • • • , n. 


We also hope 


T(Xi) = ft, i= 1,2,- ■■ ,m 


(9.2) 


where each T(Aj) (1 < * < to) is determined by the truth function /,; as 
follows, 


fi(x l,I 2 ,-, I n)=l 1 ^'^ 


sup min Uj(xj), 


T(Xi) = 


if sup min vj(xj) < 0.5 

h{x i,* 8r .,*d = ll<3<» 


(9.3) 


1 — sup min Vj{xj), 


fi(x i,i 2 ,- 1 %)=o 1 - J - n 


if sup min vj(xj) > 0.5 


and 



(9.4) 


for j = 1,2, • • • ,n. 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 177-186. 


springerlink.com 
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Based on the truth values oi, a 2 , • • • , a n and truth function /, the truth 
value of X is 

sup min vj{xj), 

f{x 1,X2,-,X„)=1 1 <J<« 

if sup min Vj(xj) < 0.5 

1 / ^ ( 9 - 5 ) 

1 — sup mm Uj[Xj), 

f(x 1,X 2 , - ,x n )=o 1 ^i^ n 

if sup min Vj{xj) > 0.5. 

f(xi,X2,-~ ,X n ) = l !—J — 71 

Since the truth values 01 , 02 , • • • , a n are not uniquely determined, the truth 
value T(X) is not unique too. For this case, we have to use the maximum 
uncertainty principle to determine the truth value T(X). That is, T(X ) 
should be assigned the value as close to 0.5 as possible. In other words, 
we should minimize the value | T(X) — 0.51 via choosing appreciate values of 
01 1 , « 2 , ■ • • , o n . 

Entailment Model (Liu [124] '). Let £i,£ 2 , • • • , £ n be independent uncertain 
propositions with unknown truth values 01 , 02 ,- •• ,o n , respectively. Assume 
Xi, X 2 , • • • , X m are uncertain formulas containing £ 1 , £ 2 ,••• , £n with known 
truth values (3\, (32 ,-■■ ,/3m, respectively. Then the truth value T{X) of an 
additional uncertain formula X containing ^ 1 ,^ 2 , ■ ■ ■ , solves 


T(X ) = < 


{ min |T(X) — 0.51 
subject to: 

T(Y , R - 19 ( 9 - 6 ) 

TyXi) — l — I? 2, • , Ul 

0 < Oj < 1, j = 1,2, • • • ,71 

where T(Xf), T(X 2 ), • ■ ■ ,T(X m ),T(X) are functions of 01 , 02 , •• • , a n via 
( QOp and / Iff. ,51) . 

If the entailment model (19.61) has no feasible solution, then the truth values 
/3 1 , /? 2 , ■ ■ • 7 (3m are inconsistent with each other. For this case, we cannot 
entail anything on the uncertain formula X. 

If the entailment model (EH) has an optimal solution 
then the truth value of X is just (EH with 


v j( x i) = 


a *, if xj = 1 

1 — o*, if Xj = 0 


(9.7) 


for j = 1,2, • • • , n. 

Example 9.1: Let £1 and £2 be independent uncertain propositions with 
unknown truth values oi and 02 , respectively. It is known that 


^(£1 V £2) = /?i, T(fi A £2) = #2- 


(9.8) 
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What is the truth value of £1 
write 

X\ = (iV £2, X 2 = Ci A £2, x = £1 

Then we have 

T(X 1 ) = oi V 02 = 0i, 
T(X 2 ) = Ol A 02 = 02, 

T(X) = (1 - or) V o 2 . 

For this case, the entailment model (19.61) becomes 

min |(1 — oi) V 02 — 0.51 
subject to: 

oi V o 2 = 01 
Oi A 02 = 02 

0 < 01 < 1 
0 < 02 < 1 . 


£2? In order to answer this question, we 
£2- 


(9.9) 


When 0i > 02, there are only two feasible solutions ( 01 , 02 ) = (0i,02) and 
( 01 , 02 ) = ( 02, 0i). If 0i + 02 < 1, the optimal solution produces 

T(X) = (1 - o*) V a* 2 = 1 - 0i] 

if 0i + 02 = 1, the optimal solution produces 

T{X) = (1 - o l) \/a* 2 =0i or 0 2 ] 

if 0i + 02 > 1, the optimal solution produces 

T{X) = (1 - 0 * 1 ) V o^ = 0 2 . 

When 0i < 0 2 , there is no feasible solution and the truth values are ill- 
assigned. As a summary, we have 


n£i - 6) = 


l- 0 i, if 0 i > 02 and 0 i + 02 < 1 

0 i or 02, if 0 i > 02 and 0 \ + 02 = 1 

02, if 0 i > 02 and 0 \ + 02 > 1 

illness, if 0 i < 0 2 - 


(9.10) 


Example 9.2: Let £i,£ 2,£3 be independent uncertain propositions with 
unknown truth values 01,02,03, respectively. It is known that 

^(£i -> £ 2 ) = 01, T(£ 2 -> £ 3 ) = 02- (9.11) 

What is the truth value of £2? In order to answer this question, we write 

Xi = £1 —> £2, X 2 = £2 —> £3, X = £ 2 - 
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Then we have 

T(X 1 ) = (l-a 1 )Va 2 = (3i, 
T(X 2 ) = (1 - a 2 ) V «3 = 0 2 , 
T{X ) = a 2 . 

For this case, the entailment model (19.61) becomes 

min \a 2 — 0.51 
subject to: 

(1 - ai ) V a 2 = 0i 
(1 - a 2 ) V a 3 = ft 

0 < ai < 1 
0 < a 2 < 1 
0 < a 3 < 1. 


T(6) = 


(9.12) 


1 a 2 ! ®3 

) produces 



0 1) 

if 0i + 0 2 

> 1 and 

0i < 0.5 

1 — 02, 

if 0i + 0 2 

> 1 and 

0 2 < 0.5 

0.5, 

if 0i > 0.1 

> and 0 2 

> 0.5 

illness, 

if 0i + 0 2 

< 1. 



(9.13) 


Example 9.3: Let £i ,£ 2 ,£3 be independent uncertain propositions with 
unknown truth values ai,a 2 ,a! 3 , respectively. It is known that 

r(£i-&)=/?!, T(a->6)=/?2. (9.14) 

What is the truth value of (1 ^ (2 A £ 3 ? In order to answer this question, 
we write 

X\ = Ci —*■ £ 2 , X 2 = £1 —> £ 3 , X = £1 — > £ 2 A £ 3 . 

Then we have 

T(X\) = (1 - a\) Vo 2 = 0i, 

T(X 2 ) = (1 — ai) V 03 = 0 2 , 

T(X) = (1 — a{) V (a 2 A a 3 ). 

For this case, the entailment model (E3 becomes 

min |(1 — cci) V (a 2 A 03 ) — 0.51 
subject to: 

(1 - ai) V a 2 = Pi 

< (1 - ai) V a 3 = #2 (9.15) 

0 < ai < 1 

0 < a 2 < 1 

0 < a 3 < 1 . 

The optimal solution (al,a 2 ,a^) produces T(£ 1 -»( 2 A £ 3 ) = 0i A /3 2 . 
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Example 9.4: Let £i,£ 2,£3 be independent uncertain propositions with 
unknown truth values or, < 22 5 03 , respectively. It is known that 

r(£i - £2) = ft, T(Z i-£ 3 )=ft. ( 9 . 16 ) 

What is the truth value of (1 -» (2 V £3? In order to answer this question, 
we write 

Xi = £1 —> £2, X 2 = Ci —> £3, = £1 —> £2 V £3. 

Then we have 

r(-Xi) = (1 — a\) Va 2 = ft, 

T(X 2 ) = (1 — ai) V <23 = @2, 

T{X ) = (1 — < 2 i) V 0.2 V < 23 . 

For this case, the entailment model (19.61) becomes 

min |(1 — ai) V 0:2 V 03 — 0.51 
subject to: 

(1 - ai) V <22 = ft 

< (1 — or) V <23 = ( 3 2 ( 9 - 17 ) 

0 < (2i < 1 

0 < a 2 < 1 
0 < <23 < 1. 

The optimal solution (aft ot\,u 3 ) produces T(£ 1 —> £2 V £ 3 ) = ft V / 32 - 

Example 9.5: Let £i,£ 2,£3 be independent uncertain propositions with 
unknown truth values < 21 , < 22503 , respectively. It is known that 

T(£i - £3) = ft, r(£ 2 - £3) = / 3 2 - ( 9 . 18 ) 

What is the truth value of £1 V £2 —► £ 3 ? In order to answer this question, 
we write 

X\ = £1 —> £3, = £2 —► £3, X = £1 V £2 —> £3- 

Then we have 

T(Jft) = (l-ar) Va 3 = ft, 

T{X 2 ) = (1 — <22) v a 3 = /?2, 

T(X ) = (1 — ai V 0:2) V 03 . 
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For this case, the entailment model (EH) becomes 

min |(1 — ol\ V o 2 ) V 03 — 0.51 
subject to: 

(1 - ai) V a 3 = Pi 

< (1 — o 2 ) V a 3 = /3 2 (9.19) 

0 < ai < 1 

0 < a 2 < 1 
0 < a 3 < 1. 

The optimal solution (of, a^, Og) produces T(£ 1 V £2 —> £ 3 ) = di A / 32 - 

Example 9.6: Let £i ,£ 2 ,£3 be independent uncertain propositions with 
unknown truth values 01 , 02 , 03 , respectively. It is known that 

T(£ 1 ->&)=/?!, r(&- 6 ) = /3 2 . (9.20) 

What is the truth value of £1 A £ 2 —> £ 3 ? I n order to answer this question, 
we write 

X\ = £1 —> £ 3 , X 2 = £2 —> £ 3 , A" = £1 A £2 -> £ 3 . 

Then we have 

T(X 1 ) = (l-o 1 )Va 3 = /3 1 , 

T(X 2 ) = (1 — o 2 ) V o 3 = /3 2 , 

T(X ) = (1 — oi A o 2 ) V o 3 . 

For this case, the entailment model (19.61) becomes 

min |(1 -oiA o 2 ) V 03 — 0.51 
subject to: 

(1 - oi) V o 3 = /3i 

< (1 — o 2 ) V o 3 = @2 (9-21) 

0 < oi < 1 

0 < o 2 < 1 
0 < o 3 < 1. 

The optimal solution (of, o|, 03 ) produces T(£ 1 A £ 2 —>■ £ 3 ) = /?i V /3 2 . 

9.2 Modus Ponens 

Classical modus ponens tells us that if both £ and £ —> 77 are true, then 77 is 
true. This section provides a version of modus ponens in the framework of 
uncertain logic. 
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Theorem 9.1 (Liu \12$ , Modus Ponens). Let £ and 77 be independent un¬ 
certain propositions. Suppose £ and £ —► 77 are two uncertain formulas with 
truth values ( 3 \ and p 2 , respectively. Then the truth value of 77 is 


( P2, if Pi + P 2 > 1 

T(v) = \ 0.5 A /3 2 , ifP\+P 2 = l 
y illness, if pi + p 2 < 1 . 


02 



(9.22) 


Proof: Denote the truth values of £ and 77 by or and 02 , respectively, and 
write 

Xi = S, x 2 = f-> n, x = v . 

It is clear that 

T{Xi) = ai=pi, 

T{X 2 ) = (1 — oi) Va 2 = P2, 

T{X) = a 2 . 

For this case, the entailment model (ED becomes 


min |o 2 ^ 0.5 1 
subject to: 
ai = Pi 

(1 — ai) V q .2 = P2 
0 < cn < 1 
0 < a 2 < 1. 


(9.23) 


When Pi + p 2 > 1, there is only one feasible solution and then the optimal 
solution is 

at=pi, a * 2 = p 2 . 
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Thus T{rf) = 0 . 2 = 02- When 0x + 02 = 1, the feasible set is {0x} x [0,/? 2 ] 
and the optimal solution is 

ay = 0i, a 2 = 0.5 A /3 2 . 

Thus T(j]) = a 2 = 0.5 A 0 2 - When 0x + /? 2 < 1, there is no feasible solution 
and the truth values are ill-assigned. The theorem is proved. 

Remark 9.1: Different from the classical logic, the uncertain propositions 
£ and 77 in £ —> r\ are statements with some truth values rather than pure 
statements. Thus the truth value of £ —> 77 is understood as 

r(e-<?) = (l-T(e))VT(u). (9.24) 

Remark 9.2: Note that T(r\) in (19.221) does not necessarily represent the 
objective truth degree of 77 . For example, if T(£) is small, then T(jf) is the 
truth value that 77 might (not must) be true. 

9.3 Modus Tollens 

Classical modus tollens tells us that if ^ 77 is true and rj is false, then £ is 

false. This section provides a version of modus tollens in the framework of 
uncertain logic. 

Theorem 9.2 (Liu \124j , Modus Tollens). Let £ and 77 be independent un¬ 
certain propositions. Suppose £ —► 77 and 77 are two uncertain formulas with 
truth values 0x and /3 2 , respectively. Then the truth value of £ is 

r 1—/?i, if 81 > fh 

T(£) = l (1 - Pi) V 0.5, if fh = fo (9.25) 

[ illness, if fix < fii- 

Proof: Denote the truth values of £ and 77 by a\ and a 2 , respectively, and 
write 

*! = £-> 77, X2 = 77, X = £. 

It is clear that 

T(X\) = (1 — ax) Va 2 = f3\, 

T(X 2 ) = a 2 =P 2 , 

T{X) = ax. 

For this case, the entailment model (ESI becomes 

minjai— 0.5| 
subject to: 

(1 - ax) V a 2 = Px 
02 = P 2 
0 < ax < 1 
0 < 02 < 1 . 




(9.26) 
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Figure 9.2: Modus Tollens 


When ft > ft, there is only one feasible solution and then the optimal 
solution is 


aj = l-ft, a* 2 =p 2 . 

Thus T(£) = o* = 1 — Pi. When ft = ft, the feasible set is [1 — /3i, 1] x {/? 2 } 


and the optimal solution is 


a* = (1 - ft) v 0.5, a* 2 = ft. 

Thus T(£) = a* = (1 — ft) V 0.5. When ft < ft, there is no feasible solution 


and the truth values are ill-assigned. The theorem is proved. 

9.4 Hypothetical Syllogism 

Classical hypothetical syllogism tells us that if both £ —> 77 and 77 —> r are 
true, then £ —> r is true. This section provides a version of hypothetical 
syllogism in the framework of uncertain logic. 

Theorem 9.3 (Liu \12 Hypothetical Syllogism). Let^,r/,T be independent 
uncertain propositions. Suppose £ —► 77 and 77 —> r are two uncertain formulas 
with truth values ft and ft, respectively. Then the truth value of £ —> r is 



ft A ft, i/ft Aft >0.5 

0.5, if Pi +ft > 1 and ft A ft < 0.5 (9.27) 

illness, i/ft + ft < 1. 


Proof: Denote the truth values of £, 77 , r by 01 , 02 , 03 , respectively, and 
write 


Xi = €->V> X 2 = r] -> t, X = £ > t. 
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02 



It is clear that 

T(Xi) = (1 — ai) Va 2 = 0i, 

T(X 2 ) = (1 — a 2 ) Vfl 3 = @2, 

T(X) = (1 - ai ) V a 3 . 

For this case, the entailment model (EH becomes 

min |(1 — a ±) V a 3 — 0.51 
subject to: 

(1 - ai) V a 2 = 0i 

< (1 — 0 : 2 ) Va 3 = / 3 2 (9.28) 

0 < ai < 1 

0 < a 2 < 1 
0 < a 3 < 1. 

When (3\ A /3 2 > 0.5, we have 

T{£ —> t) = (1 — a*) V «3 = /?! A 02- 
When /3i + /3 2 > 1 and /3i A /3 2 < 0.5, we have 

T(£ —> t) = (1 — al) V a 3 = 0.5. 

When Pi + P 2 < 1, there is no feasible solution and the truth values are 
ill-assigned. The theorem is proved. 

9.5 Automatic Entailment Machine 

Automatic Entailment Machine is a software for solving the entailment model. 
This software may be downloaded from http://orsc.edu.cn/liu/resources.htm 











Chapter 10 

Uncertain Set Theory 


Uncertain set theory was proposed by Liu [125] in 2010 as a generalization 
of uncertainty theory to the domain of uncertain sets. This chapter will 
introduce the concepts of uncertain set, membership degree, membership 
function, uncertainty distribution, independence, operational law, expected 
value, critical values, Hausdorff distance, and conditional uncertain set. 

10.1 Uncertain Set 

Roughly speaking, an uncertain set is a set-valued function on an uncertainty 
space. Thus uncertain set is neither a random set nor a fuzzy set. A formal 
definition is given as follows. 

Definition 10.1 (Liu \125f ). An uncertain set is a measurable function f 
from an uncertainty space (r,C,M) to a collection of sets of real numbers, 
i.e., for any Borel set B of real numbers, the set 


u C B} = {7 € r I £( 7 ) c B} 


( 10 . 1 ) 


is an event. 

Example 10.1: Take an uncertainty space (r,£,M) to be { 71 , 72 , 73 } with 
power set L. Then the set-valued function 



[1.3] , if 7 = 71 

[2.4] , if 7 = 72 

[3.5] , if 7 = 73 


( 10 . 2 ) 


is an uncertain set on (r,£,M). 

Example 10.2: Take an uncertainty space (r,L,M) to be 3? with Borel 
algebra L. Then the set-valued function 


£(7) = [7,7 + 1], V7 e r 


(10.3) 


is an uncertain set on (r,£,M). 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 187-213. 
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Example 10.3: Take an uncertain space (T, L, M) to be [0, +oo) with Borel 
algebra L . Then the set-valued function 


C(7) = 


1 1 
1 + 7 2 ’ 1 + 7 2 _ 


V7 £ T 


(10.4) 


is an uncertain set on (T,U,M). 

Example 10.4: Any uncertain variable in the sense of Definition 11.51 is a 
special uncertain set in the sense of Definition 110.11 


Theorem 10.1. Let £ be an uncertain set and let B be a Borel set of real 
numbers. Then 

{£ £ B} = {7 £ T | £( 7 ) t B} (10.5) 

is an event. 


Proof: Since £ is an uncertain set and B is a Borel set, the set {£ C B} is an 
event. Thus {£ (jL B} is an event by using the relation {£ jL B} = {£ C B} c . 

Theorem 10.2. Let £ be an uncertain set and let B be a Borel set. Then 

{£ n b = 0 } = {7 e r | £(7) n b = 0 } (10.6) 


is an event. 

Proof: Since £ is an uncertain set and B is a Borel set, the set {£ C B c } is 
an event. Thus {£ f! B = 0} is an event by using the relation {£flB = 0} = 

Ken 

Theorem 10.3. Let £ be an uncertain set and let B be a Borel set. Then 
{£ D B / 0} = {7 £ T | £( 7 ) 05^0} (10.7) 

is an event. 

Proof: Since £ is an uncertain set and B is a Borel set, the set {£ fl B = 0} 
is an event. Thus {£ ft B 7 ^ 0} is an event by using the relation {(DB / 

0} = {£nB = 0} c . 


Theorem 10.4. Let £ be an uncertain set and let a be a real number. Then 


{a £ £} = {7 £ T | a £ £(7)} (10.8) 


is an event. 

Proof: Since £ is an uncertain set and a is a real number, the set {£ (jL {a} c } 
is an event. Thus {a £ £} is an event by using the relation {a££} = {£^ 

w c }- 
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Theorem 10 . 5 . Let f be an uncertain set and let a be a real number. Then 
{a £ £} = {7 G T | a £(7)} (10-9) 

is an event. 

Proof: Since £ is an uncertain set and a is a real number, the set {a G £} is 
an event. Thus {a £ £} is an event by using the relation {« ^ (} = {a e £} c . 

Definition 10 . 2 . Let f and 77 be two uncertain sets on the uncertainty space 
(r,U,M). Then the complement £ c of uncertain set £ is 

f(7) = £(7) c , v 7 g r. (10.10) 

The union £ U 77 of uncertain sets f and 77 is 

(£ U 7 ?)( 7 ) = £( 7 ) U 77 ( 7 ), V 7 GT. (10.11) 

The intersection £ fl 77 of uncertain sets f and rj is 

(£n 7 ?)( 7 ) = £( 7 ) n 7 ?( 7 ), v 7 g r. (10.12) 

Theorem 10.6 (Law of Excluded Middle). Let f be an uncertain set and let 
be its complement. Then 

£U £ c = Jft. (10.13) 

Proof: For each 7 G T, it follows from the definition of £ and £ c that the 
union is 

(£ U f )( 7 ) = £( 7 ) u r(7) = ^(7) u e(7) c = 

Thus we have £ U £ c = 3?. 

Theorem 10.7 (Law of Contradiction). Let ( be an uncertain set and let 
£ c be its complement. Then 

£n£ c = 0. (10.14) 

Proof: For each 7 G T, it follows from the definition of ( and £ c that the 
intersection is 


(£ n f )( 7 ) = £( 7 ) n f ( 7 ) = n £( 7 )° = 0- 

Thus we have £ n £ c = 0. 

Theorem 10.8 (Double-Negation Law). Let ( be an uncertain set. Then we 
have 

rr = t (10.15) 

Proof: For each 7 G T, it follows from the definition of complement that 


(rr(7) = (f(7)r = (£(7)y = £(7). 


Thus we have (£ c ) c = £. 
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Theorem 10.9 (De Morgan’s Law). Let f and 77 be uncertain sets. Then 

(£u ij) c = fni) c , (£ n r?) c = f c u if. (10.16) 

Proof: For each 7 G T, it follows from the definition of complement that 
(£ u ?7) c (7) = ((^(7) u 77(7))° = £(7 ) c n 77(7)° = (£ c n 77^(7). 

Thus we have (£ U 77)° = £ c (~l 77°. In addition, since 

(£ n ?7) c (7) = ((£(7) n 77(7))° = £(7)° U 77(7)° = (£ c u r? c )(7), 
we get (£ fl ?7) c = £ c U rf. 

Definition 10 . 3 . Let £ 1 ,• • ■ , &e uncertain sets on the uncertainty space 


(r,U,3V[), and / a measurable function. Then £ = /(/>£n) is an 
uncertain set defined by 

{(7) = f(&( 7 ),{ 2 ( 7 ),---,U 7 )), v 7 er. (10.17) 

Example 10.5: Let £ and 77 be two uncertain sets on the uncertainty space 
(r,C,M). Then 

(£ + 7)(7) = £(7) + 77(7), V7GT, (10.18) 

U - v){7) = ((7) - 77(7), V7GT, (10.19) 

(£ x XKt) = £(7) x 77(7), V7 G T, (10.20) 

(£ 'F ? 7)(7) = £(7) *7(7)1 V7GT. (10.21) 


Definition 10.4. Let £ and 77 6e two uncertain sets. We say f is included 
in 77 (i.e., f C g) if £(7) C 77(7) for almost all 7 G T in i/ie sense of classical 
set theory. 

Definition 10.5. Let / and 77 6e two uncertain sets. We say f is equal to 77 
(i.e., £ = ij) if £(7) = 77(7) /or almost all 7 G T in t/ie sense of classical set 
theory. 

Definition 10.6. An uncertain set / is said to be nonempty if £(7) 7^ 0 /or 
almost all 7 G T in tde sense 0/ classical set theory. 

10.2 Membership Degree 

Let £ and 77 be two nonempty uncertain sets. What is the degree that 77 is 
included in /? In other words, what is the degree that 77 is a subset of /? 
Unfortunately, this problem is not as simple as you think. In order to discuss 
this issue, we introduce some symbols. At first, the set 
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{•q C £} = {7 G T | 77(7) C £(7)} ( 10 . 22 ) 

is an event that q is strongly included in £; and the set 

{q <£. £ c } = {7 e r 1 77(7) (jL £(7)°} = {7 e r 1 77(7) n £(7) ^ 0 } (10.23) 

is an event that 77 is weakly included in £. It is easy to verify that 

{77 C £} C {77 £ £ c }. ( 10 - 24 ) 

That is, “strong inclusion” is a subset of “weak inclusion”. 

Definition 10 . 7 . Let £ and q be two nonempty uncertain sets. Then the 
strong membership degree of q to £ is defined as the uncertain measure that 
77 is strongly included in £, i.e., JA{q C £}. 

Definition 10 . 8 . Let £ and q be two nonempty uncertain sets. Then the 
weak membership degree of q to £ is defined as the uncertain measure that q 
is weakly included in £, i.e., M{77 jL £ c }. 

What is the appropriate event that q is included in £? Intuitively, it is too 
conservative if we take the strong inclusion {77 C £}, and it is too adventurous 
if we take the weak inclusion {77 ^ £ c }. Thus we have to introduce a new 
symbol [> to represent this inclusion relationship called imaginary inclusion. 
That is, 77 > £ represents the event that 77 is imaginarily included in £. 



Figure 10.1: Strong Inclusion, Weak Inclusion and Imaginary Inclusion 

How do we determine M{t 7 > £}? It is too conservative if we take the 
strong membership degree 3V1{t7 C £}, and it is too adventurous if we take 
the weak membership degree M{t7 (jL £ c }. In fact, it is reasonable to take the 
middle value between M{77 C £} and M {?7 (jL £ c }. 

Definition 10.9 (Liu \125j ). Let £ and q be two nonempty uncertain sets. 
Then the membership degree of q to £ is defined as the average of strong and 
weak membership degrees, i.e., 

M{ 7 7 > £} = i (M {77 C £} + M{ 77 1 £ c }). ( 10 . 25 ) 

The membership degree is understood as the uncertain measure that q is imag¬ 
inarily included in £. 
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For any uncertain sets £ and 77 , the membership degree M{? 7 >£} reflects the 
truth degree that 77 is a subset of £. If M{? 7 [> £} = 1, then 77 is completely 
included in £. If M{t 7 > £} = 0, then 77 and £ have no intersection at all. It 
is always true that 


M{?7 C £} < M{t7 > £} < M{?7 <£_ £ c }. (10.26) 

In addition, the membership degree is asymmetrical, i.e., generally speaking, 

M{77>£} ^M{£>7?}. (10.27) 

Furthermore, any uncertain set is included in itself completely, i.e., 

M{£ > £} = 1. (10.28) 

Theorem 10.10. Let £ be a nonempty uncertain set, and let A be a Borel 
set of real numbers. Then 

M{£ t> T} + M{£ > A c } = 1. (10.29) 

Proof: Since A is a special uncertain set, it follows from Definition IIP. 91 that 

M{£ > T} = I (M{£ C A} + M{£ £ T c }), 

M{£ > A c } = i (M{£ c A c } + M{£ <£. A}). 

By using the self-duality of uncertain measure, we get 
3V1{£ > A} + M{£ > A c } 

= \ (M{£ c A} + M{£ t A c }) + i (M{£ c + M{£ £ A}) 

= \ (M{£ C A} + M{£ £ A}) + 1 (M{£ c A c } + M{£ £ A c }) 



The theorem is verified. 

10.3 Membership Function 

This section will introduce a concept of membership function for a special 
type of uncertain set that takes values in a nested class of sets. Keep in mind 
that only some special uncertain sets have their own membership functions. 

Definition 10.10. A real-valued function p is called a membership function 

if 


0 < p(x) <1, 1 6 S. 


(10.30) 
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Figure 10.2: The a-Cut fi a of Membership Function p,{x) 

The link between membership function and uncertain set will be discussed 
later. 

Definition 10 . 11 . Let p, be a membership function 
a £ [0,1], the set 

p a = {a: £ 5ft | p(x) > a} 

is called the a-cut of p. 

Theorem 10 . 11 . The a-cut p a is a monotone decreasing set with respect 
to a. That is, for any real numbers a and (3 in [0,1] with a > (3, we have 
Ha C HP- 

Proof: For any x £ p a , we have p(x) > a. Since a > j 3 , we have p{x) > (3 
and x £ HP- Hence p a C up. 

Definition 10 . 12 . Let p be a membership function. Then for any number 
a £ [0,1], the set 

W a = {up | f3 < a } (10.32) 

is called the a-class of p. Especially, the 1-class is called the total class of p. 

Note that each element in W a is a /3-cut of p where (3 is a number less than 
or equal to a. In addition, fip 1 and fip 2 are regarded as distinct elements in 
W a whenever /3± ^ f3%. Each a-class (including total class) forms a family of 
nested sets. In the sense that the universe is assumed to be the total class, 
the complement Wf is the class of /3-cuts with (3 > a, i.e., 

w° = {hp | /3 > a} . (10.33) 

Thus W a U Wf is just the total class. 

Now it is ready to assign a membership function to an uncertain set. 
Roughly speaking, an uncertain set f is said to have a membership function /i 
if f takes values in the total class of p. and contains each a-cut with uncertain 
measure a. Precisely, we have the following definition. 


Then for any number 
(10.31) 
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Definition 10.13 (Liu 'll 25) ). An uncertain set ( is said to have a mem¬ 
bership function p if the range of £ is just the total class of p, and 

M{£ G W a } = a, Va G [0,1] (10.34) 

where W a is the a-class of p. 

Since Wf is the complement of W a , it follows from the self-duality of uncer¬ 
tain measure that 


M{£ G Wff} = 1 — a, Va G [0,1]. (10.35) 

In addition, it is easy to verify that {£ ^ W a } = {£ G Wfj}. Hence 

W a } = 1 - a, Va G [0,1]. (10.36) 

If you think that Definition 110.131 is hard-to-understand, you may accept 
the following representation theorem. 

Theorem 10.12 ((Liu !T25) ), Representation Theorem). Let ( be an uncer¬ 
tain set with membership function p. Then f may be represented by 

(= U (10-37) 

0<a<l 

where p a is the a-cut of membership function p. 


Proof: The representation theorem is essentially nothing but an alternative 
explanation of membership function. The equation (110.3711 tells us that the 
range of £ is just the total class of p, and M{£ G W a } = a for any a G [0,1]. 

Remark 10.1: What uncertain set does the representation theorem stand 
for? Take an uncertainty space (r,U,M) to be [0, 1] with M{[0,7]} = 7 for 
each 7 G [0, 1]. Then the set-valued function 

£(7) = (10-38) 

on the uncertainty space (r,U,M) is just the uncertain set. 

Remark 10.2: It is not true that any uncertain set has its own membership 
function. For example, the uncertain set 


£ = 


[1.2] with uncertain measure 0.5 

[2.3] with uncertain measure 0.5 


has no membership function. 

Remark 10.3: Although an uncertain variable is a special uncertain set, it 
has no membership function. 
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Example 10.6: The set 5ft of real numbers is a special uncertain set £( 7 ) = 5ft. 
Such an uncertain set £ has a membership function 

n(x) = 1, Vx G 5ft. (10.39) 

For this case, the membership function /1 is identical with the characteristic 
function of 5ft. 


Example 10.7: The empty set 0 is a special uncertain set £( 7 ) = 0. Such 
an uncertain set £ has a membership function 

H(x) = 0, \/x € 5ft. (10.40) 


For this case, the membership function p is identical with the characteristic 
function of 0 . 


Example 10.8: Let a be a number in 5ft and let a be a number in (0,1). 
Then the membership function 




a, if x = a 
0 , if x yf a 


(10.41) 


represents the uncertain set 


z = 


{a} with uncertain measure a 
0 with uncertain measure 1 — a 


(10.42) 


that takes values either the singleton {a} or the empty set 0. This means 
that uncertainty exists even when there is a unique element in the universal 
set. 


Example 10.9: By a rectangular uncertain set we mean the uncertain set 
fully determined by the pair (a, b) of crisp numbers with a < 6 , whose mem¬ 
bership function is 

p(x) = 1, a < x < b. 


Example 10.10: By a triangular uncertain set we mean the uncertain set 
fully determined by the triplet (a, b , c) of crisp numbers with a < b < c, 
whose membership function is 

x — a 

- -, if a < x < b 

b — a 

^—^5, if b < x < c. 

0 — c 



Example 10.11: By a trapezoidal uncertain set we mean the uncertain set 
fully determined by the quadruplet (a, b , c, d) of crisp numbers with a < b < 
c < d, whose membership function is 
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H{x) p(x) p(x) 



Figure 10.3: Rectangular, Triangular and Trapezoidal Membership Functions 

if a < x < b 
if b < x < c 
if c < x < d. 


V-(x) = < 


x — a 
b — a' 
1 , 

x — d 
l c — d ' 


Theorem 10.13. Let f be a nonempty uncertain set with membership func¬ 
tion p. Then for any number x € 5ft, we have 

= M{x fL = 1 - p(x), (TO 4 3 1 

M{x ^ £ c } = p{x), Jd{x G £ c } = 1 — p(x). 

Proof: Since p is the membership function of £, we have {;rG£} = {£G W a } 
where a = p{x). Thus 

M{a: G £} = M{£ G W a } = a = p(x). 

In addition, it follows from the self-duality of uncertain measure that 

M{a; fL £} = 1 — M{x G £} = 1 — p{x). 

Finally, it is easy to verify that {a: G £ c } = {x ^ £}. Hence 3VC{a: G £ c } = 
1 — p(x) and M{x’ ^ £ c } = p(x). 

Theorem 10.14. Let £ be a nonempty uncertain set with membership func¬ 
tion p, and let x be a constant. Then 

M{cc > £} = p{x). (10.44) 

Proof: Note that M{x G £} = p{x) and M{x ^ £ c } = p{x). It follows that 

M{a: > £} = i (3V[{a: G £} + 3VC{x fL £ c }) = p{x). 
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Theorem 10.15. Let £ be a nonempty uncertain set with membership func¬ 
tion p. Then for any number a, we have 

JA{p a C = a, M {p a qL £} = 1 — a. (10.45) 

Proof: Since {p a C £} is just the a-class of p, we immediately have JVt{/i Q: C 
£} = a. In addition, by the self-duality of uncertain measure, we obtain 
M{p a (jL = 1 — M{p a C £} = 1 — a. 


Theorem 10.16. Let £ be a nonempty uncertain set with membership func¬ 
tion p, and let A be a set of real numbers. Then 


M{^4 c £} = inf p(x), M{A (jL = 1 — inf p(x), 

x£A x£A 

M {A qL £ c } = sup p(x), 3Vt{A c f c } = 1 — sup p(x). 


(10.46) 


xG A 


xGA 


Proof: Since p is the membership function of we immediately have 
{A C (} = {( £ W a }, with a = inf p(x). 

xG A 

Thus we get 

M{^4 c £} = M{£ £ W a } = a = inf p(x). 

x£A 

Since {A (jL £} = {A C £} c , it follows from the self-duality of uncertain 
measure that 

M{A <t n = 1 - M-M c £} = 1 — inf p(x). 

xGA 


In addition, we have 

{A qL £ c } = {£ G W a }, with a = sup p(x). 

xGA 

Thus 

M{T (jL £ c } = M{£ £ W a } = a = sup p(x). 

xGA 

Since {A C £ c } = {A qL £ c }°, it follows from the self-duality of uncertain 
measure that 

M{A c £ c } = 1 — M {A qL £ c } = 1 — sup p(x). 

xGA 


The theorem is verified. 

Theorem 10.17. Let f be an uncertain set with membership function p, 
and let A be a set of real numbers. Then 
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Proof: Since p is the membership function of £, we immediately have 
M{A c £} = inf p(x), M {A cjL £ c } = sup p{x). 

x&A xgA 

The theorem follows from the definition of membership degree directly. 

Theorem 10.18. Let f be an uncertain set with membership function p, 
and let f be a strictly monotone function. Then /(£) is an uncertain set with 
membership function 

"(x) = M/ _1 (x)). (10.48) 

Proof: At first, for each a £ [0,1], let a; be a point in the cc-cut of /a i.e., 
x £ n a . Then 

v{x) > a => p(f~ 1 (x)) > a => f~ 1 (x) £ p a => x £ f(p a ) => v a C f(p a ). 

If x is a point in f(p a ), i.e., x € f(p a ), then 

f~ x {x) £ p a => p(f~ 1 (x)) > a => v{x) >a^x£v a => f(p a ) C v a . 

Thus u a = f{p a )- In addition, since the range of f is the total class of p, the 
range of /(£) is the total class of v. Finally, since the a-classes of p and v 
have the same preimagine, i.e., 

mm) G *0 = M{£ £ W£) = a 

for each a £ [0,1], the membership function of /(£) is just v. 

Example 10.12: Let f be an uncertain set with membership function p. 
Then —f is an uncertain set with membership function p{—x). 

Example 10.13: Let f be an uncertain set with membership function p 
and let k be a real number. Then f + k is an uncertain set with membership 
function p(x — k). 

Example 10.14: Let f be an uncertain set with membership function p and 
let a be a positive number. Then af is an uncertain set with membership 
function p(x/a). 

Example 10.15: Let £ be a positive uncertain set with membership function 
p. Then l/£ is an uncertain set with membership function p( 1/x). 

Membership Function is Frangible for Arithmetic Operations 

Generally speaking, the complement £°, union £ U 77 , intersection £ n rj, sum 
f + p and product £ x of uncertain sets have no membership functions even 
though the original uncertain sets have their own membership functions. 
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10.4 Uncertainty Distribution 

This section introduces the concept of uncertainty distribution for nonempty 
uncertain sets, and gives a sufficient and necessary condition for uncertainty 
distribution. 

Definition 10.14 (Liu f125f ). Let £ be a nonempty uncertain set. Then the 
function 

>l>(x) = M{£ > (—oo, x]}, Vx £ 3? (10.49) 

is called the uncertainty distribution of f. 


Example 10.16: The uncertainty distribution of the uncertain set £ = 5fi is 

4>(x) = 0.5. (10.50) 


Example 10.17: The uncertain set £ = 0 has no uncertainty distribution 
because it is not a nonempty set. 

Example 10.18: Let £ be an uncertain set taking value [1,2] with uncertain 
measure 0.5 and value [3,4] with uncertain measure 0.5. That is, 


£ = 


[1, 2] with uncertain measure 0.5 
[3,4] with uncertain measure 0.5. 


Then its uncertainty distribution is 


o, 

if 

X 

< 

1 



0.25, 

if 

1 

< 

X 

< 

2 

0.5, 

if 

2 

< 

X 

< 

3 

0.75, 

if 

3 

< 

X 

< 

4 

1 , 

if 

X 

> 

4. 




Theorem 10.19 (Measure Inversion Theorem). Let £ be a nonempty un¬ 
certain set with continuous uncertainty distribution $. Then 


M{£ > (—oo, a;]} = <l>(x), 3Vt{£ o [x, +oo)} = 1 — < f>(x) (10.51) 


for any x £ 3?. 


Proof: The first equation follows from the definition of uncertainty distri¬ 
bution, and the second equation follows from the self-duality of uncertain 
measure. 


Theorem 10.20 (Sufficient and Necessary Condition for Uncertainty Dis¬ 
tribution) A function >1> : 3ft —> [0,1] is an uncertainty distribution of uncertain 
set if and only if it is an increasing function except <f>(x) = 0 and 4>(x) = 1. 
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Proof: Suppose $ is an uncertainty distribution. Since an uncertain variable 
is a special uncertain set, it follows from Theorem 1 1.11 1 that <f> is an increas¬ 
ing function except 4>(x) = 0 and <3>(x) = 1. Conversely, suppose d> is an 
increasing function but 4>(x) ^ 0 and 4>(x) ^ 1. Theorem 11.111 tells us that 
there is an uncertain variable (a degenerate uncertain set) whose uncertainty 
distribution is just <f>. 


Theorem 10.21. Let £ be a nonempty uncertain set with continuous mem¬ 
bership function /a. If Xq is a point with p(xo) = 1, then the uncertainty 
distribution of f is 


<f>(x) 


sup/i(y)/2, if x < xo 

y<x 

1 - sup/x(y)/2, if x > xo- 

y>x 


(10.52) 


Especially, if p is unimodal, then 


<f>(x) 


p(x)/2, if x < Xq 
l-p(x)/2, if x > Xq. 


(10.53) 


Proof: When x < xo, it follows from the continuity of membership function 
that 

3Vt{£ C (—oo, x]} = 0, 3Vt{£ <jL (x, +oo)} = sup p(y). 

y<x 

Thus we have 

<b(x) = M{£[> (-oo, x]} = i (o + sup^(j/)j = supp(y)/2. 

^ \ / y< x 

When x > Xq, we get 


3V[{£ C (—oo, x]} = 1 — sup^(y), 3V[{£ <(_ (x,+oo)} = 1. 

y>x 

Thus we have 

$(x) = M{£ > (-oo, x]} = i ( 1 - sup p{y) + 1 ) = 1 -sup/x(y)/ 2 . 

^ \ y> x J y}L x 

The theorem is proved. 

Example 10.19: The rectangular uncertain set (a, b) has an uncertainty 
distribution 

{ 0 , if x < a 
0.5, if a < x < b 
1 , if x > b. 


(10.54) 
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Figure 10.4: Membership Function and Uncertainty Distribution 


Example 10.20: The triangular uncertain set (a, 6, c) has an uncertainty 
distribution 

x — a , 

it a < x < b 


<F(:r) = 


2 (6-a)’ 
c — 2b + x 
2 (c — b) 


(10.55) 


, if b < x < c. 


Example 10.21: The trapezoidal uncertain set (a, 6, c, d) has an uncertainty 
distribution 

x — a 


= < 


2(6 — a )’ 

0.5, 

d — 2c + x 
2 (d-c) ’ 


if a < x < 6 
if 6 < x < c 
if c < a; < d. 


(10.56) 


10.5 Independence 

Definition 10.15 (Liu ! 125( ). The uncertain sets are said to 

be independent if 


and 


min M {U C B A 

(10.57) 

1 <i<m 


max M{£,; C Bi] 

1 <i<m 

(10.58) 


k i=1 


for any Borel sets l?i, B 2 , • • • , B m of real numbers. 

Theorem 10.22. The uncertain sets are independent if and 

only if 


M < 0(6 <(_ Bi) \ = min M{& (jL B,} 

I 1 1 I l<z<rr> 


(10.59) 
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and 


M < I J (6 <£ Bi) > = max M {6 <£_ B t ] 

I I l<i<m 


,2=1 


(10.60) 


for any Borel sets l?i, B 2 , ■ • • , B m of real numbers. 


Proof: Since £ 1 . £ 2 . •'' , are independent uncertain sets, we immediately 
have (110.571) and (110.581) . It follows from the self-duality of uncertain measure 
that 


M if) (6 <ff Bi) \ = 1 - M \ (J(6 C Bi) 


, 2=1 


, 2=1 


= 1 — max C Bi} = min (j/L Bi} 

1<2<772 l<2<m 


and 


M | Q (6 n (6 C Bi) | 

= 1 — min M{6 C Bf] = max M{6 <£_ Bf] . 

l<2<m l<2<m 

Thus (110.591) and (110.601) are proved. Conversely, assume (110.591) and (110.601) . 
Then 

M | rite C Bi) | = 1 - M 1 0(6 t Bi) | 


and 


= 1 — max M{6 (jL Bf\ = min 3Vt{6 C Bf] 

1<2<772 l<2<m 


M \ 0(6 C Bi) \ = 1 - M \ f|(6 t Bi) 


,2=1 


,2=1 


= 1 — min M{^ (f. Bi} = max M {£* C Bi} . 

l<2<m l<2<m 

Thus (110.571) and (110.581) are verified. The proof is complete. 


Theorem 10.23. The uncertain sets £1 , £ 2 - - ■ • , £ m are independent if and 
only if 

Inte n ^ = 0 )l= min M{6DBi = 0} (10.61) 

11 l<2<m 


and 


M ■ 


!i=l 


M < I J (6 D Bi = 0) > = max M {6 fl B t = 0} 

I I 1<2<771 


, 2=1 


(10.62) 


for any Borel sets B\, B 2 , • • • , B m of real numbers. 


Proof: The theorem follows from the fact that 6 H Bi = 0 if and only if 
6 C B] for each i. 
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Theorem 10.24. The uncertain sets ^ 1 ,^ 2 ,"' , £ m are independent if and 
only if 


M 


P| (& n Bi ^ 0) 


min M D /I, 7 ^ 0 } 

l<z<m 


(10.63) 


and 


{ m 

U ten 5,^0) 

*=i 


max M {£* n Bi 7 ^ 0 } 

l<2<m 


(10.64) 


for any Borel sets B±, B 2 , • • • , B m of real numbers. 


Proof: The theorem follows from the fact that £* D Bi 7 ^ 0 if and only if 
f i <£_ Bf for each i. 


10.6 Operational Law 

This section will discuss the operational law on independent uncertain sets 
via uncertainty distributions. 


Theorem 10.25 (Liu 1 125} . Operational Law). Let • fn be inde¬ 

pendent uncertain sets, and f : 3? n —> 3? a measurable function. Then 
f = /(£i, £ 2 , • • • , £«) is an uncertain set such that 


sup min M k {f.k C B k }, 

/(Bi,B 2 , - ,b„)cb i<*<« 

if sup min M k {fk C B k } > 0.5 

/(Bi,B 2 ,- 1 < k<n 

M{£ C B} = 1- sup min C B k }, 

l<k<n 

if sup min M fc {f k C B k } > 0.5 

/(Bi,B 2 ,- ,b„)cb c 1<*<™ 

k 0.5, otherwise 
for Borel sets B, B\, B 2 , • ■ ■ , B n of real numbers. 


Proof: Write A = {£ C B} and A k = {f k C B k } for k = 1,2, • ■ ■ , n. It is 
easy to verify that 

Ai x A 2 x • • • x A„ C A if and only if f(B±, B 2 , • • • , B n ) C B , 

Ai x A 2 x • • • x A n C A c if and only if f(Bi, B 2 , ■ ■ • , B n ) C B c . 

Thus the operational law follows from the product measure axiom immedi¬ 
ately. 
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Increasing Function of Uncertain Sets 

Theorem 10.26 (Liu \125f ). Let , £n be independent uncertain 

sets with uncertainty distributions <3 >i,<I> 2, • • ■ , $ n , respectively. If f : Hi n —> 
Hi is a strictly increasing function, then 

£ = /(& >&,■■■ ,£„) (10.65) 

is an uncertain set whose inverse uncertainty distribution is 

= f(.^f 1 (o‘),^2 1 ( a )r-- ^V)) (10.66) 

for any a with 0 < a < 1. 

Proof: For simplicity, we only prove the case n = 2. Since £i and £2 are 
independent uncertain sets and / is a strictly increasing function, we have 

3Vt{£ D> (—00, < h~ 1 (a)]} 

= M{/(&,fc) > (-00 ,f^f\a),^\a))}} 

> M{(£i > (-00, < f>)” 1 (a)]) n (£2 > (-00, $2 1 (“)])} 

= M{£i > (- 03 , $^ 1 (a)]} A M {£ 2 t> (-00, $^" 1 (a)]} 

= a A a = a. 

On the other hand, there exists some index i such that 

{/(a, 6) > (-oo,/($r x («), * 2 '(«))]} c {a > (-oo,^ 1 ^)]}- 

Thus 

M{£ > (—00,$ _ 1 (a;)]} < M{£i t> (-00, 4 >“ 1 (a)]} = a. 

It follows that M{£ t> (— 00, 1 (cr)]} = a. In other words, $ is just the 

uncertainty distribution of £. The theorem is proved. 

Example 10.22: Let £1 and £2 be independent uncertain sets with uncer¬ 
tainty distributions $i(x) and $2 0*0, respectively, and let a± and a 2 be non¬ 
negative numbers. Then the inverse uncertainty distribution of the weighted 
sum ai£i + a 2 £ 2 is 

$ _1 (a) =ai$j" 1 (a)+a 2 ^ 1 (a), Va€(0,l). (10.67) 

Example 10.23: Let £1 and £2 be independent and nonnegative uncertain 
sets with uncertainty distributions <f>i and $2, respectively. Then the inverse 
uncertainty distribution of the product £1 x £2 is 

r 1 (a) = $r 1 (a)x^ 1 (a), 0 < a < 1. (10.68) 

Example 10.24: Assume £1, £ 2 , £3 are independent and nonnegative uncer¬ 
tain sets with uncertainty distributions $1, $2, $3, respectively. Then the 
inverse uncertainty distribution of (£1 + £ 2 )£3 is 

$ _1 (a) = (^(a) + $2 1 ( Q 0) $3 1 (a), 0 < a < 1. 


(10.69) 
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Decreasing Function of Uncertain Sets 

Theorem 10.27 (Liu \125( ). Let ,fn be independent uncertain 

sets with uncertainty distributions <I>i,$ 2 j • • • ,<!>„, respectively. If f : —> 

is a strictly decreasing function, then 

£ = /(£ i, 6, ■••,£») (10.70) 

is an uncertain set whose inverse uncertainty distribution is 

$~\a) = f($f\ 1 - a), X (1 - a), ■ ■ ■ , $~\l - a)) (10.71) 

for any a with 0 < a < 1. 

Proof: For simplicity, we only prove the case n = 2. Since and £2 are 
independent uncertain sets and / is a strictly decreasing function, we have 

3 Vt{£ > (—00, $ _ 1 (a)]} 

= M{/(a, 6 ) > (-00, /($r x ( 1 - «), $2 x (i - «))]} 

> M{(£i > - a),+00)) O (& > [^2 1 ( 1 - a ), +00))} 

= M{£i > [d>) _1 (l — a), +00)} A M {£ 2 > [ ( f ) ^ 1 (l ^ a), +00)} 

= a A a = a. 

On the other hand, there exists some index i such that 
{/( 6 , 6 ) > (-00, - a), $2 X (1 - <*))]} C {6 > [^- X (l - a), +00)}. 

Thus 


M{£ > (-00, x (a)]} < M{^ > 1 (1 - a), +00)} = a. 

It follows that M{£ > (—00,<h _ 1 (a)]} = a. In other words, $ is just the 
uncertainty distribution of £. The theorem is proved. 

Alternating Monotone Function of Uncertain Sets 

Theorem 10.28 (Liu !125f ). Let ,fn be independent uncertain 

sets with uncertainty distributions $1, $2, ■ • •, <!>„, respectively. If f(x 1, £2, • ■ •, x n ) 
is strictly increasing with respect to x\ , X 2 , ■ ■ • , x m and strictly decreasing with 
respect to x m +i,x m + 2 , ■ ■ ■ , x n , then 

£ = /(&, 6 ,-•• ,&) ( 10 - 72 ) 

is an uncertain set whose inverse uncertainty distribution is 

a>~ 1 (o) = f(<t>f\a), • • • , ^(a), $" x +1 ( 1 - a), • • • , 4>- x (l - a)) (10.73) 


for any a with 0 < a < 1. 
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Proof: For simplicity, we only prove the case n = 2. Since £i and £2 are in¬ 
dependent uncertain sets and and the function f(x 1 , 22 ) is strictly increasing 
with respect to x\ and strictly decreasing with X 2 , we have 

M{£ [> (—00, <F~ 1 (a)]} 

= M{/(£ lt 6 ) > (-00, - a))]} 

> M{(£i t> ( 00, ^r 1 ^)]) n (£2 > l<t>2 1 ( 1 - «)> +00))} 

= M{£i > (-00, ^(a)]} AM {6 > (1 - a),+00)} 

= a A a = a. 

On the other hand, the event {£ > (—00, $ _ 1 (a)] is a subset of either {£1 > 
(—00, $^" 1 (q')]} or {£2 > [ < t ) ^ 1 (l - a),+00)}. Thus 

M{£ > (—00, < h” 1 (a)]} < a. 

It follows that M{£ t> (— 00, <E >~ 1 (cr)]} = a. In other words, $ is just the 
uncertainty distribution of £. The theorem is proved. 

Example 10.25: Let £1 and £2 be independent uncertain sets with uncer¬ 
tainty distributions d>i and <I> 2 , respectively. Then the inverse uncertainty 
distribution of the difference £1 — £2 is 

$-!(«) = $“ 1 (a)-^ 1 (l-a), 0 < a < 1 . ( 10 . 74 ) 

Example 10.26: Let £1 and £2 be independent and positive uncertain sets 
with uncertainty distributions 'Ll and <f> 2 , respectively. Then the inverse 
uncertainty distribution of the quotient £i /£2 is 

$ - 1 (a) = - a), 0 < a < 1 . ( 10 . 75 ) 

10.7 Expected Value 

Definition 10.16 (Liu 1125f ). Let £ be a nonempty uncertain set. Then the 
expected value of £ is defined by 

/• + OO /*0 

E[£] = / M{£ > [r,+oo)}dr — / M{£ t> (— cxd, r]}dr ( 10 . 76 ) 

J 0 J — 00 

provided that at least one of the two integrals is finite. 


Example 10.27: Consider an uncertain set £ that has no membership func¬ 
tion but may be represented by 


£ = 


[1.2] with uncertain measure 0.5 

[2.3] with uncertain measure 0.5. 
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Intuitively, the expected value of £ should be 2. Let us verify it by Defini¬ 
tion 110.161 At first, we have 


M{£ > [r, +oo)} = 


1 , if 0 < r < 1 
0.75, if 1 < r < 2 
0.25, if 2 < r < 3 
0, if r > 3, 


Thus 


3V[{£ E> (—oo,r]} = 0, Vr < 0. 

rl p2 p3 

£[£] = / ldr+ / 0.75dr + / 0.25dr = 2. 

Jo J 1 J 2 


Example 10.28: Let (r,£,M) be an uncertainty space with T = [0,1] and 
M{[0, 7]} = 7 for each 7 £ [0,1]. Define an uncertain set 

£(7) = [7,7+1], V 7 € [0,1]. 

At first, we have 

M{£ > [r, + 00 )} = 

3Vt{£ > (— 00 , r]} = 0, Vr < 0. 

£[£] = [ (1 - r/ 2 )dr = 1 . 

Jo 


1 - r/ 2 , if 0 < r < 2 
0 , if r > 2 , 


Thus 


Example 10.29: Let £ be an uncertain variable (a degenerate uncertain 
set). Then we have 


Thus 


3V1{£ > [r, + 00 )} = 3V1{£ > r}, M{£ [> (— 00 , r]} = 3V1{£ < r}. 


/»+oo />0 

£?[£] = / 3V[{£ > r}dr — / 3V[{£ < rjclr. 

J 0 J —o o 


That is, the expected value of uncertain set does coincide with that of un¬ 
certain variable. 

Theorem 10.29. Let £ be a nonempty uncertain set with uncertainty dis¬ 
tribution >I>. //£ has a finite expected value, then 

/»+oo pO 

£[£] = / (1 - d>(a:))da: - / $(a;)da:. (10.77) 

J 0 J — 00 
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Proof: The theorem follows immediately from $( 2 ;) = M{£ t> (—oo,x]} and 
1 — <I>(;r) = [> (x, Too)} for any 


Theorem 10.30. Let f be a nonempty uncertain set with uncertainty dis¬ 
tribution <f>. If £ has a finite expected value, then 

£[£] = f $ _1 (a)da. (10.78) 

Jo 

Proof: It follows from the definitions of expected value operator and uncer¬ 
tainty distribution that 

/*+00 pO 

E[f] = / 3Vt{£ > [r, +oo)}dr — / 5M{£ t> (—oo, r]}dr 

J 0 J — oo 


pi p<f>(0) pi 

/ <I> _1 (a:)daT / <I> _1 (a:)da = / d> _1 (c 

J<s>( o) Jo Jo 


:)da. 


The theorem is proved. 


Theorem 10.31. Let f be a nonempty uncertain set with membership func¬ 
tion p. Iff, has a finite expected value and p is a unimodal function about Xo 
(i.e., increasing on (—oo,a;o) and decreasing on (;ro,Too)}, then the expected 
value off is 

1 r +oo 1 rx 0 

£[£] = X 0 T - / p(x)dx - - / p(x)dx. (10.79) 

^ J X 0 ^ J — oo 


Proof: Since p is increasing on (—00,2:0) and decreasing on (xo,Too), it 
follows from the definition of membership degree that 


M{£ D> (—oo, cc]} = 


and 


p{x)/2, 

if x < Xo 

1 - p(x)/ 2, 

if x > Xo 

1 - t^x)/2, 

if x < Xo 

p(x)/2, 

if x > Xo 


(10.80) 


3Vt{£ [> [x, Too)} = 
for almost all x £ 5ft. If xq > 0, we have 

p-\-oo p0 

£}£] = / M{£ [> [x, Too)}dx — / 3Vt{£ > (—oo, x]}dx 

J 0 J —oo 

rx o r+oo r0 

= / (1 — p(x)/2)dx + / p(x)/2dx— / p(x)/2d: 

J 0 J xo J —oo 

1 j' x o ^ r+oo ^ rO 

= Xo - 2 J h{x)dx T - j p(x)dx - - j p(x)dx 

^ r+oo ^ rx o 

= xo + - / p(x)dx - - / p(x)dx. 

" J Xc\ " J —OO 


(10.81) 
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If xo < 0, we have 

/*+00 pO 

E[£] = / M{£ \> [x, +oo)}dx — / M{£ > (—oo, x]}dx 

J 0 J — oo 

/•+00 pX 0 pO 

= / p(x)/2dx — / fi(x)/2dx — / (1 — p(x)/2)dx 
Jo J —OO j Xq 

^ r+oo 1 rxo J /-0 

= 2 J n{x)dx - - j p(x)dx + x 0 + - J n(x)dx 

^ /-+oo ^ rx 0 

= x a + - / £t(a;)dx - - / /x(a;)dx. 

The theorem is thus proved. 

Example 10.30: The rectangular uncertain set £ = (a, 6) has an expected 
value 

£[?] = (10-82) 


Example 10.31: The triangular uncertain set £ = (a,b,c) has an expected 
value 

E|«l = (10.83) 


Example 10.32: The trapezoidal uncertain set £ = (a, 6, c, d) has an ex¬ 
pected value 

E[«] = a + l> + c+i . (iO.84) 

Theorem 10.32 (Tin ! 125^ ). Let £i and £2 be independent nonempty un¬ 
certain sets with finite expected values. Then for any real numbers a\ and 02 , 
we have 

E[a i& + a 2 £ 2 ] = + a 2 E[&]. (10.85) 

Proof: Suppose that £1 and £2 have uncertainty distributions $1 and >1>2, 
respectively. It follows from Theorem 110.261 that ai£i + a 2 £2 has an inverse 
uncertainty distribution, 

< f ) ” 1 (a) = ai<l)]" 1 (a) + a 2 <^(a) 


and 


/ $ 1 (a)da = ai / > 1 > 1 1 (a)da + 02 / $2 1 (a)da. 

Jo Jo Jo 

Then Theorem 110.301 tells us that 

E[ai£i + a 2 £2] = [ $ _1 (a!)da = ai_E[£i] + a 2 E[£ 2 ]. 

Jo 


The theorem is proved. 
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Theorem 10.33. Assume £i,£ 2 , • • • . £ n are independent uncertain sets with 
uncertainty distributions $i, $ 2 , • • • , respectively. If f : iR n —> 3? is a 
strictly monotone function, then the uncertain set £ = f(fi, £, 2 , ■ ■ ■ ,£n) has 
an expected value 

E[S]= f /($r 1 («) J *2 1 («)."'.^ 1 («))da (10.86) 

Jo 

provided that the expected value _E[£] exists. 

Proof: Suppose that / is a strictly increasing function. It follows that the 
inverse uncertainty distribution of £ is 

Thus we obtain (110.861) . When / is a strictly decreasing function, it follows 
that the inverse uncertainty distribution of £ is 

= /($r X ( 1 - a)^ 2 _1 (l -«),•■■, ^'(1 - a)). 

By using the change of variable of integral, we obtain (110.861) . The theorem 
is proved. 

Example 10.33: Let £ and i] be independent and nonnegative uncertain 
sets with uncertainty distributions $ and d 1 , respectively. Then 

E[£ri] = [ $- 1 (a)^- 1 (a)da. (10.87) 

Jo 


Exercise 10.1: What is the expected value of an alternating monotone 
function of uncertain sets? 


Exercise 10.2: Let £ and 77 be independent and positive uncertain sets with 
uncertainty distributions $ and it, respectively. Prove 

<■1 


E 


£ 

IVi 


$- x (a) 
'L^ 1 (l - a) 


da. 


( 10 . 88 ) 


10.8 Critical Values 

In order to rank uncertain sets, we may use two critical values: optimistic 
value and pessimistic value. 

Definition 10.17 (Liu ITSSf). Let £ be an uncertain set, and a £ (0,1]. 
Then 

£ SU p (a) = sup {r | M {£ > [r, + 00 )} > a] (10.89) 

is called the a-optimistic value to £, and 

6nf(a) = inf {r | M{£> (- 00 , r]} > a} 
is called the a-pessimistic value to £. 


(10.90) 
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Theorem 10.34. Let f be an uncertain set with uncertainty distribution 4>. 
Then its a-optimistic value and a-pessimistic value are 

& up (“) = $ -1 (l - a), 6nf(a) = (10.91) 

for any a with 0 < a < 1. 

Proof: Since 4) is a strictly monotone function when 0 < 4>(a;) < 1, we have 
Csup(a) = sup{r|M{£ > [r,+oo)} > a} = sup{r|l —4>(r) > a} = 4>~ 1 (1 — a), 

Cinf(o) = inf {r|3Vt {£ t> (—oo, r]} > a} = inf{r|4>(r) > a} = 4>~ 1 (o). 

The theorem is proved. 

Theorem 10.35. Let £i,£2>' '' , he independent uncertain sets with un¬ 
certainty distributions. If f : —> 3? is a continuous and strictly increasing 
function, then £ = f(fi,f. 2 , ■ ■ • , £„) is an uncertain set, and 

£sup(cf) = f{fl sup(cf) , £2 sup(o) , ' ' • j£nsup(oO)j (10.92) 

6nf(a) = /(£l inf (a), £2 inf (a), ' ' ' )£n inf (<*))• (10.93) 

Proof: Since / is a strictly increasing function, it follows that the inverse 
uncertainty distribution of £ is 

<&-V) = /(4>rV), $ 2 !(«), • • •, $-!(«)) 

where 4>i, 4>2, • • • , 4>„ are uncertainty distributions of £ 1 , £ 2 , • • • , £ n , respec¬ 
tively. Thus we get (110.921) and (110.931) . The theorem is proved. 

Example 10.34: Let £ and r] be independent uncertain sets with uncertainty 
distributions. Then 


(£ T p'jsup (cf) — ^sup(ci) + T] SU p(oi) , (£ T r/)inf (cf) £inf (<t) Tjinf (d) . (10.94) 


Example 10.35: Let £ and p be independent and positive uncertain sets 
with uncertainty distributions. Then 


(^?)sup(o ; ) — £sup(cf)^?sup(oO) (£^?)inf(oO — £inf (*T)??inf (f^) ■ (10.95) 

Theorem 10.36. Let £ 1 ,£ 2 ■''' ,fn he independent uncertain sets with un¬ 
certainty distributions. If f is a continuous and strictly decreasing function, 
then 


£sup(Q0 — /(£ 1 inf (cf) - £2 inf (cf), , fn inf (cf )), 

Cinf (cf) = f(fl sup(cf), £2 sup(cf), ' ' ' , fn sup(oO) ■ 


(10.96) 

(10.97) 
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Proof: Since / is a strictly decreasing function, it follows that the inverse 
uncertainty distribution of £ is 

= m r'(l - - a), ■ ■ ■ , ^(l - a)). 

Thus we get (110.961) and (110.971) . The theorem is proved. 

Exercise 10.3: What are the critical values to an alternating monotone 
function of uncertain sets? 


Exercise 10.4: Let £ and r/ be independent and positive uncertain sets. 
Prove 


/ \ _ $sup(oQ 

^sup 1 mM’ 


/ \ _ Cinf(<%) 

vJ-J ) ~r b up(a)‘ 


(10.98) 


10.9 Hausdorff Distance 


Liu [ 125] generalized the Hausdorff distance to the domain of uncertain sets. 
Let £ and rj be two uncertain sets on the uncertainty space (r,£,M). For 
each 7 € r, it is clear that £( 7 ) and 77 ( 7 ) are two sets of real numbers. Thus 
the Hausdorff distance between them is 


Pil) 


( sup inf | a 

ae£(7) b€v(l) 



V sup inf | a 

\6eTj(7) 



(10.99) 


Note that p is a function from (r,L,M) to the set of nonnegative numbers, 
and is just a nonnegative uncertain variable in the sense of Definition 11.51 


Definition 10.18 (Liu \12SJ ). Let £ and rj be two uncertain sets. Then the 
Hausdorff distance between £ and rj is 

r +00 

d(£,rj) = / M{p > r}dr ( 10 . 100 ) 

Jo 

where p is a nonnegative uncertain variable determined by \ 10. .9.91) . 

If the uncertain sets degenerate to uncertain variables, then the Hausdorff 
distance between uncertain sets degenerates to the distance between uncer¬ 
tain variables in the sense of Definition 11.251 


Theorem 10.37. Let £,p,t be uncertain sets, and let df, •) be the Hausdorff 
distance. Then we have 

(a) (Nonnegativity) d(£,ri) > 0; 

(b) (Identification) d(£,p) = 0 if and only if f; = 77; 

(c) (Symmetry) d(£,r]) = d(??,£)- 

Proof: The theorem follows immediately from the definition. 
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10.10 Conditional Uncertainty 

Let £ be an uncertain set on (T, L, M). What is the conditional uncertain set 
of £ after it has been learned that some event B has occurred? This section 
will answer this question. 

Definition 10.19 (Liu tl25f ). Let £ be an uncertain set with membership 
function /i, and let B be an event with M{1?} > 0. Then the conditional 
membership function of £ given B is defined by 

Kx\B) =M{£e W Kx) | B) (10.101) 

where is the p,(x)-class of /a. 

Definition 10.20 (Liu \125( ). Let £ be an uncertain set and let B be an 
event with M{B} > 0. Then the conditional uncertainty distribution l 1 .' 
5ft —> [0,1] o/£ given B is defined by 

$(x\B) = M{£[> (-oo,*] | B) . (10.102) 

Definition 10.21 (Liu \125( ). Let £ be an uncertain set and let B be an 
event with M{i?} > 0. Then the conditional expected value of £ given B is 
defined by 

,E[£|-B] = / M {£ > [r, +oo) | 5} dr — / M {£ t> (—oo, r] | 5} dr 

J 0 J — oo 

provided that at least one of the two integrals is finite. 






Chapter 11 

Uncertain Inference 


Uncertain inference was proposed by Liu in 2010 as a process of deriving 
consequences from uncertain knowledge or evidence via the tool of conditional 
uncertain set. Gao, Gao and Ralescu [ 42 ] extended the inference rule to the 
one with multiple antecedents and with multiple if-then rules. 

This chapter will introduce an inference rule, and apply the tool to un¬ 
certain system and inference control. The technique of uncertain inference 
controller is also illustrated by an inverted pendulum system. 


11.1 Inference Rule 

Let X and ¥ be two concepts. It is assumed that we only have a rule “if X 
is £ then ¥ is 77” where £ and 77 are two uncertain sets. We first have the 
following inference rule. 


Inference Rule 11.1 (Liu 1125f ). LetlL and Y be two concepts. Assume a 
rule ‘‘if& is an uncertain set f then Y is an uncertain set 77”. From X is an 
uncertain set £* we infer that Y is an uncertain set 


V* = V\f>t 


( 11 . 1 ) 


which is the conditional uncertain set of 77 given £* t> f. The inference rule 
is represented by 

Rule: If X is £ then Y is 77 

From: X is f* _ ( 11 . 2 ) 

Infer: Y is 77* = r7|^-i>^ 


Theorem 11.1. Let f and 77 be independent uncertain sets with membership 
functions ji and v, respectively. If is a constant a, then inference ru,le \ll.l\ 
yields that 77* has a membership function 


v*(y) = < 


Hy) 

77(a)’ 

"(y) + y(a) -1 


77(a) 

0 . 5 , 


ifv(y) < p(a)/2 

if u (y) > 1 - M«)/ 2 

otherwise. 


( 11 . 3 ) 


B. Liu: Uncertainty Theory: A Branch of Mathematics, SCI 300, pp. 215 
springerlink.com (c) Springer-Verlag Berlin Heidelberg 


-223. 

^rmr 
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Figure 11 . 1 : Graphical Illustration of Inference Rule 


Proof: It follows from inference rule lll.il that y* has a membership function 

v*{y) = M{y e y\at>(}. 


By using the definition of conditional uncertainty, we have 


M{y £ y\a > (} = < 


' M{y £ 77} 
M{a > 0 ’ 
_ M{y ^ y} 
M{a [> £} 
0 . 5 , 


M{y € 77} 
M{a > £} 
M{y ^ 77} 
M{a > £} 


< 0.5 

< 0.5 


otherwise. 


The equation ( 111 . 31 ) follows from M{y £ 77} = v(y), M{y ^ 77} = 1 — v(y) 
and 3 Vt{a [> £} = 74(a) immediately. The theorem is proved. 


Inference Rule 11.2 (Gao, Gao and Ralescu $0% ). LetX, Y andZ be three 
concepts. Assume a rule “if X is an uncertain set f and Y is an uncertain 
set y then Z is an uncertain set t”. From X is an uncertain set £* and Y is 
an uncertain set y* we infer that Z is an uncertain set 


T T l(f*o£)n(T/*i>r)) (11-4) 

which is the conditional uncertain set of r given £* t> f and 77* [> 77. The 
inference rule is represented by 


Rule: If X is £ and Y is y then Z is r 

From: X is f* and Y is y* ( 11 . 5 ) 

Infer: Z is r* = r|(£*>£)n(» 7 *>7 ) ) 


Theorem 11.2. Let 77, r be independent uncertain sets with membership 
functions 74, v, A, respectively. If is a constant a and y* is a constant b, 
then inference rule \11.Z\ yields that t* has a membership function 


A *{z) 


K z ) 

74(a) A z/(6) ’ 

< A (z) + 74(a) A 1 ■'(b) — 1 
74(a) A v(b) 

0 . 5 , 


if K z ) < 


74(a) A v{b) 
2 


if K z ) > 1 


74(a) A o(b) 
2 


( 11 . 6 ) 


otherwise. 
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Proof: It follows from inference rule 1 11.21 that r* has a membership function 
A*(z) = M{z £ r|(a > £) D (6 D> 77 )}. 

By using the definition of conditional uncertainty, M {z £ r|(a[>£)n( 6 [> 77 )} is 

' 3V[{z £ r} 

M{(a > £) D (6 > 77)} 

<_ M{z ^ t } 

M{(a o £) fl (6 o 77)} 

0 . 5 , 


M {z £ r} 


3Vt{(a > £) ft (6 > 77 )} 
M {z £ t } 

M{(a t> £) fl (5 > 77 )} 
otherwise. 


< 0.5 

< 0.5 


The theorem follows from £ r} = A(z), JA{z ^ t} = 1 — X(z) and 
M{(a \> £) D (5 > 77)} = 77(a) A j/( 6) immediately. 

Inference Rule 11.3 (Gao, Gao and Ralescu Let X and Y be two 

concepts. Assume two rules “ifX. is an uncertain setf 1 then Y is an uncertain 
set 771 ” and “ifX. is an uncertain set £2 then Y is an uncertain set 772 From 
X is an uncertain set £* w;e in/er i6ai Y is an uncertain set 

*_ M{s* > 6} • ^ile>gi | MU* > 6} • 7 / 2 le>g 2 ('ll 7 s ) 

M{e>ai + M{e>6} M{e>6}+M{e>6}‘ 

T6e inference rule is represented by 


Rule 1 : If X is £1 then Y is 771 

Rule 2 : If X is £2 then Y is 772 , . 

From: X is £* _ ( ' 11 ’ 8 ' ) 

Infer: Y is 77* determined by ( 111 . 71 ) 

Theorem 11.3. Let £1, £2,771,772 be independent uncertain sets with member¬ 
ship functions 771,772, zdj zd, respectively. If f* is a constant a, then inference 
rule ETJ yields 


* = Mi (a) M 2 (a) 

; 771(a) + 712(a) ^ 771(a) + 772(a) % 


( 11 . 9 ) 


where rf{ and 772 are uncertain sets whose membership functions are respec¬ 
tively given by 


"i(y) = < 


^i(m) 

771 (a)’ 

zd (m) + Mi( Q ) ~ 1 

7 t i( a ) 


0 . 5 , 


if vi{y) < 7*1 (a)/2 

ifvi{y) > 1 - Mi(a)/ 2 


( 11 . 10 ) 


otherwise, 
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*4(y) = < 


U2 (y) 

H 2 {a)' 

v-i (y) + M2 (a) ~ 1 

112(a) 


0.5, 


if Mv) < [12(a)/2 

ifv2(y) > 1 - [ 12 (a)/2 
otherwise. 


( 11 . 11 ) 


Proof: It follows from inference rule 111.31 that the uncertain set rf is just 

* = M{a>6} ■ m\a>Si M{a> £ 2 } • V2\a>^ 

!M{a [> £ 1 } + !M{g > £ 2 } 3V[{g > £ 1 } + 3V[{g [> £ 2 } 

The theorem follows from 3V[{g > £ 1 } = [ii(a) and M{g t> £ 2 } = [ 12 (a) imme¬ 
diately. 


Inference Rule 11.4. Let Xi,X 2 ,--- ,X m be concepts. Assume rules “if 
Xi is and ■ ■ ■ and X m is £i m then Y is r)i ” for i = 1,2, ■ ■ ■ , k. From Xi 
is £* and ■ ■ ■ and X m is we infer that Y is an uncertain set 


* _ ' ^l(;ji>Ui)n({ 2 *>U2)n-n(^>U m ) 

77 “ ci + c 2 4-h c fc 

2=1 

where the coefficients are determined by 

c t = M {(£ > 6 : 1 ) n (S > 62 ) n • ■ ■ n (C > 6 ™)} 


for i = 1,2, ■ ■ ■ ,k. The inference rule is represented by 

Rule 1: If Xi is £n and • • • and X m is f\ rn then Y is 771 
Rule 2: If Xi is £21 and • • • and X m is £ 2 m then Y is 772 


Rule k: If Xi is £fci and • • • and X m is fkm then Y is r\k 
From: Xi is £3 and • • • and X m is 
Infer: Y is rf determined by ( 111 . 121 ) 


( 11 . 12 ) 


(11.13) 


(11.14) 


Theorem 11.4. Assume fu.fa, - ■ ■ , fim , Vi are independent uncertain sets 
with membership functions [in, [la, • • • , [Hm, v\, i = 1 , 2 , • ■ ■ , k, respectively. 
If ■ • ■ , are constants a\,a 2 , - ■ ■ , a m , respectively, then inference rule 


| 11 . 3 | yields 


^ = £ 


Ci • Vi 


i=l 


Cl + C 2 + ’ ’ ’ + Cfc 


(11.15) 


where 77 * are uncertain sets whose membership functions are given by 


Mv) 

Ci 


v *(y) = < 


Vi(y) + Ci - 1 


if Mv) < Cj/2 

if My) > 1 - Ci/ 2 


0 . 5 , 


(11.16) 


otherwise 
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and Ci are constants determined by 

d = min iiu(ai) (11.17) 

1 <l<m 

for i — 1,2, • ■ • 7 k, respectively. 

Proof: For each i, since a i [> £ii ,«2 > fa , • ■ • ,«m > are independent 
events, we immediately have 

[ m 1 

min M{aj > £„} = min pu(ai) 

I I l<j<m 1 <l<m 

V~' ) 

for i = 1,2,--- ,k. From those equations, we may prove the theorem by 
inference rule 111.41 immediately. 


11.2 Uncertain System 

An uncertain system, proposed by Liu [125] . is a function from its inputs 
to outputs based on the inference rule. Now we consider a system in which 
there are to deterministic inputs or, 02 , • ■ ■ , a mi and n deterministic outputs 
Pi, /? 2 , ■ ■ • , Pn- At first, we infer n uncertain sets r }\, ?? 2 , • ■ • , 77 ^ from the to 
deterministic inputs by the rule-base (i.e., a set of if-then rules), 


If £n and £12 and- ■ • and £i m then 7711 and 1712 and- • • and 77 \ n 
If £21 and £22 and- • • and £2 m then 7721 and 7722 and- • • and 772 n 

If 6ci and fi ~2 and- • • and fkm then r/ki and 77^2 and- • • and rjk n 


(11.18) 


and the inference rule 




= £ 


c i ’ Vij |(ai>£ii)n(a2>£i2)n---n(cc m I>£i m ) 


Cl + C2 + * * • + C/c 

t- — j . 

for j = 1 , 2 , • • • , n, where the coefficients are determined by 
Ci = 3VC {(cil O £il) n (o ^2 t- > £ 22 ) n * • • n ^im)} 


(11.19) 


( 11 . 20 ) 


for i = 1,2, • • ■ , k. Thus we obtain 


Pi = Elv*} 


( 11 . 21 ) 


for j = 1,2, •• • , 72 . Until now we have constructed a function from inputs 
0 !i, « 2 , • • • , <a m to outputs /?i, fo, • • ■ , Pn- Write this function by /, i.e., 


(/?!, /3 2 , - - • ,Pn) = f(a 1 , 0 : 2 ,-•• ,«m). ( 11 . 22 ) 


Then we get an uncertain system /. 
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OLl 

Ot2 


dm 






Inference Rule 





Rule Base 


" 


* 

Vi 


Pi ~ E [Vi] 

* 

Vi 

— >■ 

Pi = E (v *2} 

sk 

Vu 

— > 

Pn = E [Vn] 


Pi 

Pi 

Pn 


Figure 11.2: An Uncertain System 


Theorem 11.5. Assume £u,£i2,-'' ,£im,Vii,Viii''' ,Vin are independent 
uncertain sets with membership functions fin, Pii,- • • , fiim, va, v n, ■ , Vi n , 

i = 1, 2, • • • ,k, respectively. Then the uncertain system from ( 01 , 0 : 2 , • • • , o m ) 
to (pi, P2, ■■■ , Pn) is 


Pj = Y, 


Cj ■ E lv*j} 

Cl + C2 + ’ ’ ’ + Cfc 


(11.23) 


for j = 1, 2, • • • , n, where r]*j are uncertain sets whose membership functions 
are given by 


Vjj(y) 

Ci 


u*j(y) = Vjj(y) + Cj-1 


0.5, 


tf v a(y) < c i / 2 

> 1 - Cj/2 

otherwise 


and Ci are constants determined by 

d= min fiu(ai) 

l<l<m 


(11.24) 


(11.25) 


for i = 1,2, • • • , k, j = 1, 2, • • • , n, respectively. 


Proof: It follows from inference rule 111.41 that the uncertain sets rj* are 


k 

2—1 


Ci • Vi 


Cl + c 2 + 


Cfc 


for j = 1, 2, • • • , n. Since VijP = 1,2, • • • ,k,j = 1,2, ■ ■ ■ ,n are independent 
uncertain sets, we get the theorem immediately by the linearity of expected 
value operator. 

Remark 11.1: The uncertain system allows the uncertain sets rpj in the 
rule-base (111.1811 become constants bij, i.e., 


Vij ~ bij 


(11.26) 
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for i = 1,2, • • • , k and 
(111.2311 becomes 


j = 1,2, ••• , n. For this case, the uncertain system 


& = £ 


c-i * b j j 

Cl + C2 + • • • + Ck 


(11.27) 


for j = 1,2, • • • , n. 


Remark 11.2: The uncertain system allows the uncertain sets rj tJ in the 
rule-base (111.1811 become functions /t,;, of inputs oi, 02 , • • • , o m , i.e., 


Vij M a l> 02, * * * , o m ) 


(11.28) 


for i = 1,2, • • • , k and j = 1,2, • • • , n. For this case, the uncertain system 
(111.2311 becomes 


9 , = £ 


C'i * hij (o 1,02, * * * , o m ) 
Cl + C2 + • • • + Cfc 


(11.29) 


for j = 1,2, • • • , n. 


Uncertain Systems are Universal Approximators 

Uncertain systems are capable of approximating any continuous function on 
a compact set (i.e., bounded and closed set) to arbitrary accuracy. This is the 
reason why uncertain systems may play a controller. The following theorem 
shows this fact. 

Theorem 11.6 (Peng \178\ ). For any given continuous function g on a 
compact set D C 3 and any given e > 0, there exists an uncertain system 
f such that 

sup ||/(Q!i,a 2 ,-•• ,a m ) ~g(ai,a 2 ,--- ,a m )\\ < £■ (11.30) 

(a:i ,a2 ,••• ,a m )6.D 

Proof: Without loss of generality, we assume that the function g is a real¬ 
valued function with only two variables oi and 02 , and the compact set is 
a unit rectangle D = [0,1] x [0,1]. Since g is continuous on D and then is 
uniformly continuous, for any given number e > 0 , there is a number 8 > 0 
such that 

1 . 9 ( 01 , 02 ) - g(ai,o' 2 )| < £ (11.31) 

whenever ||( 01 , 0 : 2 ) — (a^a^)!! < 8. Let k be an integer larger than l/(v / 2 8), 
and write 

Dij = -|(ai,02) [ ——— < ai < —, |-— < 02 < (11.32) 

for i,j = 1,2,- ,k. Note that {D^} is a sequence of disjoint rectangles 

whose “diameter” is less than 8. Define rectangular uncertain sets 
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* = 1,2, (11.33) 

% J = 1,2, - - - , fc. (11.34) 

Then we assume a rule-base with k x k if-then rules, 

Rule ij: If and r/j then g(i/k,j/k) 7 i,j = 1,2, - - • ,k. (11.35) 

According to the inference rule, the corresponding uncertain system from D 
to 3? is 

f(a 1 ,a 2 ) = g(i/k,j/k), if (au, a 2 ) € Aj, *, j = 1,2, • • • , k. (11.36) 
It follows from (111.311) that 

sup |/(ai,a 2 ) — g(ai,a 2 )\ = max sup |/(ai, a 2 ) - g(ai, a 2 )\ 

(ai,a 2 )&D (ai,a 2 )eDij 

= max sup \g(i/k, j/k) — g(a±, a 2 )\ < max e = e. 

1 <Id<*( ai ,Q 2 )eDy 

The theorem is thus verified. 

11.3 Inference Control 

An inference controller is a controller based on the inference rule. Fig¬ 
ure 111.31 shows an inference control system consisting of an inference con¬ 
troller and a process. Note that t represents time, ai(i), a 2 (t), ■ ■ ■ , a m (t) are 
not only the inputs of inference controller but also the outputs of process, 
and (3\ (t), (3 2 (£),■■• , /3 n (t) are not only the outputs of inference controller but 
also the inputs of process. 



Figure 11.3: An Inference Control System 
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11.4 Inverted Pendulum 

Inverted pendulum system is a nonlinear unstable system that is widely used 
as a benchmark for testing control algorithms. Many good techniques already 
exist for balancing inverted pendulum. Especially, Gao [43] successfully bal¬ 
anced an inverted pendulum by the inference controller with 5x5 if-then 
rules. 



Figure 11.4: An Inverted Pendulum in which A(t) represents the angular 
position and F(t) represents the force that moves the cart at time t. 






Appendix A 

Supplements 


This appendix introduces a law of truth conservation and a maximum un¬ 
certainty principle that have been used in this book. This appendix also 
provides a brief history of evolution of measures and discusses why uncer¬ 
tainty theory is reasonable. In addition, this appendix proposes a way to 
determine uncertainty distributions via expert’s experimental data. Finally, 
we answer the question “what is uncertainty”. 

A.l Law of Truth Conservation 

The law of excluded middle tells us that a proposition is either true or false, 
and the law of contradiction tells us that a proposition cannot be both true 
and false. In the state of uncertainty, some people said, the law of excluded 
middle and the law of contradiction are no longer valid because the truth 
degree of a proposition is no longer 0 or 1. I cannot gainsay this viewpoint 
to a certain extent. 

But it does not mean that you might “go as you please”. At least, I think, 
the law of truth conservation should be valid in the state of uncertainty. 
In other words, the sum of truth values of a proposition and its negative 
proposition is identical to 1. That is, we always have 

M{A} + M{A C } = 1 (A.l) 

for each proposition A. This means that the law of truth conservation is 
nothing but the self-duality property. The law of truth conservation is weaker 
than the law of excluded middle and the law of contradiction. Furthermore, 
the law of truth conservation agrees with the law of excluded middle and the 
law of contradiction when the uncertainty vanishes, i.e., when M{A} tends 
to either 0 or 1. 

A.2 Maximum Uncertainty Principle 

An event has no uncertainty if its measure is 1 (or 0) because we may believe 
that the event occurs (or not). An event is the most uncertain if its measure 
is 0.5 because the event and its complement may be regarded as “equally 
likely”. 

In practice, if there is no information about the measure of an event, we 
should assign 0.5 to it. Sometimes, only partial information is available. 
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Figure A.l: Relationship among Three Laws 


For this case, the value of measure may be specified in some range. What 
value does the measure take? For the safety purpose, we should assign it the 
value as close to 0.5 as possible. This is the maximum uncertainty principle 
proposed by Liu |120j . 

Maximum Uncertainty Principle: For any event, if there are multiple 
reasonable values that an uncertain measure may take, then the value as close 
to 0.5 as possible is assigned to the event. 


Example A.l: Let A be an event. Based on some given information, the 
measure value M{A} is on the interval [a, b\. By using the maximum uncer¬ 
tainty principle, we should assign 


{ a, if 0.5 < a < b 
0.5, if a <0.5 <6 
b , if a < b < 0.5. 

Especially, if M{A} is known to be less than a, then we assign 


M{A} = 


a, if a < 0.5 
0.5, if a > 0.5; 


if M{A} is known to be greater than b , then we assign 


M{A} = 


0.5, if 6 <0.5 
b , if b > 0.5. 


(A.2) 


(A.3) 


(A.4) 


A.3 How to Determine Distribution? 


How do we determine the uncertainty distribution for an uncertain variable 
like “about 100km”? Personally I think uncertainty distribution determina¬ 
tion is based on expert’s experimental data rather than historical data! 

How do we obtain expert’s experimental data? The starting point is to 
invite one or more domain experts who are asked to complete a questionnaire 
about the meaning of an uncertain variable £ like “about 100km”. 
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We may ask the domain expert to choose a possible value x (say 110km) 
that the uncertain variable £ may take, and then quiz him 

“How likely is £ less than a;?” 

Denote the expert’s belief degree by a (say 0.6). An experimental data (a:, a ) 
is thus acquired from the domain expert. 


x 


a 

/ 1 — a 

\ 

/ ^ 

M{£ < x} 

M{C > x} 


Figure A.2: An Experimental Data (x, a) 


Assume that the following experimental data are obtained by the ques¬ 
tionnaire, 

(xi,ai), (x 2 ,a 2 ), ■■■ , (x n , a n ). (A.5) 

We will accept them as the expert’s experimental data if (perhaps after a 
re arr angement) 


x\ < x 2 < ■ ■ ■ < x n , 0 < aq < a 2 < ■ ■ ■ < a n < 1. (A.6) 

Otherwise, the experimental data are inconsistent and rejected. 


Empirical Uncertainty Distribution 

Based on the expert’s experimental data (aq, oq), (x 2 ,a 2 ), ■ ■ • , ( x n , a n ), we 
obtain an empirical uncertainty distribution 

f 0, if x < x\ 


<&(x) = 


Oti + 


(cq +1 - ctj)(x - Xj) 
%i- 1-1 


if Xi < x < Xi+i, 1 < i < n (A.7) 


1 , 


if x > x n 


Multiple Domain Experts 

Assume there are m domain experts and each produces an uncertainty distri¬ 
bution. Then we may get rn uncertainty distributions <i>i(:r), $2(2;), • • •, < l ) m (a;) 
that are aggregated to an uncertainty distribution 

$(a:) = wi$i(a;) + w 2 <b 2 (x) H-1- w m $ m (x) (A.8) 

where w \, w 2 , • • • , w m are convex combination coefficients representing 
weights of the domain experts. 
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$(2;) 



Principle of Least Squares 

Assume that the uncertainty distribution to be determined has a known func¬ 
tional form with one or more unknown parameters, say, < f>(a;|a, b). Based on 
the expert’s experimental data (x\, «i), (X2, 02), ■ ■ ■ , (x n ,a n ), the unknown 
parameters a and b should solve the optimization problem, 

n 

miny^($(xj|a, b) — a,) 2 . (A.9) 

a,b ^' 
i= 1 

For example, assume that the uncertainty distribution has a linear form with 
two unknown parameters, i.e., 


<i>(x) = ax + b (A.10) 

where the unknown parameters a and b should solve 

n 

min + b — a,;) 2 (A.11) 

a.b ^' 
i —1 

whose optimal solution tells us that the linear uncertainty distribution is (not 
rigorous) 

${x)=a*x+b* (A. 12) 

where 

n 

nxa - Xi on 

* _ i= 1 

n * 

nx 2 - Xi 

i= 1 


a 


(A.13) 
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b = a — a x, 

(A. 14) 

x = (x\ + X 2 + ■ ■ ■ + x n )/n, 

(A.15) 

a = (or + a 2 + • • • + a n )/n. 

(A.16) 


A.4 Evolution of Measures 

Perhaps we are accustomed to assigning to an event two state symbols, true 
or false, to represent the truth degree of the event. However, starting with 
Aristotle’s epoch, it was observed that such a two-valued assignment has its 
shortages. Today, it is well-known that the truth degree may be assigned 
any values between 0 and 1, where 0 represents “completely false” and 1 
represents “completely true”. The higher the truth degree is, the more true 
the event is. It is clear that there are multiple assignment ways. This fact 
has resulted in several types of measure, for example, 

1933: Probability Measure (A.N. Kolmogoroff); 

1954: Capacity (G. Choquet); 

1974: Fuzzy Measure (M. Sugeno); 

1978: Possibility Measure (L.A. Zadeh); 

2002: Credibility Measure (B. Liu and Y. Liu); 

2007: Uncertain Measure (B. Liu). 

Probability Measure 

A classical measure is essentially a set function satisfying nonnegativity and 
countable additivity axioms. In order to deal with randomness, Kolmogoroff 
(1933) defined a probability measure as a special classical measure with nor¬ 
mality axiom. In other words, the following three axioms must be satisfied: 

Axiom 1. (Normality) Pr{0} = 1 for the universal set O. 

Axiom 2. (Nonnegativity) Pr{A} > 0 for any event A. 

Axiom 3. (Countable Additivity) For every countable sequence of mutually 
disjoint events {A,}, we have 


{ oo 'j oo 

UaU^IMA}. (A. 17) 

j=l J i=1 

It is clear that probability measure obeys the law of truth conservation and 
is consistent with the law of excluded middle and the law of contradiction. 

Capacity 

In order to deal with human systems, the additivity axiom seems too strong. 
The earliest challenge was from the theory of capacities by Choquet (1954) 
in which the following axioms are assumed: 
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Axiom 1. 7 r{ 0 } = 0. 

Axiom 2. 7t{A} < ir{B} whenever A C B. 

Axiom 3. 7 r < lim Ai \ = lim 7 r{A,}. 

Li—^oo J i—* oo 

One disadvantage is that capacity does not obey the law of truth conser¬ 
vation and is inconsistent with the law of excluded middle and the law of 
contradiction. 

Fuzzy Measure 

Sugeno (1974) generalized classical measure theory to fuzzy measure the¬ 
ory by replacing additivity axiom with weaker axioms of monotonicity and 
continuity: 

Axiom 1. 7 r{0} = 0. 

Axiom 2. 7 r{A} < 7r{l?} whenever A C B. 

Axiom 3. 7 T < lim A, ^ = lim 7 r{A,}. 

Li—>-oo J i—* oo 

This version of fuzzy measure seems identical with Choquet’s capacity. The 
continuity axiom was replaced with semicontinuity axiom by Sugeno in 1977. 
However, every version of fuzzy measure does not obey the law of truth 
conservation and is inconsistent with the law of excluded middle and the law 
of contradiction. 


Possibility Measure 

In order to deal with fuzziness, Zadeh (1978) proposed a possibility measure 
that satisfies the following axioms: 

Axiom 1 . (Normality) Pos{0} = 1 for the universal set 0. 

Axiom 1 . (Nonnegativity) Pos{0} = 0 for the empty set 0. 

Axiom 3. (Maximality) For every sequence of events {Ai}, we have 

{ OO 'j OO 

U Ai > = V Pos{Ai}. (A.18) 

2=1 J 2=1 

Unfortunately, possibility measure does not obey the law of truth conser¬ 
vation and is inconsistent with the law of excluded middle and the law of 
contradiction. 

Credibility Measure 

In order to overcome the shortage of possibility measure, Liu and Liu (2002) 
presented a credibility measure that may be defined by the following four 


axioms: 
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Axiom 1. 
Axiom 2. 
Axiom 3. 
Axiom 4. 


(Normality) Cr{©} = 1 for the universal set 0. 
(Monotonicity) Cr{A} < Cr{!?} whenever A C B. 
(Self-Duality) Cr{A} + Cr{A c } = 1 for any event A. 
(Maximality) For every sequence of events { Ai }, we have 


Cr 



V Cr {Ai}, if \/ Cr{Aj} < 0.5. 
2=1 2=1 


(A.19) 


Note that credibility measure and possibility measure are uniquely deter¬ 
mined by each other via the following two equations, 

Cr{A} = i (Pos{A} + 1 - Pos{A c }), (A.20) 

Pos{A} = (2Cr{A}) A 1. (A.21) 

Credibility measure obeys the law of truth conservation and is consistent 
with the law of excluded middle and the law of contradiction. For exploring 
the credibility theory, the reader may consult the book [11201. 


Uncertain Measure 

In order to deal with uncertainty in human systems, Liu (2007) proposed an 
uncertain measure based on the following five axioms: 

Axiom 1. (Normality) 3Vl{r} = 1 for the universal set T. 

Axiom 2. (Monotonicity) M{Ai} < 3V[{A 2 } whenever Ai c A 2 . 

Axiom 3. (Self-Duality) M{A} + 3V[{A C } = 1 for any event A. 

Axiom 4. (Countable Subadditivity) For every countable sequence of events 
{A,;}, we have 

{ oo 'j oo 

<£ M{AJ. (A.22) 

i=i J i =i 

Axiom 5. (Product Measure Axiom) Let (Tk, LkiNlk) be uncertainty spaces 
for k = 1,2, • - - ,n. Then the product uncertain measure M is an uncertain 
measure on the product a-algebra Li x C 2 x • • • x £„ satisfying 

M | ]Q A fc | = ^min Mfc{A fc }. (A.23) 


Uncertain measure is neither a completely additive measure nor a completely 
nonadditive measure. In fact, uncertain measure is a “partially additive 
measure” because of its self-duality. Uncertain measure obeys the law of 
truth conservation and is consistent with the law of excluded middle and the 
law of contradiction. 
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Figure A.4: Relationship among Various Measures. Randomness belongs to 
the domain of probability measure and uncertainty belongs to the domain of 
uncertain measure undoubtedly. Fuzziness belongs to the domain of possi¬ 
bility/credibility measure. Some scholars deal with roughness by probabil¬ 
ity measure and then roughness is an alternative explanation of randomness; 
some scholars deal with roughness by possibility/credibility measure and then 
roughness is an alternative explanation of fuzziness; and some scholars deal 
with roughness by uncertain measure and then roughness is an alternative 
explanation of uncertainty. Greyness uses probability measure and then is 
an alternative explanation of randomness. 


A.5 Uncertainty vs. Randomness 

Probability theory is a branch of mathematics based on Kolmogoroff’s ax¬ 
ioms. In fact, probability theory may be equivalently reconstructed based on 
the following 5 axioms: 

Axiom 1. (Normality) Prjfi} = 1 for the universal set O. 

Axiom 2. (Monotonicity) Pr{Ai} < Pr{A 2 } whenever A\ C 42- 
Axiom 3. (Self-Duality) Pr{A} + Pr{A c } = 1 for any event A. 

Axiom 4. (Countable Additivity) For every countable sequence of mutually 
disjoint events {A,}, we have 


oo 'j oo 

UA =]TPr{A}. 


Pr 


(A.24) 
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Axiom 5. (Product Probability Axiom) Let (ft*,, Ak, Pr*,) be probability spaces 
for k = 1,2, • • • , n. Then the product probability measure Pr is a probability 
measure on the product cr-algebra A\ x A 2 x • • • x A n satisfying 

{ n \ n 

n Ak \ n Pr k {A k }. (A.25) 

fe=l J fc=l 


It is clear that uncertain measure and probability measure share first three 
axioms. The first differentia is that uncertain measure assumes countable 
subadditivity axiom and probability measure assumes countable additivity 
axiom. The second differentia is that product uncertain measure is the min¬ 
imum of uncertain measures of independent uncertain events and product 
probability measure is the product of probability measures of independent 
random events. 

Probability theory and uncertainty theory are complementary mathemat¬ 
ical systems that provide two acceptable mathematical models to deal with 
imprecise quantities. Probability model usually simulates objective random¬ 
ness, and uncertainty model usually simulates human uncertainty. 

A.6 Uncertainty + Randomness 

In many cases, uncertainty and randomness simultaneously appear in a sys¬ 
tem. For example, what is an uncertain variable plus a random variable? 
Actually, you will find that the answer is quite simple. 

Suppose (T,£,,M) is an uncertainty space and (ft,A,Pr) is a probability 
space. Then their product is (r x Cl, L x A, M A Pr) in which the universal 
T x ft is clearly the set of all ordered pairs of (7, to) whenever 7 £ T and 
u> £ ft. Also, the product er-algebra txdis unambiguous too. What is the 
product measure M A Pr? In fact, since a probability measure satisfies the 
first four axioms of uncertain measure, the product measure MAPr satisfying 

(M A Pr){A x A} = M{A} A Pr{A} (A.26) 

is just an uncertain measure on T x ft, where A is an uncertain event and A 
is a random event. 

Recall that an uncertain variable £ is a measurable function from an un¬ 
certainty space to the set of real numbers, and a random variable 77 is a 
measurable function from a probability space to the set of real numbers. 
Since 

(T x ft,£ x A,MAPr) 

is an uncertainty space, the functions of uncertain variable and random vari¬ 
able, say £ + p or £ x ip are uncertain variables because they are measurable 
functions on the uncertainty space (T x ft,£ x A,M A Pr). 

Theorem A.l. Let f be an uncertain variable with uncertainty distribution 
<I>, and let p be a random variable with probability distribution T. If f(x,y) is 
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a strictly increasing function, then r = /(£, 77 ) is an uncertain variable with 
inverse uncertainty distribution 

T ~\a) = (A.27) 

Proof: It follows from Theorem 11.201 immediately. 

Example A.2: Let £ be an uncertain variable with uncertainty distribution 
<3>, and let 77 be a random variable with probability distribution T. Then £ + 77 
is an uncertain variable with inverse uncertainty distribution 

T _ 1 (a) = <I > “ 1 (a) + 4' _ 1 (a). (A.28) 


Example A. 3: Let £ be a nonnegative uncertain variable with uncertainty 
distribution d>, and let 77 be a nonnegative random variable with probability 
distribution T. Then £ x 77 is an uncertain variable with inverse uncertainty 
distribution 

T -1 (a) = $- x (a) x (A.29) 

Theorem A.2. Let £ be an uncertain variable with uncertainty distribution 
<I>, and let 77 be a random variable with probability distribution T. If f{x, y) is 
a strictly decreasing function, then r = /(£,? 7 ) is an uncertain variable with 
inverse uncertainty distribution 

T-\a) = f($-\ 1 - a), - a)). (A.30) 

Proof: It follows from Theorem 11.251 immediately. 

Theorem A. 3. Let £ be an uncertain variable with uncertainty distribution 
and let 77 be a random variable with probability distribution T. If f{x, y) is 
strictly increasing with respect to x and strictly decreasing with respect to y, 
then t = /(£, 77) is an uncertain variable with inverse uncertainty distribution 

T ~\a) = /(4> _1 (a), ^(l - a)). (A.31) 

Proof: It follows from Theorem 11.261 immediately. 

Example A.4: Let £ be an uncertain variable with uncertainty distribution 
<I>, and let 77 be a random variable with probability distribution T. Then £ — 77 
is an uncertain variable with inverse uncertainty distribution 

T -1 (a) = $ _1 (a) — — a). (A.32) 

Example A.5: Let £ be a positive uncertain variable with uncertainty distri¬ 
bution *I>, and let 77 be a positive random variable with probability distribution 
T. Then f/p is an uncertain variable with inverse uncertainty distribution 

T -1 (a) = 4> _1 (a)/4' _1 (l - a). 


(A.33) 
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Exercise A.l: Let £ 1 , £ 2 ,• • • , £ m be uncertain variables with uncertainty 
distributions $ 1 , $ 2 ) • • • , and let rp, 772 , • • • , r) n be random variables with 
probability distributions ’Ll, ^ 2 , ■ ■ • , respectively. Assume / is an alter¬ 
nating monotone function. Please determine the uncertainty distribution of 

T = /(£ 1)6)-,£m,» ,Vn)- (A.34) 


Theorem A. 4. Assume that £ is a Boolean uncertain variable and y is a 
Boolean random variable, i.e., 


i = 


1 with uncertain measure a 
0 with uncertain measure 1 — a, 


(A.35) 


V = 


1 with probability measure b 
0 with probability measure 1 — 6 . 


(A.36) 


For any Boolean function f, the uncertain variable t = /(£, ij) is also Boolean 
and 


M{r= 1} = 

and 


sup p(x) A v{y), 

f(x,y)=l 

1- sup n(x) A v(y), 

f(x,y)=0 


if sup p(x) A v(y) < 0.5 

f(x,y )=1 

if sup p(x) A v(y) > 0.5 

f{x,y)=l 


M{r = 0} = 


sup p(x) A u(y), 

f(x,y)=0 


if sup fi(x) A v{y) < 0.5 

f(x,y)=0 


1— sup p{x) A v{y), if sup plx) A v{y) > 0.5 


f(x,y)=l 


f(x,y)=0 


where x and y take values either 0 or 1, and p and v are defined by 


1 a, if x = 1 

MW = , n 

1 1 — a, if x = { J, 

(A.37) 

K») = ( "■ ' fv = 1 

\ 1 -6, ify = 0. 

(A.38) 


Proof: It follows from Theorem 11.271 immediately. 

Example A.6: Let £ be an uncertain proposition with truth value a in 
uncertain measure, and let rj be a random proposition with truth value 6 in 
probability measure. Then 


T(£ A rj) = M{£ = 1} A Pr{ 7 y = 1} = a A 6 , 
T(£ V rf) = 3V[{£ = 1} V Prjr? = 1} = a V 6 , 


(A.39) 
(A.40) 
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T(£ -> 77) = (1 - M{£ = 1}) V Pr {?7 = 1} = (1 - a) V b. (A.41) 

Exercise A.2: Let , £2 , • • • , be Boolean uncertain variables, and let 
rji, r] 2 , ■ ■ ■ ,r] n be Boolean random variables. Assume / is a Boolean function. 
Please determine the Boolean uncertain variable 

T = /(£ 1,6." - ,Vn)- (A.42) 

A.7 Uncertainty vs. Fuzziness 

The essential differentia between fuzziness and uncertainty is that the former 
assumes 


Cr{A U B} = Cr{A} V Cr{£}, if Cr{A} V Cr {B} < 0.5 

for any events A and B no matter if they are independent or not, and the 
latter assumes 

M{A U B} = M{A} V M{B} 

only for independent events A and B. However, a lot of surveys showed that 
the measure of union of events is not necessarily maxitive, i.e., 

M{A UB}/ M{A} V M{B} 


when the events A and B are not independent. This fact states that human 
systems do not behave fuzziness. 

For example, it is assumed that the distance between Beijing and Tianjin 
is “about 100km”. If “about 100km” is regarded as a fuzzy concept, then we 
may assign it a membership function, say 


»{x) 


(x — 80)/20, if 80 < x <100 
(120 — x)/ 20 , if 100 < x < 120 . 


This membership function represents a triangular fuzzy variable (80,100,120). 
Please do not argue why I choose such a membership function because it is not 
important for the focus of debate. Based on this membership function, possi¬ 
bility theory (or credibility theory) will conclude the following proposition: 

The distance between Beijing and Tianjin is “exactly 100km” with 
belief degree 1 in possibility measure (or 0.5 in credibility measure). 

However, it is doubtless that the belief degree of “exactly 100km” is almost 
zero. Nobody is so naive to expect that “exactly 100km” is the true dis¬ 
tance between Beijing and Tianjin. This paradox shows that those imprecise 
quantities like “about 100 km” cannot be quantified by possibility measure 
(or credibility measure) and then they are not fuzzy concepts. 

If those imprecise quantities are understood as uncertain variables, then 
the paradox will disappear immediately. Furthermore, uncertainty theory is 
competent to do almost all jobs of fuzzy theory. This is the main reason why 
we need the uncertainty theory. 
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A.8 What Is Uncertainty? 

Now we are arriving at the end of this book. Perhaps some readers may 
complain that I never clarify what uncertainty is. In fact, I really have no 
idea how to use natural language to define the concept of uncertainty clearly, 
and I think all existing definitions by natural language are specious just like a 
riddle. A very personal and ultra viewpoint is that the words like randomness, 
fuzziness, roughness, greyness, and uncertainty are nothing but ambiguity of 
human language! 

However, fortunately, some “mathematical scales” have been invented to 
measure the truth degree of an event, for example, probability measure, ca¬ 
pacity, fuzzy measure, possibility measure, credibility measure as well as un¬ 
certain measure. All of those measures may be defined clearly and precisely 
by axiomatic methods. 

Let us go back to the first question “what is uncertainty”. Perhaps we can 
answer it this way. If it happened that some phenomena can be quantified 
by uncertain measure, then we call the phenomena “uncertainty”. In other 
words, uncertainty is any concept that satisfies the axioms of uncertainty 
theory. Thus there are various valid possibilities ( e.g ., a personal belief de¬ 
gree) to interpret uncertainty theory. Could you agree with me? I hope that 
uncertainty theory may play a mathematical model of uncertainty in your 
own problem. 




Appendix B 

Probability Theory 


Probability theory is a branch of mathematics for studying the behavior of 
random phenomena. The emphasis in this appendix is mainly on probabil¬ 
ity space, random variable, probability distribution, independence, expected 
value, variance, moments, critical values, entropy and conditional probabil¬ 
ity. The main results in this appendix are well-known. For this reason the 
credit references are not provided. 

B.l Probability Space 

Let fi be a nonempty set, and A a cr-algebra over fi. If fi is countable, usually 
A is the power set of fi. If fi is uncountable, for example fi = [0,1], usually 
A is the Borel algebra of fi. Each element in A is called an event. In order 
to present an axiomatic definition of probability, it is necessary to assign to 
each event A a number Pr{A} which indicates the probability that A will 
occur. In order to ensure that the number Pr{A} has certain mathematical 
properties which we intuitively expect a probability to have, the following 
three axioms must be satisfied: 

Axiom 1. (Normality) Prjfi} = 1. 

Axiom 2. (Nonnegativity) Pr{A} > 0 for any event A. 

Axiom 3. (Countable Additivity) For every countable sequence of mutually 
disjoint events {A,}, we have 

{ GO 'j OO 

LU =£ p r{A i} . (B.l) 

i=1 ) i—1 

Definition B.l. The set function Pr is called a probability measure if it 
satisfies the normality, nonnegativity, and countable additivity axioms. 

Example B.l: Let fi = {u>i, u> 2 , ■ ■ • }, and let A be the power set of fi. 
Assume that pi,P 2 , ■ ■ • are nonnegative numbers such that p\ +P 2 H— • = 1. 
Define a set function on A as 

Pr{A} = ^ Pi , del (B.2) 

uJi&A 

Then Pr is a probability measure. 



240 


Appendix B - Probability Theory 


Example B.2: Let 0 be a nonnegative and integrable function on 3? (the 
set of real numbers) such that 


/ 4>{x)dx = 1 . 

Jst 

Then for any Borel set A, the set function 

Pr{A} = / (j){x)dx 
J A 

is a probability measure on 3?. 


(B.3) 


(B.4) 


Theorem B.l. Let Li be a nonempty set, A a a-algebra over Li, and Pr a 
probability measure. Then we have 

(a) Pr is self-dual, i.e., Pr{A} + Pr{A c } = 1 for any A G A; 

(b) Pr is increasing, i.e., Pr{A} < Pr{£>} whenever A C B. 

Proof: (a) Since A and A c are disjoint events and A U A c = Li, we have 
Pr{ A} + Pr{A c } = Prjfi} = 1. (b) Since A C B, we have B = A U (B n A c ), 
where A and _BflA c are disjoint events. Therefore Pr{B} = Pr{A} + Pr{.Bn 
A c } > Pr{A}. 


Probability Continuity Theorem 

Theorem B.2 (Probability Continuity Theorem). Let Li be a nonempty set, 
A a cr-algebra over Li, and Pr a probability measure. If A\, A 2 , ■ ■ ■ € A and 
lim^oo Ai exists, then 


lim Pr{Ai} = Pr { lim A^} . (B.5) 

i—* 00 Li—»oo J 

Proof: Step 1: Suppose {Af) is an increasing sequence. Write A, —» A and 
A 0 = 0. Then {A,\A,_i} is a sequence of disjoint events and 

00 k 

U(A i \A i _ 1 ) = A, |J(A i \A i _ 1 ) = A fe 

i=l i =1 

for k = 1,2, • • • Thus we have 

{ 00 'i 00 

U (Aj\Aj_i) l = J2 Pr{Aj\A.j_i} 

2 = 1 J 2=1 

= lim £ Pr{Ai\Ai-i} = lim Pr ( U(Aj\Aj_i)} 
k—>oo k—> 00 Li=l J 

= lim Pr{Afc}. 

k—*oo 
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Step 2: If {Ai} is a decreasing sequence, then the sequence {Ai\Ai} is 
clearly increasing. It follows that 

Pr{Ai} - Pr{A} = Pr ( lim (Ai\A, ; )) = lim Pr{Ai\AJ 

L i —kx> ) i —>oo 

= Pr{Ai} — lim Pr{A,} 

i— »oo 

which implies that Pr{A, ; } —> Pr{A}. 

Step 3: If {Ai} is a sequence of events such that Ai —> A, then for each 
k, we have 

OO OO 

Pi A z c A k c U Ai. 

i=k i=k 

Since Pr is increasing, we have 

{ OO 

U A i 

i=k 

Note that 

OO OO 

p Ai r A, U Ai I A. 

i=k i=k 

It follows from Steps 1 and 2 that Pr{A t } —♦ Pr{A}. 

Probability Space 

Definition B.2. Let fl be a nonempty set, A a a-algebra over and Pr a 
probability measure. Then the triplet (f2,A,Pr) is called a probability space. 

Example B.3: Let f l = {u>\, 0 J 2 , ■ ■ ■ }, A the power set of f2, and Pr a 
probability measure defined by (IB.21) . Then (fl,A,Pr) is a probability space. 

Example B.4: Let f l = [0,1], A the Borel algebra over Cl, and Pr the 
Lebesgue measure. Then ([0, l],A,Pr) is a probability space, and sometimes 
is called Lebesgue unit interval. For many purposes it is sufficient to use it 
as the basic probability space. 


Pr ' 


fl Ai 


i=k 


Product Probability Space 

Let (Oi,Ai,Pri), * = 1, 2, ■ • • , n be probability spaces, and Cl = fix x Cl 2 x 
• • • x Cl n , A — A\ x A 2 x • • • x A n . Note that the probability measures 
Pr i,i = 1,2,- ■■ ,n are finite. It follows from the classical measure theory 
that there is a unique measure Pr on A such that 


Pr{Ai x A 2 x • • • x A„} = Pri{Ai} x Pr 2 {A 2 } x • • • x Pr„{A„} 
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for any A, G Ai, i = 1,2, • • • , n. This conclusion is called the product proba¬ 
bility theorem. The measure Pr is also a probability measure since 

Pr{0} = Prefix} x Pr 2 {fi 2 } x • • • x Pr„{0„} = 1. 

Such a probability measure is called the product probability measure, denoted 
by Pr = Pri x Pr 2 x • • • x Pr„. 

Definition B.3. Let Pr*), i = 1,2, ••• , n be probability spaces, and 

fl = fix x fl 2 x • • • x Q n , A = A\ x A 2 x • • • x A n , Pr = Pri x Pr 2 x • • • x Pr„. 
Then the triplet (fi,A,Pr) is called the product probability space. 

B.2 Random Variable 

Definition B.4. A random variable is a measurable function from a proba¬ 
bility space (fl,A,Pr) to the set of real numbers, i.e., for any Borel set B of 
real numbers, the set 

{£ g B} = {uj e | f (w) G B} (B.6) 

is an event. 

Example B.5: Take 
Then the function 


is a random variable. 

Example B.6: Take (f2,A, Pr) to be the interval [0,1] with Borel algebra 
and Lebesgue measure. We define f as an identity function from f1 to [0,1]. 
Since £ is a measurable function, it is a random variable. 

Example B.7: A deterministic number c may be regarded as a special ran¬ 
dom variable. In fact, it is the constant function £(w) = c on the probability 
space (fi,A,Pr). 

Definition B.5. Let and £ 2 be random variables defined on the probability 
space (fl,A,Pr). We say £x = £ 2 if £i(u>) = £ 2 (w) for almost all lo G O. 

Random Vector 

Definition B.6. An n-dimensional random vector is a measurable function 
from a probability space (fi,A,Pr) to the set of n-dimensional real vectors, 
i.e., for any Borel set B of 3 ? ra , the set 

{£ g B} = {lo G fl | £(w) G B) (B.7) 


(fi, A, Pr) to be {uj\, w 2 } with Pr{tux} = Pr{tu 2 } = 0.5. 

f 0 , if u) = U! 

, . r 

1 , if to = 0J2 


is an event. 
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Theorem B.3. The vector (£ 1 , £ 2 , • • • , £ n ) is a random vector if and only if 
£ 1 , £ 2 , • • • > in are random variables. 

Proof: Write £ = (£ 1 , £ 2 , • • ■ , £ n ). Suppose that £ is a random vector on the 
probability space (fi,.A,Pr). For any Borel set B of 9?, the set B x SR" -1 is 
also a Borel set of SR". Thus we have 

{£1 £ £} = {£1 £ £,£ 2 £ SR,• • • ,£„ £ SR} = {£ £ £ x SR"- 1 } £ A 

which implies that £1 is a random variable. A similar process may prove that 
£ 2 , £ 3 , • • • , in are random variables. Conversely, suppose that all £ 1 , £ 2 , • • • , £ rt 
are random variables on the probability space (fl,A,Pr). We define 

SB = {B c SR” | {£ £ B} £ A) . 

The vector £ = (£ 1 , £ 2 ;''' ,£«) is proved to be a random vector if we can 
prove that SB contains all Borel sets of SR". First, the class SB contains all 
open intervals of SR" because 

{ n 'j n 

£ £ bf) > = f'l {£i £ (a,;, bf)} £ A. 

i—1 J *=1 

Next, the class SB is a cr-algebra of SR" because (i) we have SR" £ SB since 
{£ £ SR"} = fl £ A; (ii) if B £ SB, then {£ £ B} £ A, and 

{£ £ B c } = {£ £ B} c £ A 

which implies that B c £ SB; (iii) if B, £ SB for i = 1, 2, • • •, then {£ £ Bi} £ A 
and 

{ OO ^ OO 

£ £ l^J B,; > = |^J{£ £ Bi} £ A 

i— 1 J *=1 

which implies that U iBi £ SB. Since the smallest a -algebra containing all 
open intervals of SR" is just the Borel algebra of SR", the class SB contains all 
Borel sets of SR". The theorem is proved. 

Random Arithmetic 

In this subsections, we will suppose that all random variables are defined on a 
common probability space. Otherwise, we may embed them into the product 
probability space. 

Definition B.7. Let f : SR" —> SR be a measurable function, and £ 1 , £ 2 , • • • , £« 
random variables defined on the probability space (0,A,Pr). Then £ = 
/(£ 1 , £ 2 , • • • , in) is a random variable defined by 


£M = /(£iH,£ 2 M,--- ,£„M), Vw £ O. 


(B.8) 
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Example B.8: Let Ci and £2 be random variables on the probability space 
(fl,A,Pr). Then their sum is 

(Ci + £2 )(w) = Ci( w ) + C2(w), Vw s n 

and their product is 

(Ci x C2)M = CiM x C 2 M, Vw e n. 

The reader may wonder whether t;(u)i,u>2,-" , w„) defined by (lR7l) is a 
random variable. The following theorem answers this question. 

Theorem B.4. Let C be an n-dimensional random vector, and / : 3?" —> 3? 
a measurable function. Then /(C) is a random variable. 

Proof: Assume that C is a random vector on the probability space (f 1, A, Pr). 
For any Borel set B of 3?, since / is a measurable function, f~ 1 (B ) is also a 
Borel set of 3?" . Thus we have 

{/(C)eB} = {Cer 1 (B)} eA 

which implies that /(C) is a random variable. 


B.3 Probability Distribution 


Definition B.8. The probability distribution 4>; 3? —-> [0,1] of a random 
variable C is defined by 

<F(x) = Pr{C < x} . (B.9) 

That is, *f>(x) is the probability that the random variable C takes a value less 
than or equal to x. 


Example B.9: Take (fl,A,Pr) to be {uq,^} with Pr{uq} = Pr{w 2 } = 0.5. 
We now define a random variable as follows, 


CM 


—1, if uj = u>\ 
1, if U) = U>2- 


Then C has a probability distribution 


*!>(a;) 


0, if x < —1 
0.5, if — 1 < x < 1 
1, if x > 1. 


Theorem B.5 (Sufficient and Necessary Condition for Probability Distribu¬ 
tion). A function 4> : 3? —> [0,1] is a probability distribution if and only if it 
is an increasing and right-continuous function with 


lim 4>(x) = 0; 

X —► —OO X- 


lim <f>(x) = 1. 


(B.10) 
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Proof: For any x, y £ 5ft with x < y, we have 

4>(y) — <F(a;) = Pr{a: < £ < y} > 0. 

Thus the probability distribution <f> is increasing. Next, let {e^} be a sequence 
of positive numbers such that £j —> 0 as i —> oo. Then, for every i > 1, we 
have 

4>(x + ef) — 4>(a;) = Pr{x < £ < x + £ i}- 
It follows from the probability continuity theorem that 

lim 4>(a; + ef) — ^(t:) = Pr{0} = 0. 

i —xx) 

Hence $ is a right-continuous function. Finally, 

lim = lim Pr{£ < x} = Pr{0} = 0, 

x —>—OO x —*■—oo 

lim 4>(a") = lim Pr{^ < t} = Pr{fl} = 1. 

x —>+oo x —>+oo 

Conversely, it is known there is a unique probability measure Pr on the Borel 
algebra over SR such that Pr{(—oo,x]} = <I>(a:) for all x € R. Furthermore, 
it is easy to verify that the random variable defined by £(:r) = x from the 
probability space (R,.A,Pr) to R has the probability distribution *1). 


Probability Density Function 

Definition B.9 . The probability density function (f>: R —> [0,+oo) of a 
random variable £ is a function such that 

$0) = f f>(y)dy (B.ll) 

J —oo 

holds for all x £ R, where $ is the probability distribution of the random 
variable £. 

Theorem B.6 (Probability Inversion Theorem). Let £ be a random variable 
whose probability density function <f> exists. Then for any Borel set B of R, 
we have 

Pr{£eB}= [ cf(y)dy. (B.12) 

J B 

Proof: Let C be the class of all subsets C of R for which the relation 


Pr{£eC}= [ cf>(y)dy 
Jc 


(B.13) 


holds. We will show that C contains all Borel sets of R. It follows from 
the probability continuity theorem and relation (IB. 131) that C is a monotone 
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class. It is also clear that C contains all intervals of the form (— 00 , a], (a, b], 
(b, 00 ) and 0 since 

Pr{£ G (- 00 ,a]} = <f>(a) = f <j>{y)dy, 

J — OO 


Pi OO 

Pr{£ G (■ b, + 00 )} = 4>(+oo) - $(&) = / <t>{y)dy, 

Jb 

Pr{£ G (a, b ]} = <f>(6) - $(a) = f <t>(y)dy, 

J a 

Pr{^ G 0} = 0 = [ <j>(y)dy 

Jq 


where (E 1 is the probability distribution of £. Let T be the algebra consisting of 
all finite unions of disjoint sets of the form (— 00 , a], (a, b ], ( b , 00 ) and 0. Note 
that for any disjoint sets C\, C 2 , • • • , C m of T and C = C\ U C 2 U • • • U C m , 
we have 


PrUGC} = ^Pr{^GC J } = ^ 
i=1 i=i' 


<Mz/)dy = / <A(y)dy. 


C, 


That is, Cg C. Hence we have 9“ C 6. Since the smallest cr-algebra containing 
T is just the Borel algebra of 3?, the monotone class theorem implies that C 
contains all Borel sets of 3?. 


Some Special Distributions 

Uniform Distribution: A random variable £ has a uniform distribution if 
its probability density function is defined by 

4>(x ) = --, a < x <b. (B.14) 

b — a 

where a and b are given real numbers with a < b. 

Exponential Distribution: A random variable £ has an exponential dis¬ 
tribution if its probability density function is defined by 

<j>(x) = e x P ’ x - 0 (B.15) 

where (3 is a positive number. 

Normal Distribution: A random variable £ has a normal distribution if 
its probability density function is defined by 

<A(:E) = ^ eXP ("^^ _ )’ (R16) 


where /r and a are real numbers. 
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B.4 Independence 

Definition B. 10 . The random variables £i,£ 2, --- , £ m are said to be inde¬ 
pendent if 

{ m 'j m 

(B. 17 ) 

»=1 J t=1 

for any Borel sets B±, B2 , • • • , 2 ? m of 5 ft. 

Theorem B. 7 . Let £, be random variables with probability distributions 
i = 1, 2, • • • , to, respectively, and <f> the probability distribution of the random 
vector (£1, £2, • • • , £m)■ Then £1, £2; ■ ■ ■ , £ m are independent if and only if 

, X m ) = $l(x 1 )$ 2 {X2 )---®m{x m ) (B. 18 ) 

for all (xi , x 2 , ■ ■ ■ , x m ) G 5 ft m . 

Proof: If £1, £2, • ■ ■ , £ m are independent random variables, then we have 

$(xi,x 2 , ■ ■ ■ ,x m ) = Pr{£i < *1,£2 <X 2 ,--- ,£ m < x m } 

= Pr{£i < *1} Pr{£ 2 < x 2 } ■ ■ ■ Pr{£ m < x m j 
= $i(x 1 )$ 2 (x 2 ) ■ ■ ■ &m(x m ) 

for all (a:i,a;2," - , x m ) G 5 t m . Conversely, assume that (IB. 181 ) holds. Let 

x 2 ,X3, - ■■ , x rn be fixed real numbers, and C the class of all subsets C of 3 ft 

for which the relation 

m 

Pr{£i G C,£ 2 < x 2 , ■ ■ ■ ,£ m < x m } = Pr{£i G C} ^QPr{£* < Xi} (B. 19 ) 

»=2 

holds. We will show that C contains all Borel sets of 5 ft. It follows from 
the probability continuity theorem and relation (IB. 191 ) that C is a monotone 
class. It is also clear that C contains all intervals of the form (—00, a], (a, b], 
(6,00) and 0 . Let T be the algebra consisting of all finite unions of disjoint 
sets of the form (—00, a], (a, b ], (b, 00) and 0 . Note that for any disjoint sets 
Ci, C 2 , • ■ • , Cfc of £T and C = C\ U C2 U • • • U C*,, we have 

Pi { £l G C, £2 £ X 2 , * * * , £m Xm} 

m 

— ^ Pi {£l ^ Cj, £2 X 2 , ■ ■ • , £ m ^ 
i=i 

= Pr{£i G C} Pr{£ 2 < x 2 } ■ ■ ■ Pr{£ m < x m }- 


That is, C G C. Hence we have T C C. Since the smallest cr-algebra containing 
T is just the Borel algebra of 5 ft, the monotone class theorem implies that C 
contains all Borel sets of 5 ft. Applying the same reasoning to each £* in turn, 
we obtain the independence of the random variables. 
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Theorem B.8. Let be random variables with probability density functions 
<f>i, i= 1, 2, • • • , m, respectively, and <j> the probability density function of the 
random vector (£i,£2> ■ ■ ■ , i ; m )■ Then £1,^2, ■ ■ ■ , are independent if and 
only if 

4 >(Xi,X 2 ,-“ ,Xm) = 4 >l(Xi)(/) 2 {X 2 ) ■ ■ ■ 4 >m(Xm) (B.20) 

for almost all (xi,X2,--- ,x m ) £ 5ft m . 


Proof: If 4>(xi,X2, • • • , x m ) = <j>i(xi)<j> 2 (x 2 ) ■ ■ ■ 4>m(x m ) a.e., then we have 


$(xi,X2,S ' ' ,X m ) = 


’ — OO J —OO 
nXi PX 2 


' —00 J —OO 
nXi 


0(^15 ^2? * ? ^m)d£ld£2 * ' ' ^£777, 

01 (^l)02(^ 2 ) ‘ ‘ * </>m(£m)d£ld£ 2 * • • d£„ 


' —00 
PX 2 


<l>i(ti)dti / 02(*2)dt: 


2 • • * 


0m (^m )df„ 


= $i(a:i)4 , 2(a:2) ■ • • $m(£m) 


for all (a;i,a;2) -- ‘ j^m) € 3? m . Thus ^1, ^2, • • • , Cm are independent. Con¬ 
versely, if £1, £2, • • • , Cm are independent, then for any {x\,X2, ■ • • , x m ) £ 3? m , 
we have ^(xi,x 2 , ■ ■ ■ ,x m ) = ®i(xi)$2(x2) ■ ■ ■ $ m (x m ). Hence 


&(xi,X 2 , ■ ■ ■ ,X m ) 



<t>l{tl)f>2{t2) ' • • 4>m(tm)dtldt 2 • ■ ■ d t. r 


which implies that <j)(xi,X2, ■ ■ ■ , x m ) = <j>\ (£1)^2 (£2) ■ ■ ■ 4 >m(x m ) a.e. 

Example B.10: Let £i,£2>"' , Cm be independent random variables with 
probability density functions (f>i, <t>2, ■ ■ ■ , 4 >m , respectively, and / : W n —> 
3? a measurable function. Then for any Borel set B of real numbers, the 
probability Pr{/(£i,£ 2 5 * * * ?£m ) £ B} is 




Xl,X 2 ,‘‘- ,X 


m 


)e b 


<t>l{x{)<t> 2 {X 2 ) ' • • <t>m{Xm)dxidX 2 • • ' dx, 


B.5 Expected Value 

Definition B.ll. Let C be a random variable. Then the expected value of C 
is defined by 


/• + OO /»0 

E[f] = / Pr{£ > r}dr — / Pr{£ < r}dr 
J 0 J —00 


(B.21) 


provided that at least one of the two integrals is finite. 
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Example B.ll: Assume that £ is a discrete random variable taking values 
Xi with probabilities pi, i = 1 , 2 , ••• ,m, respectively. It follows from the 
definition of expected value operator that 


eh = £ 


PiXi 


Theorem B. 9 . Let £ be a random variable whose probability density function 
4 > exists. If the Lebesgue integral 


/ +oo 

x(j>(x)dx 

-OO 


is finite, then we have 


/ +oo 

xf>(x)dx. (B. 22 ) 

-OO 

Proof: It follows from Definition IB.Ill and Fubini Theorem that 

/*+oo pO 

E[f] = / Pr{£ > r}dr — / Pr{£ < r}dr 
J 0 J — oo 


+oo r f +oo 


<f>{ x)dx 


dr — 


<f(x)dx 


dr 


o IV o 

+oo 


cl* — 


t —oo \_J X 


/o 


r 

/ 4 >(x)d? 

Jo 

r 

xc/)(x)dx + / xcf>(x)dx 

J — OO 


(j>{x)dr 


dx 


r+oo 


x<p(x) dx. 


The theorem is proved. 

Theorem B. 10 . Let £ be a random variable with probability distribution *I>. 
If the Lebesgue-Stieltjes integral 


p+oo 


cd<I>(a:) 


is finite, then we have 


/ +oo 

a:d<I>(a:). 

-OO 


(B. 23 ) 


Proof: Since the Lebesgue-Stieltjes integral f+°° xd$(x) is finite, we imme¬ 
diately have 

py p+oo pO p 0 

/ xd$(a:) = / ccd<l)(a:), lim / xdd>(x) = / 

50 i 0 Jo J- no 


lim 


xd 4 >(x) 
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and 


v 


r+oo ry 

lim / xd<b(x) = 0, lim / xcl<i>(x) = 0. 

+°°J V 


It follows from 

r+oo 


y 


that 


xd<I>(x) > y lim $(2;) — <I>(y) I = y( 1 — <I>(y)) > 0, if y > 0, 

yz^+oo J 

f xd<I>(x) < y ( <I>(y) — lim $(z) ) = y<I>(y) <0, if y < 0 

J —00 V 2-^—00 j 


lim y (1 — ^(y)) = 0, lim y<f>(y) = 0. 

y —t+oo y—>—oo 


Let 0 = Xq < X\ < X2 < ■ ■ ■ < x n = y be a partition of [ 0 , y]. Then we have 

n-l .y 

Y. Xi ($(x i+ i) - $(x;)) -> / xd<f>(x) 

z—0 Jo 


and 


n 1 ny 

V)(l - <h(a; i+ i))(x i+ i - Xi) -> / Pr{£ > r}dr 
i—0 J ° 


as max{|xj-|_i — Xj| : i = 0 , 1 , • • • ,«-!}-> 0 . Since 


n —1 


n— 1 


Y x i ( $ (^i+i) - - $(®i+i))(®*+i - x,) = y($(y) - 1) -> 0 


2 — 0 2=0 

as y —> +00. This fact implies that 

r+00 

/ 0 

A similar way may prove that 
r o 


r+00 r+00 

/ Pr{£ > r}dr = / xd<I>(x). 

J 0 Jo 


/ U r U 

Pr{£ < r}dr = / xd$(x). 

-OO J — OO 

Thus (IB. 231 ) is verified by the above two equations. 


Linearity of Expected Value Operator 

Theorem B.ll. Let £ and 77 be random variables with finite expected values. 
Then for any numbers a and b, we have 


E[a£ + by] = aE[£] + bE[rj\. 


(B.24) 
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Proof: Step 1: We first prove that E[£ + 6] = E[£\ + b for any real number 
b. When b > 0, we have 

poo pO 

E[£ + 6] = / Pr{£ + b > r}dr — / Pr{£ + b < r}dr 
J 0 J — oo 

poo pO 

= / Pr{£ > i — 6}dr — / Pr{£ < r — 6}dr 
J 0 J —oo 

= E [£] + f (Pr{£ > r — b} + Pr{£ < r — b}) dr 

J o 

= + b- 

If b < 0, then we have 

E[i + b] = 2£[£] — f (Pr{£ > r — b} + Pr{£ < r — b}) dr = 1?[£] + b. 

Jb 

Step 2: We prove that E[a(,\ = aE [£] for any real number a. If a = 0, 
then the equation E[a£] = aE[£] holds trivially. If a > 0, we have 

poo pO 

E[al;\ = / Pr{a£ > r}dr — / Pr{a£ < r}dr 
J 0 J —oo 

= J Pr |^ > — | dr — J Pr|^<—|dr 

= a L Pr { f -D d ©-°/„ Pr { fi ;} cl Q 

= «m- 


If a < 0, we have 

poo pO 

E[a£\ = / Pr{a£ > r}dr — / Pr{a£ < r}dr 

J 0 J —oo 


r „ r 1 , 

f „ r 

„ r 1 

U < - \ dr - 

/ Pr 

f > - 

l aJ 

1-00 1 

a J 


a f Pr{^ > -)d(-) -a [ Pr < -W-) 
Jo t aJ \aJ J_ x L aJ \aJ 


= aE[£]. 


Step 3: We prove that E[£ + rj\ = E[^\ + E[ij] when both £ and r] 
are nonnegative simple random variables taking values ai,a 2 ,--- ,a m and 
bi, 62 , • • • ,b n , respectively. Then £ + is also a nonnegative simple random 
variable taking values a, t + bj , i = 1,2, • • • ,m, j = 1,2, • • • ,n. Thus we have 
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£[£ + v] = E E ( a i + b j) Pl '{C = awn = bj} 

*=1.7=1 

7 TL 71 771 / 71 / 

= E E Pr {£ = awn= bj} + E E Pr {£ = awn = bj} 

*=1.7=1 *=1.7=1 

rn n 

= E «* Pr {? = a*} + E b j Pr { / 7 = M 

*=i i=i 

= £[£] +£[ 77 ]. 

Step 4: We prove that i£[£ + 77] = E[£] + E[rj\ when both £ and 77 are 
nonnegative random variables. For every 7 > 1 and every to £ 12, we define 


f ~7y~i if^r-^ < 5M<T-■ *= i, 2 ,--- ,*2 ?; 

e,M= 24 24 24 

I i, if * < £(w), 


{ k — 1 — 1 . , fc , „ „ 

———, if ———< ij(u) < —, k = 1,2, •••,*2 
z z z 

i, if i < ij(u>). 

Then {£,;}, {?7,;} and {£,; + 777} are three sequences of nonnegative simple 
random variables such that £* | £> Vi T 1? and £* + Vi T £ + V as * ~* 00 ■ Note 
that the functions Pr{£j > r}, Pr{r]i > r}, Pr{^, + 77> r}, i = 1 , 2 ,--- are 
also simple. It follows from the probability continuity theorem that 

Pr {£* > r } T Pr {£ > r }i Vr > 0 
as i —> 00. Since the expected value -E[£] exists, we have 

7+00 r +00 

E[£i\ = / Pr{& > r}dr —s- / Pr{£ > r}dr = E[£] 

Jo Jo 

as * —y 00. Similarly, we may prove that E[r]i] —> E[rj\ and E[£i+r]i} —> E[£+rj\ 
as i —> 00. It follows from Step 3 that E[£ + 77 ] = E[£] + E[rf\. 

Step 5: We prove that E[t} + 77 ] = E[^\ + E[rf\ when <f and 77 are arbitrary 
random variables. Define 


c ( \ J if j if 

S*M = < . ... i?*(w) = < . ... 

—z, otherwise, —z, otherwise. 


Since the expected values ,E[£] and E[rj\ are finite, we have 


lim E[£i] = E[£], lim ^[77*] = £[??], lim E[^ + 77,;] = £[£ + 77]. 
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Note that (£,; + i) and (77,; + i) are nonnegative random variables. It follows 
from Steps 1 and 4 that 

E[£ + n\ = lim E[£i + r)i\ 

i—> 00 

= lim (£[(& + i) + (rfi + *)] - 2 i) 

i—> 00 

= lim (Efe + i] + E[r/i + i] - 2 i) 

i—> 00 

= lim (.£[&] + i + E[r)i\ + % — 2i) 

i—> 00 

= lim £[&] + lim E[r]i\ 

i—>oo i—>oo 

= E[£\ + E[n\. 

Step 6 : The linearity E[af + brj\ = aE[(] + bE[n\ follows immediately from 
Steps 2 and 5 . The theorem is proved. 


Product of Independent Random Variables 

Theorem B. 12 . Let f and rj be independent random variables with finite 
expected values. Then the expected value of fn exists and 

E[tr}]=E[Z]E[rj\. (B.25) 

Proof: Step 1 : We first prove the case where both £ and 77 are nonnega¬ 
tive simple random variables taking values 01,02, • • • , a m and bi, 62, • • • . b n , 
respectively. Then £77 is also a nonnegative simple random variable taking 
values aibj, i = 1 , 2, • • • , m, j = 1 , 2, • • • , n. It follows from the independence 
of f and rj that 

m n 

E[fr]\ =EE a i b j Pr U = awn = b j} 

*=1 j=i 

m n 

= EE a i b j Pr U = p r{?7 = bj} 

»=1 j=i 

m \ j n 

E Pr {C = a*} E b j Pr {'7 = M 

i=i / \J=i 

= 

Step 2 : Next we prove the case where f and 77 are nonnegative random 
variables. For every i > 1 and every uj G Cl, we define 




Ip _ 1 Ip _ 1 lp 

— if — 


i, if i < 



k - 1 

2 i 


if 


k- 1 

2 i 


< n(w) < 


A 

E’ 


k = 1,2,-•• ,-i2 ,: 


i, if i < n(w). 
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Then {£,}, {77,} and {fi.rii} are three sequences of nonnegative simple random 
variables such that f £, rji | 77 and f £77 as i —> 00. It follows from 
the independence of £ and 77 that and 777 are independent. Hence we have 
£[£i?7,:] = E[£i]E[r)i] for * = 1 , 2 ,--- It follows from the probability continuity 
theorem that Pr{£,; > r}, * = 1 , 2 ,--- are simple functions such that 

Pr{£j > r} | Pr{£ > r}, for all r > 0 

as i —> 00. Since the expected value £[£] exists, we have 

r+OO r + OO 

E[Ci] = / Pr{& > r}dr -7 / Pr{£ > r}dr = £[£] 

Jo Jo 

as i —> 00. Similarly, we may prove that £[77.7] —► £[77] and Eferji] —> £[£77] 
as i —> 00. Therefore £[£77] = £[^£[77]. 

Step 3 : Finally, if f and 77 are arbitrary independent random variables, 
then the nonnegative random variables £ + and 77+ are independent and so 
are and 77“, and 77"*“, and 77“. Thus we have 

£[£+77+] = £[C + ]£[t7+], £[€+»?-] = £[£ + ]£[»r], 

£[r?? + ] = £[n^[r? + ], £[r»7-] = E[r]E[ V -}. 

It follows that 

EM =E[(t+-c)(v + -v-)} 

= E[£+ri + ] - £[C + ?7 _ ] - £[£"?? + ] + EMr]~] 

= EM)E[v + } - E[M]E[r,~] - £^-]£7[r7+] + E[t~]E[r,-] 

= (EM}-EM})(E[r 1 +]-E[r 1 -}) 

= EM - MEM - 7 ?"] 

= E[Z]E[rj\ 

which proves the theorem. 

B.6 Variance 

Definition B. 12 . Let f be a random variable with finite expected value e. 
Then the variance of f is defined by V[£] = £[(£ — e) 2 ]. 

The variance of a random variable provides a measure of the spread of the 
distribution around its expected value. A small value of variance indicates 
that the random variable is tightly concentrated around its expected value; 
and a large value of variance indicates that the random variable has a wide 
spread around its expected value. 

Theorem B. 13 . If £ is a random variable whose variance exists, a and b 
are real numbers, then V[af + b\ = a 2 F[£]. 
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Proof: It follows from the definition of variance that 

V[a£ + b\ = E [« + b - aE[,£] - b ) 2 ] = a 2 E[(£ - £[a) 2 ] = a 2 V[£]. 

Theorem B. 14 . Let £ be a random variable with expected value e. Then 
V[£] = 0 if and only «/Pr{£ = e} = 1 . 

Proof: If V[£] = 0 , then E[(£ — e) 2 ] = 0 . Thus we have 

r+oo 

/ Pr{(£ — e) 2 > r}dr = 0 

Jo 

which implies Pr{(£—e) 2 > r} = 0 for any r > 0 . Hence we have Pr{(£—e) 2 = 
0 } = 1 , i.e., Pr{£ = e} = 1 . Conversely, if Pr{£ = e} = 1 , then we have 
Pr{(£ — e) 2 = 0 } = 1 and Pr{(£ — e) 2 > r} = 0 for any r > 0 . Thus 

/■“too 

P[£] = / Pr{(£ — e) 2 > r}dr = 0 . 

Jo 

Theorem B .15 . If £i,£2,- •• ,£n are independent random variables with 
finite expected values, then 

V[& +£2 + ---+£n) = V[&] + V[&] + ■■■ + V[£ n ]. (B.26) 

Proof: It follows from the definition of variance that 


V 


E a 
2=1 . 


= e [(a + a + • • • + a - £[a] - e &]- e [ a]) 2 ] 

Tt Tt — 1 71 / 

= e e [(a - e[ a]) 2 ] + 2 e e e [(a - ^[aixa - em 

2=1 2=1 jf = 2+l 


Since £1,^2, ■ ,£ n are independent, E [(a - E[£i])(£j - E[a])] = 0 for all 

i, j with i yt j. Thus (IB. 261 ) holds. 

B.7 Moments 


Definition B. 13 . Let £ be a random variable, and k a positive number. 
Then 

(a) the expected value .E[£ fc ] is called the kth moment; 

(b) the expected value if[|a fc ] is called the kth absolute moment; 

(c) the expected value £?[(£ — £([a) fc ] is called the kth central moment; 

(d) the expected value ,E[|£ — i?[a| fc ] is called the kth absolute central moment. 

Note that the first central moment is always 0 , the first moment is just the 
expected value, and the second central moment is just the variance. 

Theorem B. 16 . Let £ be a nonnegative random variable, and k a positive 
number. Then the k-th moment 


r+00 

E[£ k ]=k r fc_1 Pr{£ > r}dr. 

Jo 


(B. 27 ) 
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Proof: It follows from the nonnegativity of £ that 



Pr{£ fc > x}dx 


Pr{£ > r}dr fc = k r k 1 Pr{£ > r}d 


The theorem is proved. 


B.8 Critical Values 

Let £ be a random variable. In order to measure it, we may use its expected 
value. Alternately, we may employ a-optimistic value and a-pessimistic value 
as a ranking measure. 

Definition B. 14 . Let f be a random variable, and a £ (0,1]. Then 

£su P ( a ) = SU P { r | Pr U > r} > a} (B. 28 ) 

is called the a-optimistic value of f, and 

Cinf(a) = inf {r | Pr{£ < r} > q-} (B. 29 ) 

is called the a-pessimistic value of f. 

This means that the random variable f will reach upwards of the a-optimistic 
value £ S up(o) at least a of time, and will be below the a-pessimistic value 
£inf(a) at least a of time. The optimistic value is also called percentile. 

Theorem B. 17 . Let f be a random variable, and a € (0,1]. Then we have 

Pr{£ > Csup(a)} > a, Pr{£ < £inf(a)} > a (B.30) 

where £ sup (a;) and £i n f (a) are the a-optimistic and a-pessimistic values of the 
random variable f, respectively. 

Proof: It follows from the definition of the optimistic value that there exists 
an increasing sequence {rj} such that Pr{£ > r{\ > a and r, f £ S up(<a) as 
i —y oo. Since {£ > r,} j {£ > Cup(a)}, it follows from the probability 
continuity theorem that 

Pr{£ > ?sup(a)} = lim Pr{£ > rj > a. 

i—> oo 

The inequality Pr{£ < £i n f(ct;)} > a may be proved similarly. 

Theorem B. 18 . Let f be a random variable, and a £ (0,1]. Then we have 

(a) £inf(«) is an increasing and left-continuous function of a; 

(b) £sup(<a) is a decreasing and left-continuous function of a. 
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Proof: ( a) Let ol\ and a.i be two numbers with 0<O'i<a2<l. Then 
for any number r < £sup(a2), we have Pr{£ > r} > a 2 > a±. Thus, by the 
definition of optimistic value, we obtain £ sup (ai) > Csup(o2)- That is, the 
value Csu P (o : ) is a decreasing function of a. Next, we prove the left-continuity 
of £inf(ct!) with respect to a. Let {a,;} be an arbitrary sequence of positive 
numbers such that a* | a - Then {£i n f(o!z)} is an increasing sequence. If the 
limitation is equal to £i n f(a), then the left-continuity is proved. Otherwise, 
there exists a number z* such that 


lim £ in f(ai) < z* < £i n f(a)- 

i —>oo 

Thus Pr{£ < 2*} > on for each i. Letting i —> cxd, we get Pr{^ < z*} > a. 
Hence z* > ^; n f (o) ■ A contradiction proves the left-continuity of £i n f(o:) with 
respect to a. The part (b) may be proved similarly. 

B.9 Entropy 

Given a random variable, what is the degree of difficulty of predicting the 
specified value that the random variable will take? In order to answer 
this question, Shannon m defined a concept of entropy as a measure of 
uncertainty. 

Entropy of Discrete Random Variables 

Definition B. 15 . Let £ be a discrete random variable taking values Xi with 
probabilities pi, i = 1 , 2, • ■ •, respectively. Then its entropy is defined by 

OO 

H[£] = Pi In pi. (B.31) 

i= 1 

It should be noticed that the entropy depends only on the number of values 
and their probabilities and does not depend on the actual values that the 
random variable takes. 


S(t) 



Figure B.l: Function S(t) = —tint is concave 
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Theorem B.19. Let £ be a discrete random variable taking values Xi with 
probabilities Pi, * = 1 , 2 ,---, respectively. Then 

H[£\ > 0 (B. 32 ) 

and equality holds if and only if there exists an index k such that pk = 1, i.e., 
£ is essentially a deterministic number. 

Proof: The nonnegativity is clear. In addition, H[f] = 0 if and only if 
Pi = 0 or 1 for each i. That is, there exists one and only one index k such 
that Pk = 1 . The theorem is proved. 

This theorem states that the entropy of a discrete random variable reaches its 
minimum 0 when the random variable degenerates to a deterministic number. 
In this case, there is no uncertainty. 


Theorem B.20. Let £ be a simple random variable taking values Xi with, 
probabilities Pi, i = 1 , 2 , • • • , n, respectively. Then 


H[f] < In n 

and equality holds if and only if pi = 1/n for all i = 1, 2, • • • , n. 


(B. 33 ) 


Proof: Since the function S(t) is a concave function of t and p± +P2 + • • • + 
p n = 1, we have 


n 

— y ^Pi Inpi < —n 

i— 1 


■EH ln 


i=l 



= Inn 


which implies that ff[£] < Inn and equality holds if and only if pi = P2 = 
• • • = p n , i.e., pi = 1/n for all * = 1,2, • • • , n. 

This theorem states that the entropy of a simple random variable reaches its 
maximum In n when all outcomes are equiprobable. In this case, there is no 
preference among all the values that the random variable will take. 


Entropy of Absolutely Continuous Random Variables 

Definition B.16. Let £ be a random variable with probability density func¬ 
tion (j>. Then its entropy is defined by 



<p(x) In <fi(x)dx. 


(B. 34 ) 


Example B.12: Let £ be a uniformly distributed random variable on [a, b ]. 
Then its entropy is ff[£] = In(6 — a). This example shows that the entropy of 
absolutely continuous random variable may assume both positive and nega¬ 
tive values since ln(& — a) < 0 if b — a < 1; and ln(& — a) > 0 if b — a > 1. 
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Example B.13: Let £ be an exponentially distributed random variable with 
expected value (3. Then its entropy is 7L[£] = 1 + In (3. 

Example B.14: Let £ be a normally distributed random variable with ex¬ 
pected value e and variance er 2 . Then its entropy is i?[£] = 1/2 + In \fh rer. 


Maximum Entropy Principle 

Given some constraints, for example, expected value and variance, there are 
usually multiple compatible probability distributions. For this case, we would 
like to select the distribution that maximizes the value of entropy and satisfies 
the prescribed constraints. This method is often referred to as the maximum 
entropy principle (Jaynes [BT|1. 

Example B.15: Let £ be an absolutely continuous random variable on [a, b ]. 
The maximum entropy principle attempts to find the probability density 
function (j>(x) that maximizes the entropy 

4>{x) In (j>{x)dx 

subject to the natural constraint f <p(x)dx = 1. The Lagrangian is 

b 

4>(x)dx — 1 

It follows from the Euler-Lagrange equation that the maximum entropy prob¬ 
ability density function meets 

In cj>(x) + 1 + A = 0 

and has the form <p(x) = exp(—1 — A). Substituting it into the natural 
constraint, we get 

d>*(x) = - -, a < x <b 

b — a 

which is just the uniformly distributed random variable, and the maximum 
entropy is i?[£*] = ln(6 — a). 



L = — 


4>{x) In 4>{x)dx — A 



Example B.16: Let £ be an absolutely continuous random variable on 
[0,oo). Assume that the expected value of £ is prescribed to be f3. The 
maximum entropy probability density function (f>(x) should maximize the 
entropy 

+oo 

4>{x) In 4>{x)dx 

subject to the constraints 



p+oo 


(j>{x)dx = 1, 


/• + 00 


x(j>{x)dx = (3. 
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The Lagrangian is 

poo / POO \ / POO 

L = — (f){x) In 4 >[x)Ax — Aj I / (/>(x)da; — 1 ) — A2 I / a; 0 (x)dx — f 3 

The maximum entropy probability density function meets Euler-Lagrange 
equation 

In q i(x) + 1 + Ai + A22; = 0 

and has the form = exp (—1 — Ai — X2X). Substituting it into the 

constraints, we get 


4>*(?) = -p ex P 



x > 0 


which is just the exponentially distributed random variable, and the maxi¬ 
mum entropy is i/[£*] = 1 + In ( 3 . 


Example B.17: Let £ be an absolutely continuous random variable on 
(—00, +00). Assume that the expected value and variance of £ are prescribed 
to be /i and <7 , respectively. The maximum entropy probability density 
function <j>(x) should maximize the entropy 


/•+oo 


(j){x) In <f>(x)dx 


subject to the constraints 


/ +00 r+ OO 

<f>(x)dx = 1 , / x(j){x) dx = fi 

-OO J — OO 



n) 2 cj)(x)dx = a 2 . 


The Lagrangian is 

r+00 


/ + OO / !■+OO \ 

4>(x) In <p{x)dx — Ai I / 4>{x)dx — 1 1 

-OO —OO / 

( /•+OO \ / p+oo 

/ x<f>(x)dx — n ) — A3 I / (x — fj,) 2 (j)(x)dx — cr" 


The maximum entropy probability density function meets Euler-Lagrange 
equation 

In 4 >(x) + 1 + Ai + \ 2 x + A 3 (a; — n ) 2 = 0 

and has the form (f>(x) = exp (—1 — Ai — A22: — A 3 (a; — /z) 2 ). Substituting it 
into the constraints, we get 

rix) = ^ exp { Jji ^ L )’ 

which is just the normally distributed random variable, and the maximum 
entropy is H[^*} = 1/2 + In \/ 2 na. 
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B.10 Conditional Probability 


We consider the probability of an event A after it has been learned that 
some other event B has occurred. This new probability of A is called the 
conditional probability of A given B. 


Definition B.17. Let (fi,yi,Pr) be a probability space, and A,BgA. Then 
the conditional probability of A given B is defined by 


Pr{A\B} 


Pr{A D B} 
Pr {B} 


(B.35) 


provided that Pr{i3} > 0. 

Theorem B.21. Let (fl,.A,Pr) be a probability space, and B an event with 
Pr{£?} > 0. Then Pr{-|B} defined by \B.35\) is a probability measure, and 
(Lt,A,Pr{-\B}) is a probability space. 


Proof: It is sufficient to prove that Pr{-|B} satisfies the normality, nonneg¬ 
ativity and countable additivity axioms. At first, we have 


Pr{fl|£} 


Pr{fl n B} 
Pr{B} 


Pr{£} 

MB} 


Secondly, for any A £ A, the set function Pr{A|f?} is nonnegative. Finally, 
for any countable sequence {Ai} of mutually disjoint events, we have 


Pr 



Pr 


(g/'H 

MB} 


Thus Pr{ -1 A?} is a probability measure, 
probability space. 


E Pr {Ai fl B} oo 

"Ar m 


Furthermore, (fl, A, Pr{-|i?}) is a 


Theorem B.22 (Bayes Formula). Let the events A\,A 2 ,--- ,A n form a 
partition of the space f l such that Pr{Ai} > 0 for i = 1, 2, • • • , n, and let B 
be an event with Pr{B} > 0. Then we have 


MM B} 


Pr{A k }Pr{B\A k } 

n 

EPr{AjPr{B|AJ 

i—l 


(B.36) 


for fe = 1,2,--- , n. 

Proof: Since Ai, Ai, ■ ■ ■ , A n form a partition of the space fl, we have 

n n 

Pr{B} = p r{^ = ^ Pr{A,} Pr{B\A t } 

i=l i=l 
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which is also called the formula for total probability. Thus, for any k, we have 


Pi{A k \B} 


Pr {A k n B} 
Pr{B} 


Pr{A k }Pr{B\A k } 

n 

^PviAijPviBlAi} 

2=1 


The theorem is proved. 


Remark B.l: Especially, let A and B be two events with Pr{A} > 0 and 
Pr{£?} > 0. Then A and A c form a partition of the space Cl, and the Bayes 
formula is 


Pt{A\B} 


Pr{A}Pr{B|A} 
Pr {B} 


(B.37) 


Remark B.2: In statistical applications, the events A k , A^, • • • , A n are often 
called hypotheses. Furthermore, for each i, the Pr{A,} is called the prior 
probability of A i: and Pv{Ai\B} is called the posterior probability of A, after 
the occurrence of event B. 

Example B.18: Let £ be an exponentially distributed random variable with 
expected value /3. Then for any real numbers a > 0 and x > 0, the conditional 
probability of f > a + x given £ > a is 

Pr{£ > a + x|£ > a} = exp(— x/(3) = Pr{£ > x} 

which means that the conditional probability is identical to the original prob¬ 
ability. This is the so-called memory less property of exponential distribution. 
In other words, it is as good as new if it is functioning on inspection. 

Definition B.18. The conditional probability distribution 3? —» [0,1] of 
a random variable £ given B is defined by 

$(*| B) = Pr {£ < x\B} (B.38) 

provided that Pr{R} > 0. 

Definition B.19. The conditional probability density function (j> of a random 
variable £ given B is a nonnegative function such that 

$(x|R) = f <j)(y\B)dy, \/x £ 3? (B.39) 

J — OO 

where <f)(x|i?) is the conditional probability distribution of f given B. 


Example B.19: Let (£, rj) be a random vector with joint probability density 
function if. Then the marginal probability density functions of f and p are 

/ +oo r+oo 

tp{x,y)dy, g(y)= if(x,y)dx, 

-oo J —OO 

respectively. Furthermore, we have 
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Pr{£ < x,r] < y} 



if(r, t)drdt 




t) 

9(t) 


dr 


g(t)dt 


which implies that the conditional probability distribution of £ given 77 = y is 

i>(r, y) 


$(x\r] = y) = 


a{y) 


-dr, a.s. 


and the conditional probability density function of £ given 77 = y is 

4>{x,y) 


(j)(x\r) = y) = 


a(y) 


p + OO 


a.s. 


(B.40) 


(P-41) 


ip(x,y)dx 


Note that (IB.401) and (IB. 411) are defined only for g(y) 0. In fact, the set 
{y\d{y) = 0} has probability 0. Especially, if £ and 77 are independent random 
variables, then tp(x,y) = f(x)g(y) and 4>(x\g = y) = f(x). 


Definition B.20. Let £ be a random variable. Then the conditional expected 
value of £ given B is defined by 

/*+oo nO 

E[C\B]= Pr{£ > r|B}dr- / Pr{£ < r|B}dr (B.42) 

J 0 J —00 

provided that at least one of the two integrals is finite. 


B.ll Random Set 

Random set is a well-known concept in probability theory, and widely applied 
in science and engineering. Here we deal with random set after the fashion 
of uncertain set. 

Definition B.21. A random set is a measurable function £ from a probability 
space (H,yi,Pr) to a collection of sets of real numbers, i.e., for any Borel set 
B, the set 

{£ c B} = {to e n | £(w) C B} (B.43) 

is an event. 

Let £ and 77 be two nonempty random sets. Then the strong membership 
degree of 77 to £ is defined as the probability measure that 77 is strongly 
included in £, i.e., Pr {?7 C £}. The weak membership degree of 77 to £ 
is defined as the probability measure that 77 is weakly included in £, i.e., 
Pr{77 £ £ c }. 

Definition B.22. Let £ and 77 be two nonempty random sets. Then the 
membership degree of 77 to £ is defined as the average of strong and weak 
membership degrees, i.e., 

Pr{?7 > £} = i (Pr{77 C £} + Pr{?7 £ £ c }). 


(B.44) 












264 


Appendix B - Probability Theory 


The membership degree is understood as the probability measure that p is 
imaginarily included in £. 

Note that if ?? degenerates to a single point a, then the strong inclusion is 
identical with the weak inclusion, and Pr{a > £} = Pr{a G £} = Pr{a ^ £ c }. 

Definition B.23. Let £ be a nonempty random set. Then the function 

4>(a;) = Pr{£ > (—oo, cc]}, Va; € 3? (B.45) 

is called the probability distribution of f. 

The concept of membership function is also applicable to random set except 
that the membership degree takes values in probability measure. 

Definition B.24. A random set £ is said to have a membership function p 
if the range of £ is just the total class of p, and 

Pr{£ G W a } = a, Va G [0,1] (B.46) 

where W a is the a-class of p. 

A representation theorem states that, if £ is a random set with membership 
function p, then £ may be represented by 

£= IJ a -Ta (B.47) 

0<a<l 

where p a is the a-cut of membership function p. 

Warning: The complement £ c , union £U? 7 , intersection £n? 7 , sum f + p and 
product £ x p of random sets have no membership functions even though the 
original random sets have their own membership functions. 

Definition B.25. Let £ be a nonempty random set. Then the expected value 
off, is defined by 

/*+oo />0 

E[f] = / Pr{£ > [r,+oo)}dr — / Pr{£ t> (—oo, r]}dr (B.48) 
J 0 J —oo 

provided that at least one of the two integrals is finite. 

Let £ be a nonempty random set with probability distribution <f>. If £ has a 
finite expected value, then 


m = 




<f>(x)d;r. 


(1 — 4>(a:))da: 


— OO 


(B.49) 
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Definition B.26. Let £ be a random set, and a € (0,1]. Then 

£su P (a) = sup {r | Pr {£ [> [ r , +oo)} > a} (B.50) 

is called the a-optimistic value to £, and 

£i n f(a) = inf {r | Pr{£[> (—oo,r]} > a} (B.51) 

is called the a-pessimistic value to 

Let £ be a random set with probability distribution $. Then its a-optimistic 
value and a-pessimistic value are 

6 m P (a) = $-!(l - a), £ inf (a) = ^(a) (B.52) 

for any a with 0 < a < 1. 




Appendix C 

Credibility Theory 


The concept of fuzzy set was initiated by Zadeh [ 222j via membership function 
in 1965. In order to measure a fuzzy event, Zadeh [225j proposed the concept 
of possibility measure. Although possibility measure has been widely used, 
it does not obey the law of truth conservation and is inconsistent with the 
law of excluded middle and the law of contradiction. The main reason is that 
possibility measure has no self-duality property. However, a self-dual measure 
is absolutely needed in both theory and practice. In order to define a self¬ 
dual measure, Liu and Liu mu presented the concept of credibility measure. 
In addition, a sufficient and necessary condition for credibility measure was 
given by Li and Liu [HI] . Credibility theory, founded by Liu |117] in 2004 
and refined by Liu [120] in 2007, is a branch of mathematics for studying the 
behavior of fuzzy phenomena. 

The emphasis in this appendix is mainly on credibility measure, credibil¬ 
ity space, fuzzy variable, membership function, credibility distribution, in¬ 
dependence, expected value, variance, moments, critical values, entropy and 
conditional credibility. 


C.l Credibility Space 

Let 0 be a nonempty set, and T the power set of 0 (i.e., the larggest a- 
algebra over 0). Each element in IP is called an event. In order to present an 
axiomatic definition of credibility, it is necessary to assign to each event A a 
number Cr{A} which indicates the credibility that A will occur. In order to 
ensure that the number Cr{H} has certain mathematical properties which we 
intuitively expect a credibility to have, we accept the following four axioms: 

Axiom 1. (Normality) Cr{©} = 1. 

Axiom 2. (Monotonicity) Cr{A} < Cr{i?} whenever A C B. 

Axiom 3. (Self-Duality) Cr{A} + Cr{H c } = 1 for any event A. 

Axiom 4. (Maximality) Cr{UiA} = sup,Cr{A} for any events {A:} with 
sup, Cr{A} < 0.5. 


Definition C.l (Liu and Liu imv- The set function Cr is called a cred¬ 
ibility measure if it satisfies the normality, monotonicity, self-duality, and 
maximality axioms. 
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Example C.l: Let 0 = { 61 , 62 }- For this case, there are only four events: 
0, { 6 \}, { 62 }, 0. Define Cr{0} = 0, Cr^} = 0.7, Cr{(9 2 } = 0.3, and Cr{0} = 
1. Then the set function Cr is a credibility measure because it satisfies the 
four axioms. 

Example C.2: Let 0 be a nonempty set. Define Cr{0} = 0, Cr{0} = 1 and 
Cr{A} = 1/2 for any subset A (excluding 0 and 0). Then the set function 
Cr is a credibility measure. 

Example C.3: Let /i be a nonnegative function on 0 (for example, the set 
of real numbers) such that 

Then the set function 

Cr{^} = \ 

is a credibility measure on 0 . 

Theorem C.l. Let 0 be a nonempty set, T the power set of 0, and Cr the 
credibility measure. Then Cr{0} = 0 and 0 < Cr{A} < 1 for any A £ CP. 

Proof: It follows from Axioms 1 and 3 that Cr{0} = 1 — Cr{0} = 1 — 1 = 0. 
Since 0 C A C 0, we have 0 < Cr{A} < 1 by using Axiom 2. 

Theorem C.2. Let 0 be a nonempty set, T the power set of 0, and Cr the 

credibility measure. Then for any A, B £ IP, we have 

CrjdUB} = Cr{A} VCr{5} if Cx{A U B} < 0.5, (C.3) 

Cr{A nB} = Cr{A} A Cr{7?} if Cr{A n B} > 0.5. (C.4) 

The above equations hold for not only finite number of events but also infinite 
number of events. 

Proof: If Cr{A U B} < 0.5, then Cr{A} V Cr{B} < 0.5 by using Axiom 2. 
Thus the equation (1C.3D follows immediately from Axiom 4. If CrjAUl?} = 
0.5 and (1C.3D does not hold, then we have Cr{A} V Cr{ B} < 0.5. It follows 
from Axiom 4 that 


sup n(x) = 1. 
xG© 


(C.l) 


sup /J,(x) + 1 — sup fl{x) 


xGA 


xGA c 


(C.2) 


Cr{A U B} = Cr{A} V Cr {B} < 0.5. 

A contradiction proves (1C.3D . Next we prove (IC.4D . Since Cr{A D B} > 0.5, 
we have Cr{A c U B c } < 0.5 by the self-duality. Thus 

Gx{A D B} = 1 - Cr{A c UB C } = 1- Cr{A c } V Cr {B c } 

= (1 - Cr{A c }) A (1 - Cr {B c }) = Cr{A} A Cr{B}. 


The theorem is proved. 
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Theorem C.3. Let 0 be a nonempty set, CP the power set of 0, and Cr the 
credibility measure. Then for any A, B £ CP, we have 

Cr {A U B} = Cr{A} V Cr {B} if Cr{A} + Cr{H} < 1, (C.5) 

Cr{A CB} = Cr{A} A Cr{f?} if Ct{A} + Ct{B} > l. (C.6) 

Proof: Suppose Cr{A} + Cr{f?} < 1. Then there exists at least one term 

less than 0.5, say Cr{B} < 0.5. If Cr{A} < 0.5 also holds, then the equation 

ra follows immediately from Axiom 4. If Cr{A} > 0.5, then by using 
Theorem ICC21 we obtain 

Cr{A} = Cr{AU(HOB c )} = Cr{(AUS)n(AuB c )} = Cr{ALfB}ACr{ AuH c }. 

On the other hand, we have 

Cr{A} < 1 - Cr{S} = Ct{B c } < Cr {A U B c }. 

Hence we must have Cr{A U B} = Cr{A} = Cr{A} V Cr{H}. The equation 
(IE3 is proved. Next we suppose Cr{A} + Cr{5} > 1. Then Cr{A c } + 
Cr{B c } < 1. It follows from (|C.5D that 

Cr{A C B} = 1 - Cr{A c U B c } = 1 - Cr{A c } V Cr{H c } 

= (1 - Cr{A c }) A (1 - Cr{B c }) = Cr{A} A Cr {B}. 

The theorem is proved. 

Credibility Subadditivity Theorem 

Theorem C.4 (Liu Credibility Subadditivity Theorem). The credibil¬ 

ity measure is subadditive. That is, 

Cr{A UB}< Cr{A} + Cr {B} (C.7) 

for any events A and B. In fact, credibility measure is not only finitely 
subadditive but also countably subadditive. 

Proof: The argument breaks down into three cases. Case 1: Cr{A} < 0.5 
and Cr{H} < 0.5. It follows from Axiom 4 that 

Cr{A U B} = Cr{A} V Cr{B} < Cr{A} + Cr {B}. 

Case 2: Cr{A} > 0.5. For this case, by using Axioms 2 and 3, we have 
Cr{A c } < 0.5 and Cr{A U B} > Cr{A} > 0.5. Then 

Cr{A c } = Cr{A c n B} V Cr{A c n B c } 

< Ct{A c ( 1 B} + Cr {A c n B c } 

< Ci-{B} + Cr{A c nB c }. 
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Applying this inequality, we obtain 

Cr{A} + Cr {B} = 1 - Cr{A c } + Cr{R} 


> 1 - Cr {B} - Cr {A c n B c ] + Cr {B} 
= 1 - Cr{A c n B c } 

= Cr{A U B}. 


Case 3: Cr{_B} > 0.5. This case may be proved by a similar process of Case 
2. The theorem is proved. 

Remark C.l: For any events A and B , it follows from the credibility sub¬ 
additivity theorem that the credibility measure is null-additive, i.e., Cr{AU 
B} = Cr{A} + Cr{R} if either Cr{A} = 0 or Cr{R} = 0. 

Theorem C.5. Let {Bi} be a decreasing sequence of events with Cr{Ri} —> 0 
as i —> oo. Then for any event A, we have 


lim Cr{AU B t } = lim Cr{A\RJ = Cr{A}. 


(C.8) 


Proof: It follows from the monotonicity axiom and credibility subadditivity 
theorem that 

Cr{A} < Cr{A U B,} < Cr{A} + Cr {B,} 

for each i. Thus we get Cr{A U Bi} —> Cr{A} by using Crji^} — * 0. Since 
(A\B Z ) c Ac ((A\Bi ) U Bf), we have 

Cr {A\B,} < Cr{A} < Cr{A\R !; } + Cr {B,}. 

Hence Cr{A\Rj} —» Cr{A} by using Cr{Rj} —> 0. 

Credibility Semicontinuity Law 

Generally speaking, the credibility measure is neither lower semicontinuous 
nor upper semicontinuous. However, we have the following credibility semi¬ 
continuity law. 

Theorem C.6 (Liu Credibility Semicontinuity Law). For any events 

Ai, A 2 , ■ ■ ■, we have 



(C.9) 


if one of the following conditions is satisfied: 

(a) Cr{A} < 0.5 and Ai | A; (b) lim Cr{Ai} < 0.5 and Ai "f A; 


(c) Cr{A} > 0.5 and Ai j A; (d) lim Cr{7b} > 0.5 and Ai J. A. 


■OO 
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Proof: (a) Since Cr{A} < 0.5, we have Cr{A;} < 0.5 for each i. It follows 
from Axiom 4 that 

Cr{A} = Cr{U,:A,;} = supCr{A,} = lim Cr{Ai}. 

I i—> oo 

(b) Since Hindoo Cr{Ai} < 0.5, we have sup, Cr{Ai} < 0.5. It follows from 
Axiom 4 that 


Cr{A} = Cr{U,:A,;} = supCr{Ai} = lim Cr{Ai}. 

I i—> 00 

(c) Since Cr{A} > 0.5 and A, | A , it follows from the self-duality of credibility 
measure that Cr{A c } < 0.5 and A? j A c . Thus 

lim Cr{A 4 } = 1 - lim Cr{A=} = 1 - Cr{A c } = Cr{A}. 

i—* 00 i—* 00 

(d) Since Hindoo Cr{Ai} > 0.5 and A, J. A, it follows from the self-duality 
of credibility measure that 

lim Cr{A^} = lim (1 — Cr{A,}) < 0.5 

i—* 00 i—* 00 

and A° f A c . Thus Cr{Ai} = 1 — Cr{A,^} —> 1 — Cr{A c } = Cr{A} as i —> 00 . 
The theorem is proved. 


Credibility Asymptotic Theorem 

Theorem C.7 (Credibility Asymptotic Theorem). For any events Ai, A 2 , • • •, 
we have 

lim Cr{A,} > 0.5, if A,; j 0, (C.10) 

i—>oo 

lim Cr{A,} < 0.5, if A* | 0. (C.ll) 

i—> 00 

Proof: Assume A, ] 0. If lim^oo Cr{Ai} < 0.5, it follows from the credi¬ 
bility semicontinuity law that 

Cr{0} = lim Cr{AJ < 0.5 

i —»oo 

which is in contradiction with Cr{0} = 1. The first inequality is proved. 
The second one may be verified similarly. 

Credibility Extension Theorem 

Suppose that the credibility of each singleton is given. Is the credibility 
measure fully and uniquely determined? This subsection will answer the 
question. 
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Theorem C.8. Suppose that 0 is a nonempty set. If Cr is a credibility 
measure, then we have 


sup Cr{0} > 0.5, 

eeG (C.12) 

Cr{0*} + sup Cr{<9} = 1 t/Cr{0*} > 0.5. 

9^9* 

We will call HC.12\) the credibility extension condition. 

Proof: If supCr{0} < 0.5, then by using Axiom 4, we have 

1 = Cr{0} = supCr{ 6 >} < 0.5. 

9ee 

This contradiction proves sup Cr{0} > 0.5. We suppose that 9* £ 0 is a point 
with Cr{0*} > 0.5. It follows from Axioms 3 and 4 that Cr{0 \ {0*}} < 0.5, 
and 

Cr{0\{0*}} = sup Cr{ 6 »}. 

9 ^ 9 * 

Hence the second formula of (1C. 121) is true by the self-duality of credibility 
measure. 


Theorem C.9 (Li and Liu f91f. Credibility Extension Theorem). Suppose 
that 0 is a nonempty set, and Cr{0} is a nonnegative function on 0 satisfying 
the credibility extension condition \C.12\) . Then Cr{#} has a unique extension 
to a credibility measure as follows, 


Cr{A} = 


sup Cr{0}, 
9eA 

1 — sup Cr{0}, 


if sup Cr{0} < 0.5 
6»eA 

if sup Cr{0} > 0.5. 

9eA 


(C.13) 


Proof: We first prove that the set function Cr{A} defined by (1C. 131) is a 
credibility measure. 

Step 1 : By the credibility extension condition supCr{0} > 0 . 5 , we have 

see 


Cr{©} = 1 - supCr{ 6 »} = 1-0 = 1. 

9e& 

Step 2 : If A C B, then B c C A c . The proof breaks down into two cases. 

Case 1: supCrj#} < 0.5. For this case, we have 
9eA 

Cr{A} = supCr{0} < supCr{0} < Cr{H}. 

9eA 9eB 

Case 2 : supCr{0} > 0.5. For this case, we have supCr{0} > 0.5, and 

9eA 9GB 

Cr{A} = 1 — sup Cr{ 6 (} < 1 — sup Cr{0} = Cr{H}. 

9gA c 9gB c 
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Step 3: In order to prove Cr{A} + Cr{A c } = 1, the argument breaks 

down into two cases. Case 1: supCr{0} < 0.5. For this case, we have 

9gA 

sup Cr{f?} > 0.5. Thus, 

8gA c 

Cr{ A} + Cr{A c } = sup Cr{0} + 1 — sup Cr{0} = 1. 

eeA 9 ga 

Case 2: supCr{0} > 0.5. For this case, we have sup Cr{0} < 0.5, and 

SgA 9gA c 

Cr{A} + Cr{A c } = 1 — sup Cr{0} + sup Cr{0} = 1. 

9eA c 8eA c 

Step 4: For any collection {A,} with sup, Cr{A,} < 0.5, we have 

Cr{U iAi} = sup Cr{0} = sup sup Cr{0} = supCr{A,}. 

9GU iAi i 9GA, i 

Thus Cr is a credibility measure because it satisfies the four axioms. 

Finally, let us prove the uniqueness. Assume that Cri and Cr 2 are two 
credibility measures such that Cri{0} = Cr 2 {0} for each 9 € 0. Let us prove 
that Cri{A} = Cr 2 {A} for any event A. The argument breaks down into 
three cases. Case 1: Cri{A} < 0.5. For this case, it follows from Axiom 4 
that 

Cri{A} = supCri{0} = supCr 2 {0} = Cr 2 {A}. 

8eA oeA 

Case 2: Cri{A} > 0.5. For this case, we have Cri{A c } < 0.5. It follows from 
the first case that Cri{A c } = Cr 2 {A c } which implies Cri{A} = Cr 2 {A}. 
Case 3: Cri{A} = 0.5. For this case, we have Cri{A c } = 0.5, and 

Cr 2 {A} > supCr 2 {0} = supCri{0} = Cri{A} = 0.5, 

9gA 9gA 

Cr 2 {A c } > sup Cr 2 {0} = sup Cri{0} = Cri{A c } = 0.5. 

9eA c 9eA c 

Hence Cr 2 {A} = 0.5 = Cri{A}. The uniqueness is proved. 

Credibility Space 

Definition C.2. Let 0 be a nonempty set, tP the power set of 0, and Cr a 
credibility measure. Then the triplet (0,1P, Cr) is called a credibility space. 

Example C.4: The triplet (0, CP, Cr) is a credibility space if 

0 = {01,02,-Cr{0i} = 1/2 for * = 1,2, • • • (C.14) 

Note that the credibility measure is produced by the credibility extension 
theorem as follows, 

f 0, if A = 0 

Cr{A} = < 1, if A = 0 

[ 1/2, otherwise. 
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Example C.5: The triplet (0,!P,Cr) is a credibility space if 

© = {01,02,-Cr{6»i} = i/(2i + l) for i = 1,2,■ ■ ■ (C.15) 

By using the credibility extension theorem, we obtain the following credibility 
measure, 


Cr{A} = 


sup —--, if A is finite 

6iGA 2* + 1 


1 — sup —-, if A is infinite. 

6 i&A c 2i + 1 


Example C.6: The triplet (0,fP,Cr) is a credibility space if 

0 = {0i,02,-Cr{0!} = 1/2, Cr{0j} = 1/i fori = 2,3,--- (C.16) 

For this case, the credibility measure is 

sup 1/i, if A contains neither 9\ nor 62 

Si&A 

1/2, if A contains only one of 9\ and 62 
1 — sup 1 /i, if A contains both 9\ and $ 2 - 

6i<EA c 


Cr{A} = 


Example C.7: The triplet (0, IP, Cr) is a credibility space if 

0 = [0,1], Cr{<9} = 9/2 for 9 € 0. (C.17) 


For this case, the credibility measure is 


Cr{A} = 


- sup 9 , if sup 9 < 1 

2 eeA 9&A 

1 — i sup 9, if sup0 = 1. 
2 9gA c 9eA 


Product Credibility Measure 

Product credibility measure may be defined in multiple ways. This book 
accepts the following axiom. 

Axiom 5. (Product Credibility Axiom) Let Qk be nonempty sets on which 
Crfc are credibility measures, k = 1,2, • • • , n, respectively, and 0 = 0i x ©2 x 
• • • x 0„. Then 

Cr{(0!,02,--- ,0n)} = Cr 1 {0 1 }ACr 2 {0 2 }A---ACr n {0 n } (C.18) 

for each (9\, 92, ■ • ■ , 9 n ) € 0. 
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Theorem C.10 (Product Credibility Theorem). Let 0& be nonempty sets 
on which Cr^ are the credibility measures, k = 1,2,- •• ,n, respectively, and 
0 = 0i x 02 x • • • x 0„. Then Cr = Ci'i A Cr 2 A • • • A Cr„ defined by Axiom 5 
has a unique extension to a credibility measure on 0 as follows, 


sup min Cr fe {0 fe }, 
(6 | i,e2-,e n )eA 1 < fc <" 


Cr{4} = < 


1 


if sup min Cr k{9k} < 0.5 

(01,02,- ,0n)eA 1 <k<n 


sup min Cr fc {6» fc }, 

(01,02,- ,0„)eA<= 1 < fe < n 

if sup min Cr k{@k} > 0.5. 

(01,02,- ,0„)eA i<*<« 


(C.19) 


Proof: For each 6 = (0i,02, --- , $ra) G 0, we have Cr{0} = Cri{(?i} A 
Cr 2 {$ 2 } A •• • A Cr n {9 n }. Let us prove that Cr{0} satisfies the credibility 
extension condition. Since sup Cr {Ok} > 0.5 for each k, we have 

0fc£©fc 


supCr{0} = sup min &*,{#/-} > 0.5. 

ee© (0 1 ,0 2 ,-,0n)e© 1 ^ fc ^ n 

Now we suppose that 0* = , 0*) is a point with Cr{0*} > 0.5. 


Without loss of generality, let i be the index such that 

Cr{fl*}= min Cr fc {^} = C r< {0?}. (C.20) 

1 <k<n 

We also immediately have 

Cr*{0J}>O.5, A: = 1,2,--- ,n; (C.21) 

Cr fc {0£} + sup Cr fc {0 fc } = 1, k = 1,2, • • • , n; (C.22) 

sup Cri{0J > sup Cr fc {0 fc }, fc = l,2, (C.23) 

e k Ae* k 

sup Crfc{0fc} < 0.5, k = 1, • • • , n. (C.24) 

It follows from (1C. 2111 and (1C.24I) that 

sup Cr{0} = sup min Cik{9k} 


BAB* (01,02,- ,0„)5i(0*,0|,-,0*) !<fe<n 

> sup min Cr^-j^} A Crj{0j} A min &&{$£} 

Qi^LQ* 1 i+l<fe<n 

= sup Crj{0J. 

BiABX 


sup Cr{0} > sup Cr i{9i}. 
8AB‘ BiAB* 


We next suppose that 
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Then there is a point (6^, 0' 2 , • • • , 6' n ) ^ (0*, 9%, ■ • • , 0£) such that 
min Cik{0'k} > sup Crj{0, ; }. 

l < k<n 0 4 / 0 * 

Let j be one of the index such that 0' ^ 9*. Then 

Cry{0'} > sup Crj{0»}. 

That is, 

sup Cr j{9j} > sup Cr,{0.j} 
e i 7 te* 

which is in contradiction with (1C.231) . Thus 

sup Cr{0} = sup Cri{9i}. (C.25) 

0^0* 0^0* 

It follows from (1C. 201) . (1C. 221) and (1C.251) that 

Cr{6>*} + sup Cr{0} = Cr i{9*} + sup Cr ?; {0 !; } = 1. 

0^0* 0 i# 0 * 

Thus Cr satisfies the credibility extension condition. It follows from the cred¬ 
ibility extension theorem that Cr{A} is just the unique extension of Cr{0}. 
The theorem is proved. 

Definition C.3. Let (0*,, f’k, Cr*,), k = 1, 2, • • • , n be credibility spaces, 0 = 
0i x 02 x • • • x 0 n and Cr = Cri A Cr 2 A • • • A Cr n . Then (0, T, Cr) is called 
the product credibility space of (0*, T*,, Cr*,), /c = 1,2,--- , n. 

Theorem C.ll. Let (0,T,Cr) be the product credibility space of (0*,, 
IP*,, Cr*,), k = 1,2, • • • , n. Then for any A*, £ (P*,, k = 1,2, • • • , n, we have 

Cr{Ai x A 2 x • • • x A k } = Cri{Ai} A Cr 2 {A 2 } A • • • A Cr„{A„}. 

Proof: We only prove the case of n = 2. If Cri{Ai} < 0.5 or Cr 2 {A 2 } < 0.5, 
then we have 


sup Cri{0i} < 0.5 or sup Cr 2 {0 2 } < 0.5. 

0ieTi 0 2 eA 2 


It follows from 

sup Cri{0i} A Cr 2 {0 2 } = sup Cri{0i} A sup Cr 2 {0 2 } < 0.5 

($1 ,^ 2 )^-^! X A-2 @l£Ai 02^A2 


that 

Cr{Ai x A 2 } = sup Cr 1 {0 1 } A sup Cr 2 {0 2 } = Cri{Ai} A Cr 2 {A 2 }. 
S 1 eA 1 8 2 £A 2 











Section C.2 - Fuzzy Variable 


277 


If Cri{Ai} > 0.5 and Cr 2 {A 2 } > 0.5, then we have 

sup Cri{0i} > 0.5 and sup Cr 2 {0 2 } > 0.5. 

0ieAi e 2 eA 2 

It follows from 

sup Cri{0i} A Cr 2 {0 2 } = sup Cri{0i} A sup Cr 2 {0 2 } > 0.5 
(^i,^ 2 )CAi x A 2 ^iCAi 0 2 CA 2 

that 

Cr{Ai x A 2 } = 1 — sup Cri{0i} A Cr 2 {0 2 } 

(#1 ,# 2 )£Ai x A 2 

= [ 1 — sup Cri{0i} ) A ( 1 — sup Cr 2 {0 2 } 

\ <h eAj J \ « 2 eA« 

= Cri{7li} A Cr 2 {A 2 }. 

The theorem is proved. 


C.2 Fuzzy Variable 

Definition C.4. A fuzzy variable is a (measurable) function from a credi¬ 
bility space (0, IP, Cr) to the set of real numbers. 


Example C.8: Take (0,!P, Cr) to be {0i,0 2 } with Cr{0i} 
Then the function 


m 


0, if 0 = 01 
1, if 0 = 0 2 


Cr{0 2 } = 0.5. 


is a fuzzy variable. 


Example C.9: Take (0, IP, Cr) to be the interval [0,1] with Cr{0} = 0/2 for 
each 0 £ [0,1]. Then the identity function £(0) = 0 is a fuzzy variable. 


Example C.10: A crisp number c may be regarded as a special fuzzy vari¬ 
able. In fact, it is the constant function £(0) = c on the credibility space 
(0, IP, Cr). 


Remark C.2: Since a fuzzy variable £ is a function on a credibility space, 
for any set B of real numbers, the set 

{£eB} = {0e©|£(0)eB} (C.26) 

is always an element in IP. In other words, the fuzzy variable f is always a 
measurable function and {£ £ B} is always an event. 

Definition C.5. Let and £ 2 be fuzzy variables defined on the credibility 
space (0, IP, Cr). We say = £ 2 if fi(9) = £ 2 (0) for almost all 0 £ 0. 
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Fuzzy Vector 

Definition C.6. An n-dimensional fuzzy vector is defined as a function from 
a credibility space (0,3\Cr) to the set of n-dimensional real vectors. 

Theorem C.12. The vector (£i,£ 2 , ■ ■ • , £«) is a fuzzy vector if and only if 
£ 1 , £ 2 ) • • • j ore fuzzy variables. 

Proof: Write £ = (£ 1 ,^ 2 , • • • , £„). Suppose that £ is a fuzzy vector. Then 
£ 1 , £ 2 ) • • • ) fn are functions from 0 to 3?. Thus £ 1 , £ 2 , • ■ • , £ n are fuzzy vari¬ 
ables. Conversely, suppose that £, are fuzzy variables defined on the cred¬ 
ibility spaces (0j, Cr*), i = 1,2, ••• ,n, respectively. It is clear that 
(£1 , £ 2 ,''' , £n) is a function from the product credibility space (©, CP, Cr) 


to 3?", i.e. 



for all (0i, 62 , ■ ■ ■ , d n ) £ 0- Hence £ = (£ 1 , £ 2 , • • • , £„) is a fuzzy vector. 

Fuzzy Arithmetic 

In this subsection, we will suppose that all fuzzy variables are defined on a 
common credibility space. Otherwise, we may embed them into the product 
credibility space. 

Definition C.7. Let f : 3? ra —> 3? be a function, and £ 1 , £ 2 , • • • ,£« fuzzy 
variables on the credibility space (0,!P, Cr). Then £ = /(£ 1 , £2 , * ■ ■ , £n) is a 
fuzzy variable defined as 


£(0) = /(£i(0),£ 2 (0),--- ,£«(0)) 


(C.27) 


for any 9 £ 0. 

The reader may wonder whether £(0i, 0 2) • • ■ , 9 n ) defined by (1C. 271) is a fuzzy 
variable. The following theorem answers this question. 

Theorem C.13. Let £ be an n-dimensional fuzzy vector, and f : 3?" —> 3? a 
function. Then /(£) is a fuzzy variable. 

Proof: Since /(£) is a function from a credibility space to the set of real 
numbers, it is a fuzzy variable. 

C.3 Membership Function 

Definition C.8 . Let £ be a fuzzy variable defined on the credibility space 
(0, IP, Cr). Then its membership function is derived from the credibility mea¬ 
sure by 


p(x) = (2Cr{£ = a;}) A 1, x £ 3?. 


(C.28) 
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Membership function represents the degree that the fuzzy variable £ takes 
some prescribed value. How do we determine membership functions? There 
are several methods reported in the past literature. Anyway, the membership 
degree p(x) = 0 if x is an impossible point, and p(x) = 1 if x is the most 
possible point that £ takes. 


Example C.ll: It is clear that a fuzzy variable has a unique membership 
function. However, a membership function may produce multiple fuzzy vari¬ 
ables. For example, let 0 = {9±,9 2 } and Cr{0i} = Cr{0 2 } = 0.5. Then 
(0, T, Cr) is a credibility space. We define 


aw = 


0, if 9= 9 1 
1, if 9 = 9 2l 


aw = 


1, if 9 = 9 1 
0, if 9 = 9 2 . 


It is clear that both of them are fuzzy variables and have the same member¬ 
ship function, p(x) = 1 on x = 0 or 1 . 


Theorem C.14 (Credibility Inversion Theorem). Let £ be a fuzzy variable 
with membership function p. Then for any set B of real numbers, we have 

Cr{£ G B} = i ( sup p(x) + 1 — sup p(x) J . (C.29) 

2 \xeB xGB a ) 

Proof: If Cr{£ G B} < 0.5, then by Axiom 2, we have Cr{£ = it} < 0.5 for 
each x G B. It follows from Axiom 4 that 

Cr{£ G B} = \(sup (2Cr{£ = x} A 1) ) = 7 - sup p(x). (C.30) 

2 \xGB ) 2 X £B 

The self-duality of credibility measure implies that Cr{£ G B c } > 0.5 and 
su Pxes o Cr U = x ) > 0.5, i.e., 

sup p(x) = sup (2Cr{£ = x) A 1) = 1. (C.31) 

xeB c xEB c 

It follows from (1C. 301) and (1C. 311) that (1C. 291) holds. 

If Cr{£ G B} > 0.5, then Cr{£ G B c } < 0.5. It follows from the first case 
that 

Cr{£ G B} = 1 — Cr{C G B c } = 

= \ ( sup p(x) + 1 - 

z \x£B 

The theorem is proved. 


1 - 


sup p(x) + 1 — sup p(x) 
xeB c x£B 


sup p(x) 

x£B c 


Example C.12: Let £ be a fuzzy variable with membership function p. 
Then the following equations follow immediately from Theorem lC.141 

p(x) + 1 - sup p(y) 

\ v+ x 


Cr{^ = x} 


Mx G K; 


(C.32) 
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Cr{£ < x} = - I sup y(y) + 1 - sup y(y) I , Vx G 3?; (C.33) 

z \y<x y>x J 


(C.34) 


Cr{£ > x} = - ( sup y(y) + 1 - sup y(y) ) , Vx G 3?. 

- \y>x y<x J 

Especially, if y is a continuous function, then 

Cr{£ = x} = \/x G 3?. 


(C.35) 


Theorem C.15 (Sufficient and Necessary Condition for Membership Func¬ 
tion). A function y : 3? —■> [0,1] is a membership function if and only if 
sup^i(x) = 1. 

Proof: If y is a membership function, then there exists a fuzzy variable ( 
whose membership function is just y , and 

sup y(x) = sup (2Cr{£ = x}) A 1. 

If there is some point x G 3? such that Cr{£ = x} > 0.5, then sup y(x) = 1. 
Otherwise, we have Cr{£ = x} < 0.5 for each x G 3?. It follows from Axiom 4 
that 

sup y(x) — sup (2Cr{£ = x}) A 1 = 2 sup Cr{£ = x} = 2 (Cr{0} A 0.5) = 1. 

tcG3£ xG^? icG^ 

Conversely, suppose that sup y(x) = 1. For each x G 3?, we define 


Cr{x} = o M®) + 1 “ SU P My) • 


It is clear that 


supCr{x} > -(1 + 1 — 1) = 0.5. 
seSR 2 


For any x* G S with Cr{x*} > 0.5, we have y(x*) = 1 and 

Cr{x*} + sup Cr{y} 

vAx" 

= \ [s{x*) + 1 - sup y{y) \ + sup i (y(y) + 1 - sup y(z) 


= 1 - x sup y(y) + \ sup y{y) = 1 . 


Thus Cr{x} satisfies the credibility extension condition, and has a unique 
extension to credibility measure on 1P(3?) by using the credibility extension 
theorem. Now we define a fuzzy variable f as an identity function from the 
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credibility space (SR, iP(SR), Cr) to SR. Then the membership function of the 
fuzzy variable £ is 


(2Cr{£ = i})Al 


+ 1 


sup v{y) a 1 = n{x) 

) 


for each x. The theorem is proved. 


Some Special Membership Functions 

By an equipossible fuzzy variable we mean the fuzzy variable fully determined 
by the pair (a, b) of crisp numbers with a < &, whose membership function is 
given by 

Hi(x) = 1, a < x < b. 

By a triangular fuzzy variable we mean the fuzzy variable fully determined 
by the triplet (a, b , c) of crisp numbers with a < b < c, whose membership 
function is given by 


M®) = 


x — a 
b — a 
x — c 
b — c 


, if a < x < b 
, if b < x < c. 


By a trapezoidal fuzzy variable we mean the fuzzy variable fully determined 
by the quadruplet (a, 6 , c, d) of crisp numbers with a < b < c < d, whose 
membership function is given by 


V3(x) 


b — a 1 
1 , 

x — d 
L c — d ' 


if a < x < b 
if b < x < c 
if c < x < d. 


Vi(x) p 2 {x) p 3 (x) 



Figure C.l: Membership Functions pi, p 2 and p 3 
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C.4 Credibility Distribution 

Definition C.9 (Liu \112( ). The credibility distribution <3> : SR —> [0,1] of a 
fuzzy variable £ is defined by 

$(x) = Cr {e G 0 | £(0) < x} . (C.36) 

That is, <b(x) is the credibility that the fuzzy variable £ takes a value less than 
or equal to x. Generally speaking, the credibility distribution d> is neither 
left-continuous nor right-continuous. 

Example C.13: The credibility distribution of an equipossible fuzzy variable 
(a, b) is 

{ 0 , if x < a 
1 / 2 , if a < x < b 
1 , if x > b. 

Especially, if £ is an equipossible fuzzy variable on 3?, then <f>i(x) = 1/2. 

Example C.14: The credibility distribution of a triangular fuzzy variable 
(a, 6 , c) is 


0, 

if x < a 

x — a 



if a < x < 6 

2(6 — a )’ 


x + c — 26 



if 6 < x < c 

2 (c — 6 ) 


1, 

if x > c. 


Example C.15: The credibility distribution of a trapezoidal fuzzy variable 
(a, b , c, d) is 

0 , if x < a 


^3{x) = < 


x — a 
2(6 — a) ’ 
1 

2 ’ 


x + d — 2 c 
2 (d-c) ’ 


1 , 


if a < x < b 
if b < x < c 

if c< x < d 

if x > d. 


Theorem C.16. Let £ be a fuzzy variable with membership function /x. Then 
its credibility distribution is 

$0) = \ (sup p,(y) + 1 - sup n(y) \ , Vx £ 3?. (C.37) 

^ \y<x y>x J 

Proof: It follows from the credibility inversion theorem immediately. 
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$i(V) $2 (a;) $3(3;) 



Theorem C.17 (Liu Sufficient and Necessary Condition for Credi¬ 

bility Distribution). A function <J> : 3? —> [0,1] is a credibility distribution if 
and only if it is an increasing function with 

lim <h(a;) < 0.5 < lim , (C.38) 


lim<f>(j/) = <h(a;) if lim<f>(?/) > 0.5 or <J>(x) > 0.5. (C.39) 

ylx vlx 

Proof: It is obvious that a credibility distribution <f> is an increasing func¬ 
tion. The inequalities (1C.381) follow from the credibility asymptotic theorem 
immediately. Assume that a; is a point at which lim, y | x <I>(i/) > 0.5. That is, 


limCr{£ < y} > 0.5. 

ylx 


Since < z/} J, < a;} as y [ x, it follows from the credibility semicontinuity 
law that 

Q(y) = CrU < y} l Cr{£ < 4 = *(a;) 

as y i x. When a; is a point at which <I>(a;) > 0.5, if lim y | x $( 1 /) ^ <F(a;), then 
we have 

lim <&((/) > <5>(x) > 0.5. 

y\x 

For this case, we have proved that lim y | x d>(y) = <I>(a;). Thus (1C.381) and 
(1C.391) are proved. Conversely, if $ : —> [0,1] is an increasing function 
satisfying (1C.381) and (1C. 391) . then 

2$(ir), if $(x) < 0.5 

i, if nm$(y) <0.5<$(a ; ) ( C .40) 

2 — 2<5>(x), if 0.5 < lim <f>(y) 

ylx 



takes values in [0,1] and sup/z(ai) = 1. It follows from Theorem 1C. 151 that 
there is a fuzzy variable £ whose membership function is just /i. Let us verify 
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that 4> is the credibility distribution of £, i.e., Cr{£ < x} = 4>(a;) for each x. 
The argument breaks down into two cases, (i) If <f>(x) < 0.5, then we have 
sup y>x n(y) = 1? and n(y) = 24>(z/) for each y with y < x. Thus 



sup4>(i/) = 4>(:r). 


y<x 


(ii) If 4>(x) > 0.5, then we have snp y<x fi(y) = 1 and 4>(j/) > 4>(a;) > 0.5 for 
each y with y > x. Thus n(y) = 2 — 2$(y) and 



inf $(y) = lim$(j/) = $(x). 

V>x ylx 


The theorem is proved. 


Example C.16: Let a and b be two numbers with 0 < a < 0.5 < b < 1. We 
define a fuzzy variable by the following membership function, 



2 a, if x < 0 
1 , if x = 0 
2-25, if x > 0. 


Then its credibility distribution is 



Thus we have 


lim 4>(x) = a, lim 4>(x) = 5. 



C.5 Independence 

The independence of fuzzy variables has been discussed by many authors 
from different angles. Here we use the following definition. 

Definition C.10 (Liu and Gao m)- The fuzzy variables 
are said to be independent if 



(C.41) 


for any sets B i, f? 2 , • ■ ■ , B m of 5R. 
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Theorem C.18. The fuzzy variables Ci,C 2 ) ■ ■ • , Cm. are independent if and 
only if 


Cr < M {& £ Bi} \ = max Cr <E Bi} 

1 1 l<i<m 


,2=1 


(C.42) 


for any sets f? 2 , ■ ■ ■ , B m of 5ft. 


Proof: It follows from the self-duality of credibility measure that 

£ 1 , £ 2 , •' ■ • Cm are independent if and only if 

Cr | Q {£ £ Bi}| = 1 - Cr j f) (Ci £ Bf} j 
= 1 — min Cr{Ci £ Bf} = max Cr {C, £ Bf\ . 

1 <i<m 1 <i<m 

Thus (1C.4211 is verified. The proof is complete. 

Theorem C.19. The fuzzy variables Ci,C 2 , ■ ■ • , Cm are independent if and 
only if 


Cr < 0 {Ci = Xi) \ = min Cr = Xi} 

111 1 1<2<771 


,2=1 


(C.43) 


for any real numbers xi, ■ ■ ■ , x m . 


Proof: If Ci • ^2 , ■'' , Cm are independent, then we have (1C.431) immediately by 
taking Bi = {xi} for each i. Conversely, if Cr{n™ j (Ci £ Bf)} > 0.5, it follows 
from Theorem 1C.21 that (1C.411) holds. Otherwise, we have Cr{n-^(Ci = 
a^i)} < 0.5 for any real numbers Xi £ 13,;, i — 1, 2, • ■ • , to, and 

! m 'l I m 

Plfees,} =C0 1J = 

2=1 ) I Xi£Bi ,l<2<m 2=1 


= sup 

Xi^Bi ,l< 2 <m 


Cr < 0(6 = x i} t = sup min Cr{C,; = x,} 


P =1 


£Bi,l<i<m l<i<m 


= min sup Cr {Ci = Xi} = min Cr {£,; £ f?,;} . 

1<2 XiOzBi l<2<m 

Hence (1C.411) is true, and £i,£ 2) - •• , Cm are independent. The theorem is 
thus proved. 


Theorem C.20. Let pi be membership functions of fuzzy variables C,;, i = 
1 , 2 , • • • , to, respectively, and p the joint membership function of fuzzy vector 
(Cl? £ 2 , * * * , Cm)- Then the fuzzy variables Ci,C 2 , --- , Cm axe independent if 
and only if 

p(xi ,x 2 , • • ■ ,x m ) = min pi(xi) 
l< 2 <m 

for any real numbers x±, x 2 , • • • , x m . 


(C.44) 
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Proof: Suppose that £ 1 ,^ 2 , • ■ ■ , are independent. It follows from Theo¬ 
rem 1C. 191 that 


n(xi,x 2 , ■ ■ ■ ,x m ) = 2Cr < P|Ui = 1 ,} Al 


= [ 2 min Cr{fj = xA ) A 1 

\ 1 <i<m J 

= min (2Cr{fj = £,}) A 1 = min uAxA. 
Ki<m Ki<m 


Conversely, for any real numbers x\,X 2 ,-" 1 x m with Cr{n’T 1 = Xi}} < 
0.5, we have 


Cr { H = Xi ^ 


, 2=1 


= \ ^ 2cr |rj{^= ai 

= \n(xi,x 2 , ■ ■ ■ ,x m ) = i min Pi(xi) 
Z Z l<i<m 


= \ (( 2Cr te = x i}) A 1 

Z \ 1<2< ' 


= min Cr {£j = x t } . 

Ki<m 


It follows from Theorem 1C. 191 that £ 1 , £ 2 • • • • , are independent. The the¬ 
orem is proved. 


C.6 Extension Principle of Zadeh 

Theorem C.21 (Extension Principle of Zadeh). Let ,£n he in¬ 

dependent fuzzy variables with membership functions pi,/i 2 ,--- ,p n , respec¬ 
tively, and f : 5ft" —* 5ft a function. Then the membership function p of f = 
/(£ 1 , £ 2 , ■ • • , in) is derived from the membership functions /ii, H 2 , ■ ■ ■ ,fi n by 

p(x) = sup min pi(xi) (C.45) 

X=J{x lt x 2 ,- ,®„) 1 < i < n 


for any x £ 5ft. Here we set p(x) = 0 if there are not real numbers 
x\,x 2 , ■ ■ ■ ,x n such that x = f(xi,X 2 , ■ ■ ■ , x n ). 


Proof: It follows from Definition 1C.81 that the membership function of £ = 
f(C •• ,£n) is 
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M x) = (2Cr{/(£i,£ 2 ,--- ,£n) = x}) A 1 


2 sup Cr{£i = *1,^2 = x 2 ,--- ,£n =x n } Al 

y i=/(ii,x 2 ,-,x„) J 

( 2 sup min Cr{£j = Xi} A 1 (by independence) 

x=f(x 1 ,x a ,-,x n ) 1 ^ n J 

sup min (2Cr{£,; = i,}) A 1 

sup min 

x=f(x 1,*2,- ,*„) !<*<« 


The theorem is proved. 

Remark C.3: The extension principle of Zadeh is only applicable to the 
operations on independent fuzzy variables. In the past literature, the exten¬ 
sion principle is used as a postulate. However, it is treated as a theorem in 
credibility theory. 

Example C.17: The sum of independent equipossible fuzzy variables £ = 
(ai, a 2 ) and r) = (bi, b 2 ) is also an equipossible fuzzy variable, and 

£ + r] = (ax + b 1 ,a 2 + b 2 ). 


Their product is also an equipossible fuzzy variable, and 


£ ' V 


( min 

\ai<.x<a2 ,bi<y<.b2 


xy, 


max 

ai<x<a,2 ,bi<y<.b2 



Example C.18: The sum of independent triangular fuzzy variables £ = 
(ai, d 2 , <23) and rj = (b±,b 2 , 63) is also a triangular fuzzy variable, and 

£ + 77 = (ai + bi, d 2 + b 2 , a 3 + 63). 


The product of a triangular fuzzy variable £ = (di, a 2 , 0,3) and a scalar number 
A is 


A-£ = 


(Adi, Aa 2 , Ad3), if A > 0 
(Ad3, Aa 2 , Adi), if A < 0 . 


That is, the product of a triangular fuzzy variable and a scalar number is 
also a triangular fuzzy variable. However, the product of two triangular fuzzy 
variables is not a triangular one. 


Example C.19: The sum of independent trapezoidal fuzzy variables £ = 
(di, d 2 , d3, d4) and rj = (61, b 2 , 63, 64) is also a trapezoidal fuzzy variable, and 


^ + 77 — (di + b \, d 2 + b 2 , d3 + 63, d4 + 64). 
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The product of a trapezoidal fuzzy variable £ = (ai, (12, a.3, CI4) and a scalar 
number A is 

(Aai, Aa2, Aa3, Aa4), if A > 0 
(Aa,4, Aa3, Aa2, Aai), if A < 0 . 

That is, the product of a trapezoidal fuzzy variable and a scalar number is 
also a trapezoidal fuzzy variable. However, the product of two trapezoidal 
fuzzy variables is not a trapezoidal one. 

Example C.20: Let £1 , £2 j ■ ■ ■ , be independent fuzzy variables with mem¬ 
bership functions p i,/i2,--- , Pn, respectively, and / : 3 ?" —> 3 ? a function. 
Then for any set B of real numbers, the credibility Cr{/(£i, £2, • • ■ , £„) £ 
B} is 

— ( sup min Pi(xi) + 1 — sup min Pi(xi) 

2 y(n,i 2 ,- l<i<n 

C.7 Expected Value 

There are many ways to define an expected value operator for fuzzy variables. 
The most general definition of expected value operator of fuzzy variable was 
given by Liu and Liu dm- This definition is applicable to not only continuous 
fuzzy variables but also discrete ones. 

Definition C.ll (Liu and Liu urn)- Let £ be a fuzzy variable. Then the 
expected value of £ is defined by 

c+oo /*0 

E[f] = / Cr{£ > r}dr - / Cr{£ < r}dr (C.46) 

J 0 J — 00 

provided that at least one of the two integrals is finite. 




Example C.21: Let £ be the equipossible fuzzy variable (a,b). Then its 
expected value is E[£] = (a + b)/2 . 

Example C.22: The triangular fuzzy variable £ = (a, 6, c) has an expected 
value £’[£] = (a + 2b + c)/4. 

Example C.23: The trapezoidal fuzzy variable £ = (a, &, c, d) has an ex¬ 
pected value E[£] = (a + b + c + d)/ 4. 


Example C.24: Let £ be a continuous fuzzy variable with membership 
function p. If its expected value exists, and there is a point Xq such that 
p(x) is increasing on (— 00 , Xo) and decreasing on (a"o,+oo), then Cr{£ > 
x} = p.(x)/2 for any x > xq and Cr{£ < x} = p(x)/2 for any x < xq. Thus 


1 r + °° 

■£[£] = x ° + 2 / T(x)Ax 


1 

2 


p(x)dx. 


— OO 
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Example C.25: The definition of expected value operator is also applicable 
to discrete case. Assume that £ is a simple fuzzy variable whose membership 
function is given by 




f Mi) 

if x = X\ 



p{x) = < 

1 M 2 , 

if X = X 2 

(C.47) 


1 

^ Mm? 

if x = x m 


where xi, X 2 , ■ ■ 

• , x m are distinct 

numbers. Note that Mi V M 2 V • 

‘ ‘ V /im = 1 • 


Definition 1C. Ill implies that the expected value of £ is 


E[£}=^2wiXi (C.48) 

i= 1 

where the weights are given by 

Wi = 7 ; (max {n\ x o < x i} - max {pj\xj < x J 

Z \ ISjS 771 


+ max {fJ.j\xj > Xi} — max {p.j\xj > Xi} 

1 < j < m 

for i = 1,2, • • • , m. It is easy to verify that all Wi > 0 and the sum of all 
weights is just 1. 

Example C.26: Consider the fuzzy variable £ defined by (1C.471) . Suppose 
xi < x 2 < ■ ■ ■ < x m and there exists an index k with 1 < k < to such that 


Mi < M2 < • • • < Mfc and /i fc > Hk+i >■> Mm- 


Note that Mfc = 1- Then the expected value is determined by (1C.481) and the 
weights are given by 


Mi 
2 ’ 


Wi = 


M^ l^i—l 
2 ’ 

^ Mfc-i + Mfc+i 
2 


Mi — M*+i 
2 

Mm 

T’ 


if i 
if * 
if i 
if i 
if i 


1 

2, 3, • ■ ■ ,k — 1 
k 


k + 1 , k + 2 , • • • , m — 1 


TO. 


Linearity of Expected Value Operator 

Theorem C.22 (Liu and Liu im)- Let £ and 77 &e independent fuzzy vari¬ 
ables with finite expected values. Then for any numbers a and b, we have 


E[a£ + brj\ = aE[£] + bE[rj\. 


(C.49) 
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Proof: Step 1: We first prove that E[£ + 6 ] = E[£\ + b for any real number 
b. If b > 0, we have 

/»oo rO 

E[£ + b} = Cr{£ + b > r} dr— / Cr{£ + b < r}dr 

J 0 J — oo 

/»00 nO 

= / Cr{£ > r — 6}dr — / Cr{£ < r — 6}dr 
J 0 J — oo 

= E[£\ + f (Cr{£ > r — b} + Cr{£ < r — b}) dr 
Jo 

=m)+b. 

If b < 0, then we have 

E[£ + b] = E[£,] - [ (Cr{£ > r - b} + Cr{£ < r - 6}) dr = E[£\ + b. 

Jb 


Step 2: We prove that E[a^] = aE[(] for any real number a. If a = 0, 
then the equation -E[a£] = ai£[£] holds trivially. If a > 0, we have 


/»oo /*0 

ff[a£] = / Cr{a£ > r}dr — / Cr{a£ < r}dr 
J 0 J — oo 


r ^ r 'i , 


r 'i 

> - \ dr - 

\ Cr 1 


l a J 

/-oo 1 

a J 


i Cr{e> -) d(-) -a f Cr(e< -)d(-) = aE[£]. 
J 0 1 a J Va/ J _<*, t a) W 


If a < 0, we have 


/»oo />0 

E{a(] = / Cr{a£ > r}dr — / Cr{a£ < r}dr 
J 0 J — oo 

= f Cr{^<^}d r-J Cr |^ > dr 

=a l & 9 d (D ~ a L Cr {« s £} d (D= 


Step 3: We prove that E{(; + rj\ = + E[t]] when both £ and 77 are 

simple fuzzy variables with the following membership functions, 



Mi, 

if x = a\ 

f 

if x = b 

fl(x) = < 

M2, 

if X = <12 

/ \ 1 C 2 , 

if x = b- 



K*) = < 



k Mm, 

if x = u m , 

l Z'n, 

if x = b, 
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Then £+?? is also a simple fuzzy variable taking values a-i+bj with membership 
degrees /j, A Vj, i = 1, 2, • • • , m, j = 1,2, • • • , n, respectively. Now we define 


w 4 = - I max {/ifclttfc < Cii} - max {nk\cik < cii} 


2 \l<k<r 


l<k<r, 


+ max {/J,k\cik > di} max {/ik\ak > a*} 

l<fe<m l</c<ra 


w” = \( max < bj} - max {n\bi < bA 

J Z \ 1 <l<n " " 


l<Kn 


+ max {vi\bi > bj} - max {vi\h > bj} , 

l<Z<n l<Z<n 


w ij = o l max {/be A u t \a k + bi < cii + bj} 

Z \l<k<m,l<.l<.n 

max {/i k A vi\a k + 6; < a, ; + bj} 

l<k<m,l<l<n 

+ max {/i k /\ ui\a k + bi > ai + bj} 

l<k<m,l<l<n 


- max {nk A vi\a k + 6 ; > a, + bA 

l<k<m,l<l<n 


for i = 1,2, • • • , m and j = 1,2, • • • , n. It is also easy to verify that 


w 'i = J2 


Wi¬ 


ll 

w j 


= £ 


Wi 


3 =1 




for i = 1,2, ••• , to and j = 1,2,- •• , n. If {a,}, {bj} and {aj + bj} are 
sequences consisting of distinct elements, then 


eki = 5>< = £[«+»] = ££( 0- i -(- b j j i 

i—1 j=l i—1 j=l 


Thus E[£ + rf\ = E[^\ + E[rj\. If not, we may give them a small perturbation 
such that they are distinct, and prove the linearity by letting the perturbation 
tend to zero. 

Step 4: We prove that E[^ + rj\ = £[£] + E[i]] when £ and ?? are fuzzy 
variables such that 


timers < y} < ^ < Cr{£ < 0}, 
v TO 2 

limCr{?; < y} < — < Cr {ij < 0}. 
v TO 2 


(C.50) 
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We define simple fuzzy variables fy via credibility distributions as follows, 


<f> i (x) = < 


if^<Cr{C<4<^,fc = l,2,...,2 1 - 1 
if ^<Crti<x}<^-,k = T- 1 + l,... , 2 i 


1, if Cr{£ < x} = 1 

for i = 1,2, • • ■ Thus {fy} is a sequence of simple fuzzy variables satisfying 

Cr{fy < r} | Cr{£ < r}, if r < 0 
Cr{fy > r} | Cr{£ > r}, if r > 0 

as i —> oo. Similarly, we define simple fuzzy variables ??,; via credibility 
distributions as follows, 


^i{x) = < 


-y-i if < Cr{? 7 < x} < k= 1,2,--- ,2* 1 

if ^<Cr{r?< x} <1,^ = 2^+ !,■•• ,2* 


1, if Cr {?7 < ai} = 1 

for * = 1,2, • • • Thus { 77 ^} is a sequence of simple fuzzy variables satisfying 

Crfy,; < r} | Cr {?7 < r}, if r < 0 
Cr{r/,; > r} | Cr{r/ > r}, if r > 0 

as i —» 00 . It is also clear that {fy + ryfy is a sequence of simple fuzzy variables. 
Furthermore, when r < 0, it follows from (1C.501) that 

lim Cr{fy + rji < r} = lim sup Cr{fy < x} A Cr{ 77 * < y} 

i y °° * *°° x<0,y<0,x-\-y<r 

= sup lim Cr{fy < a;} A Cr{ 77 ,; < y} 

x<0,y<0,x+y<r 

= sup Cr{£ < a;} A Cr {?7 < y} 

x<0,y<0,x-\-y<.r 


= Cr{£ + < r}. 


That is, 


Cr{fy + rji < r) ] Cr{£ + rj <r}, if r < 0. 
A similar way may prove that 

Cr{fy + Vi > r} | Cr{£ + y> r}, if r > 0. 
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Since the expected values f?[£] and E[if\ exist, we have 

p-\-oo pO 

Efif = / Cr{& > r}dr - / Cr{^ < r}dr 

J 0 J — oo 

/»+oo pO 

—> / Cr{^ > r}dr — / Cr{£ < r}dr = £ 7 [£], 

J 0 J—oo 

/*+oo pO 

E[rji\ = / Cr{?7i > r}dr — / Crjr// < r}dr 

J 0 J—oo 

/»+oo /»0 

—*■ / Cr{?7 > r}d?’— / Cr{ry < r}dr = .£[77], 

J 0 J —00 

/*+00 />0 

£[& + %] = / Cr{& + ?7i > r}dr - / Cr{& + rji < r}dr 
J 0 J —00 

/*+00 /»0 

—> / Cr{£ + 77 > r}di— / Cr{£ + 77 < r}dr = £ 7 [£ + 77] 
J 0 J —00 


as i —> 00. It follows from Step 3 that E[( + 77] = £J[£] + ^[77]. 


Step 5 : We prove that E[£ + 77] = £J[£] + .£[77] when £ and 77 are arbi¬ 
trary fuzzy variables. Since they have finite expected values, there exist two 
numbers c and d such that 

lim Cr{£ + c < y} < — < Cr{£ + c < 0 }, 

2/tO 2 

lim Cr{?7 + d < y} < i < Cr{?7 + d < 0 }. 

2 /to 2 


It follows from Steps 1 and 4 that 

E[£ + 77] = E[(£ + c) + (77 + d) - c- d\ 
= £[(£ + c) + (77 + d)} - c - d 
= E[t( + c] + E(q + d] — c — d 
= £?[£] + c + E[rj\ + d — c - d 
= £[£] +£[77]. 


Step 6 : We prove that E[at ; + brj\ = aE[£\ + bE[rj\ for any real numbers 
a and b. In fact, the equation follows immediately from Steps 2 and 5 . The 
theorem is proved. 


C.8 Variance 

Definition C.12 (Liu and Liu JM)- Let £ be a fuzzy variable with finite 
expected value e. Then the variance of £ is defined by V[£] = E[(t; — e) 2 ]. 
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The variance of a fuzzy variable provides a measure of the spread of the 
distribution around its expected value. 

Example C.27: A fuzzy variable £ is called normally distributed if it has a 
normal membership function 

(ZEl£z£l)) , i e s, (t > o. (C.51) 

The expected value is e and variance is a 2 . Let £1 and £2 be independently 
and normally distributed fuzzy variables with expected values e± and e 2 , 
variances af and a 2 , respectively. Then for any real numbers ci\ and ( 12 , the 
fuzzy variable ai£i + 02^,2 is also normally distributed with expected value 
aiei + a 2 e 2 and variance (|ai|<7i + |a2|<72) 2 . 


/j,(x) =2 1 + exp 


t{x) 



Figure C.3: Normal Membership Function 


Theorem C.23. If £ is a fuzzy variable whose variance exists, a and b are 
real numbers, then P[a£ + b\ = a 2 P[£]. 

Proof: It follows from the definition of variance that 

V[a£ + b] = E [« + b - aE[£\ - b ) 2 ] = a 2 E[(£ - E[£]) 2 ] = a 2 V[t]. 

Theorem C.24. Let £ be a fuzzy variable with expected value e. Then 
V[£] = 0 if and only if Cr{£ = e} = 1. 

Proof: If P[£] = 0, then E[(£ — e) 2 ] = 0. Note that 

r+00 

E[(£ — e) 2 ] = / Cr{(£ — e) 2 > r}dr 

Jo 

which implies Cr{(£—e) 2 > r} = 0 for any r > 0. Hence we have Cr{(£—e) 2 = 
0} = 1, i.e., Cr{£ = e} = 1. Conversely, if Cr{£ = e} = 1, then we have 
Cr{(£ — e) 2 = 0} = 1 and Cr{(£ — e) 2 > r} = 0 for any r > 0. Thus 

r+00 

F[£] = / Cr{(£ — e) 2 > r}dr = 0. 

Jo 
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C.9 Moments 

Definition C.13 (Liu flTB 1 ]). Let £ be a fuzzy variable, and k a positive 
number. Then 

(a) the expected value -E l [^ fc ] is called the kth moment; 

(b) the expected value i?[|£| fc ] is called the kth absolute moment; 

(c) the expected value E[(£ — E[£]) fc ] is called the kth central moment; 

(d) the expected value E[|£ — E[£]| fc ] is called the kth absolute central moment. 

Note that the first central moment is always 0, the first moment is just the 
expected value, and the second central moment is just the variance. 

Example C.28: A fuzzy variable £ is called exponentially distributed if it 
has an exponential membership function 

fi{x) = 2 ^1 + exp j=— ^ ^ , x > 0, m > 0. (C.52) 

The expected value is (\/6mln2)/7r and the second moment is to 2 . Let £i 
and £2 be independently and exponentially distributed fuzzy variables with 
second moments to 2 and m|, respectively. Then for any positive real numbers 
ai and < 22 , the fuzzy variable ai£i + a 2£2 is also exponentially distributed with 
second moment (aiTOi + 02 TO 2 ) 2 . 


p(x) 



Figure C.4: Exponential Membership Function 


C.10 Critical Values 

In order to rank fuzzy variables, we may use two critical values: optimistic 
value and pessimistic value. 

Definition C.14 (Liu \112j ). Let £ be a fuzzy variable, and a £ (0,1]. Then 
£su P (a) = sup {r | Cr {£ > r} > a} (C.53) 

is called the a-optimistic value to £, and 

£inf(a) = inf {r \ Cr{£ < r} > a} 
is called the a-pessimistic value to £. 


(C.54) 
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Example C.29: Let £ = (a, b, c) be a triangular fuzzy variable. Then its 
a-optimistic and a-pessimistic values are 


£sup(o) 
£inf(a) = 


2 ab + (1 — 2a)c, if a < 0.5 

(2a-l)a+(2-2a)6, if a > 0.5, 

(1 — 2a)a + 2 ab, if a < 0.5 

(2-2a)6+(2a-l)c, if a > 0.5. 


Theorem C.25. Let £ be a fuzzy variable, and a £ (0,1]. If a > 0.5, then 
we have 


Cr{£ < ^inf(a)} > a, Cr{£ > £ sup (a)} > a. (C.55) 


Proof: It follows from the definition of a-pessimistic value that there exists 
a decreasing sequence {x^} such that Cr{£ < x*} > a and Xi J, £i n f(a) as 
i —y oo. Since {£ < Xi} J, {£ < £i n f(a)} and lim^oo Cr{£ < Xi} > a > 0.5, it 
follows from the credibility semicontinuity law that 


Cr{£ < ^inf(a)} = lim Cr{£ < x,;} > a. 

i—* oo 

Similarly, there exists an increasing sequence {x,} such that Cr{£ > Xi} > a 
and Xi t Csup(a) as i —> oo. Since > x*} | {£ > £ sup (a)} and 
linij^oo Cr{£ > Xi\ > a > 0.5, it follows from the credibility semicontinuity 
law that 

Cr{£ > Csup(a)} = lim Cr{£ > xj > a. 

i—> oo 

The theorem is proved. 


Theorem C.26. Let £ be a fuzzy variable, and a £ (0,1]. Then we have 

(a) £inf(a) is an increasing and left-continuous function of a; 

(b) £su P (a) is a decreasing and left-continuous function of a. 

Proof: (a) Let a i and 02 be two numbers with 0<ai<a2<l. Then for 
any number r < £ S u P (c«2), we have 

Cr {£ > r} > ai 2 > a\. 

Thus, by the definition of optimistic value, we obtain £ sup (ai) > £ S u P (o!2)- 
That is, the value £ sup (a) is a decreasing function of a. Next, we prove the 
left-continuity of £i n f (a) with respect to a. Let {a-i} be an arbitrary sequence 
of positive numbers such that a* | a - Then {£i n f(a,;)} is an increasing se¬ 
quence. If the limitation is equal to £i n f (a), then the left-continuity is proved. 
Otherwise, there exists a number z* such that 


lim £inf(a») < z* < £; n f(a). 

i—> oo 

Thus Cr{£ < z*} > ai for each i. Letting i —» 00 , we get Cr{£ < z*} > a. 
Hence z* > £; n f(a). A contradiction proves the left-continuity of £inf(a) with 
respect to a. The part (b) may be proved similarly. 
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C.ll Entropy 

Fuzzy entropy is a measure of uncertainty and has been studied by many 
researchers such as De Luca and Termini m , Kaufmann [55], Yager m 
Kosko [78], Pal and Pal [165] . Bhandari and Pal [7], and Pal and Bezdek 
m ■ Those definitions of entropy characterize the uncertainty resulting 
primarily from the linguistic vagueness rather than resulting from information 
deficiency, and vanishes when the fuzzy variable is an equipossible one. 

Liu m suggested that an entropy of fuzzy variables should meet at least 
the following three basic requirements: (i) minimum: the entropy of a crisp 
number is minimum, i.e., 0; (ii) maximum: the entropy of an equipossible 
fuzzy variable is maximum; (iii) universality: the entropy is applicable not 
only to finite and infinite cases but also to discrete and continuous cases. 

In order to meet those requirements, Li and Liu [55] provided a new defini¬ 
tion of fuzzy entropy to characterize the uncertainty resulting from informa¬ 
tion deficiency which is caused by the impossibility to predict the specified 
value that a fuzzy variable takes. 

Entropy of Discrete Fuzzy Variables 

Definition C.15 (Li and Liu \89\j ). Let £ be a discrete fuzzy variable taking 
values in (xi,X 2 , ■ ■ ■ }. Then its entropy is defined by 

OO 

tf[£] = £ S (Cr{£ = *i}) (C.56) 

j=i 

where S(t) = —tint — (1 — t) ln(l — t). 

Example C.30: Suppose that £ is a discrete fuzzy variable taking values in 
{xi, X 2 , • • ■ If there exists some index k such that the membership function 
n(xk) = 1, and 0 otherwise, then its entropy fJ[£] = 0. 

Example C.31: Suppose that £ is a simple fuzzy variable taking values 
in {xi, X 2 , • • • ,x n }. If its membership function p(x) = 1, then its entropy 
H[f] = nln2. 

Theorem C.27. Suppose that £ is a discrete fuzzy variable taking values in 
{xi, X 2 , • • • }• Then 

H[f] > 0 (C.57) 

and equality holds if and only if £ is essentially a crisp number. 

Proof: The nonnegativity is clear. In addition, H[f\ = 0 if and only if 
Cr{£ = Xi} = 0 or 1 for each i. That is, there exists one and only one index 
k such that Cr{£ = x^} = 1, i.e., £ is essentially a crisp number. 

This theorem states that the entropy of a fuzzy variable reaches its minimum 
0 when the fuzzy variable degenerates to a crisp number. In this case, there 
is no uncertainty. 
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Theorem C.28. Suppose that ^ is a simple fuzzy variable taking values in 
{x\,X 2 ,- ■ ■ , x n }. Then 

H[£]<n In 2 (C.58) 

and equality holds if and only if £ is an equipossible fuzzy variable. 

Proof: Since the function S(t) reaches its maximum In 2 at t = 0.5, we have 

n 

H [£] = *S(Cr{£ = Sj}) < n In 2 

i—l 

and equality holds if and only if Cr{£ = Xi} = 0.5, i.e., p(xi) = 1 for all 
i = 1, 2, • • • ,n. 

This theorem states that the entropy of a fuzzy variable reaches its maximum 
when the fuzzy variable is an equipossible one. In this case, there is no 
preference among all the values that the fuzzy variable will take. 


Entropy of Continuous Fuzzy Variables 

Definition C.16 (Li and Liu \Sd)/ ). Let £ be a continuous fuzzy variable. 
Then its entropy is defined by 



S( Cr{£ 


= cc})da; 


(C.59) 


where S(t ) = —tint — (1 — t) ln(l — t). 


For any continuous fuzzy variable £ with membership function /u, we have 
Cr{£ = x} = p(x)/2 for each x £ Sft. Thus 


m = - 


C + OO 


H(x) p,(x) 


+ 1 


_ h(x) \ 

2 J 


In 1 - 


p,(x) 


dx. (C.60) 


Example C.32: Let £ be an equipossible fuzzy variable (a, b). Then fj,(x) = 
1 if a < x < b, and 0 otherwise. Thus its entropy is 

" K1 = -[ G ln 5 + (' - 0 ln (' - i)) dl = (* - “) In2. 

Example C.33: Let £ be a triangular fuzzy variable (a, 6, c). Then its 
entropy is Lf[£] = (c — a)/2. 

Example C.34: Let £ be a trapezoidal fuzzy variable ( a,b,c,d ). Then its 
entropy is Lf[£] = (d — a)/2+ (ln2 — 0.5)(c — b). 

Example C.35: Let £ be an exponentially distributed fuzzy variable with 
second moment m 2 . Then its entropy is iL[£] = nm/Vd. 
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Example C.36: Let £ be a normally distributed fuzzy variable with expected 
value e and variance er 2 . Then its entropy is ff[£] = 17>. 

Theorem C.29. Let £ be a continuous fuzzy variable taking values on the 
interval [a, b}. Then 

ff[£]<(6-a) In 2 (C.61) 

and equality holds if and only if £ is an equipossible fuzzy variable (a,b). 

Proof: The theorem follows from the fact that the function 5(f) reaches its 
maximum In 2 at t = 0.5. 

Maximum Entropy Principle 

Given some constraints, for example, expected value and variance, there are 
usually multiple compatible membership functions. Which membership func¬ 
tion shall we take? The maximum entropy principle attempts to select the 
membership function that maximizes the value of entropy and satisfies the 
prescribed constraints. 

Theorem C.30 (Li and Liu ]92$). Let £ be a continuous nonnegative fuzzy 
variable with finite second moment m 2 . Then 

H[f] < ^ (C.62) 

and the equality holds if £ is an exponentially distributed fuzzy variable with 
second moment m 2 . 

Proof: Let p be the membership function of £. Note that p is a continuous 
function. The proof is based on the following two steps. 

Step 1: Suppose that p is a decreasing function on [0, +00). For this case, 
we have Cr{£ > x} = p(x)/ 2 for any x > 0. Thus the second moment 


p-\-oo p-t-00 p-\-o o 

E[£ 2 ] = / Cr{£ 2 > x}dx = / 2a;Cr{£ > a;}da; = / xp(x)dx. 

Jo Jo Jo 

The maximum entropy membership function p should maximize the entropy 


+ OO 


p(x) p(x) 


+ 1 - 


p(x) 


In 1 - 


p(x) 


da; 


subject to the moment constraint 

/*+oo 


0 


xp(x)dx = m 2 . 
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The Lagrangian is 


L = 







da: 


—A (/ x/i(x)dx — m 2 ^ . 

The maximum entropy membership function meets Euler-Lagrange equation 



2 




+ Ax = 0 


and has the form p(x) = 2 (1 + exp(2Aa;)) 1 . Substituting it into the moment 
constraint, we get 

»*{x) = 2 ^1 + exp > £>0 

which is just the exponential membership function with second moment m 2 , 
and the maximum entropy is H [£*] = nm/y/6. 

Step 2: Let £ be a general fuzzy variable with second moment m 2 . Now 
we define a fuzzy variable f via membership function 


(2(x) = sup/r(j/), x > 0. 

y>x 

Then fi is a decreasing function on [0, +oo), and 
Cr{^ >x} = \ sup jLt(y) = ^ sup sup p(z) = ^ sup p(z) < Cr{£ 2 > x} 


V>y/x ^ y>y/x Z >U 

for any x > 0. Thus we have 

/* + OO _ /*+00 


Z~>y/x 


r-\-oo /»-i-oo 

E[f 2 ] = / Cr{{? > x}dx < / Cr{£ 2 > x}dx = E[f 2 } = 

Jo Jo 

It follows from fi(x) < jl(x) and Step 1 that 


m 2 . 




The theorem is thus proved. 


Theorem C.31 (Li and Liu ld£\ J). Let f be a continuous fuzzy variable with 
finite expected value e and variance a 2 . Then 

m < ^ (C.63) 

and the equality holds iff is a normally distributed fuzzy variable with expected 
value e and variance o 2 . 
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Proof: Let y, be the continuous membership function of £. The proof is 
based on the following two steps. 

Step 1: Let /i( x) be a unimodal and symmetric function about x = e. 
For this case, the variance is 


r+oo r+oo 

V[£] = / Cr{(£ — e) 2 > x}dx = / Cr{£ — e > y/x}dx 

Jo Jo 

/ +oo r+oo 

2(x — e)Cr{£ > x}dx = (x — e)/.i(x)dx 


and the entropy is 



H(x) n(x) 
2 n 2 




dx. 


The maximum entropy membership function /r should maximize the entropy 
subject to the variance constraint. The Lagrangian is 


L = 



H{x) 

2 n 2 



da; 


-A 



e)fj,(x)dx — <t 



The maximum entropy membership function meets Euler-Lagrange equation 
ln iM _ ln ( 1 _Hfe)) + A (x _ e)= o 


and has the form /x( x) = 2 (1 + exp (A(x — e))) 1 . Substituting it into the 
variance constraint, we get 


/u*(x) = 2 ^1 + exp ’ X ^ ^ 

which is just the normal membership function with expected value e and 
variance er 2 , and the maximum entropy is -ff [£*] = \/6 t(t/3. 

Step 2: Let £ be a general fuzzy variable with expected value e and 
variance er 2 . We define a fuzzy variable <f by the membership function 

! supV n(2e - y)), if x < e 
y - x 

sup O(y) v M 2e - y)) . if x > e. 

y>x 
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It is easy to verify that ji(x) is a unimodal and symmetric function about 
x = e. Furthermore, 

Cr | (£ - e) 2 >r\ =)- sup fi(x) = ^ sup sup (/z(y) V fi(2e - y)) 

L J Z x > e+y /f z x > e -\-^y>x 

= \ sup (n(y) V /i(2e - y)) = \ sup n(y) 

^ 2/>e+\/r ^ (y~e) 2 >r 

< Cr {(^ — e) 2 > r} 

for any r > 0. Thus 

^ p+oo ^ p+oo 

V[£] = / Cr{(£ — e) 2 > r}dr < / Cr{(£ — e) 2 > r}dr = cr 2 . 

Jo Jo 

It follows from y{x) < Jl{x) and Step 1 that 

The proof is complete. 


C.12 Conditional Credibility 

We now consider the credibility of an event A after it has been learned that 
some other event B has occurred. This new credibility of A is called the 
conditional credibility of A given B. 

In order to define a conditional credibility measure Cr{H|i?}, at first we 
have to enlarge Cr{A fl B} because Cr{A n B} < 1 for all events whenever 
Cr{S} < 1. It seems that we have no alternative but to divide Cr {AtlB} by 
Cr{U}. Unfortunately, Cr{AnU}/Cr{I3} is not always a credibility measure. 
However, the value Cr{H|i?} should not be greater than Cr {A fl B}/Cr{B} 
(otherwise the normality will be lost), i.e., 


Cy{A\B} < 


Cr{ADB} 
Cr{H} ' 


(C.64) 


On the other hand, in order to preserve the self-duality, we should have 


Cr{A\B} = 1 - Cr{A c \B} > 1 - 


Cr{H c n B} 
Cr {B} ' 


(C.65) 


Furthermore, since {A fl B) U ( A c Cl B) = B, we have Cr{£>} < Cr{H fl B} + 
Cr{A c ft Bj by using the credibility subadditivity theorem. Thus 


CrCTTUB} < Cr{AnB} 

Cr {B} ~ Cr {B} ~ ' 


(C.66) 
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Hence any numbers between 1 — Cr {A c n B}/Cv{B} and Cr {A D B}/Cr{B} 
are reasonable values that the conditional credibility may take. Based on the 
maximum uncertainty principle, we have the following conditional credibility 
measure. 


Definition C. 17 (Liu 1120 ]/ j. Let (©, CP, Cr) be a credibility space, and 
A, B £ IP. Then the conditional credibility measure of A given B is defined 
by 


Cr{A\B} = < 


Cr {A D B} 
Cr{B} ’ 
Cr {A c n B} 
Cr {B} 


Cr {ACB} 
' f Cr{B) 


< 0.5 


Cr{A c n B} 
4 a{B) 


< 0.5 


0.5, otherwise 


(C.67) 


provided that Cr{H} > 0. 


It follows immediately from the definition of conditional credibility that 


Cr {A c CB} 
Cr {B} 


< Cr{A\B} < 


Cr{AnB} 
Cr {B} 


(C.68) 


Furthermore, the value of Cr{A|l?} takes values as close to 0.5 as possible 
in the interval. In other words, it accords with the maximum uncertainty 
principle. 


Theorem C.32. Let (0,CP,Cr) be a credibility space, and B an event with 
Cr{f?} > 0. Then Cr{-|H} defined by |C. 6’ 7[ ) is a credibility measure, and 
(0, IP, Cr{-|B}) is a credibility space. 


Proof: It is sufficient to prove that Cr{-|£>} satisfies the normality, mono¬ 
tonicity, self-duality and maximality axioms. At first, it satisfies the normal¬ 
ity axiom, i.e., 


Cr{0|f?} = 1 - 


Cr{0 c nH} 

Cr{B} 


Cr{0} 
Cr {B} 


= 1 . 


For any events Ai and A -2 with Ai C A 2 , if 


Cr{Ai n B} 
Cr {B} 


^ Cr{A 2 (~l B} 
~ Cr {B} 


< 0.5, 


then 


If 


CrlA.lB} 


Cr{Ai n B} 
Cr {B} 


^ Cr {A 2 CiB} 
~ Cr {B} 


Cr{A 2 \B}. 


Cr{A! (~l B} Cr {A 2 nB} 

Cr {B} ~ ~ Cr{B} 


then Cr{Ai\B} < 0.5 < Cr{A 2 \B}. If 
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0.5 < 


Cr{Ai n B} 
Cr {B} 


< 


Cr {A 2 n B} 
Cr {B} 


then we have 


CriA^B} 



Cr{Af n B}\ 
Cr {B} ) 


VO.5 < 1 - 


CrjAj n B}\ 
Cr {B} ) 


VO.5 = Ci{A 2 \B}. 


This means that 
A, if 


Cr{-|B} satisfies the monotonicity axiom. 


Cr {A<1B} 
Cr {B} 


> 0.5, 


Cr{A c n B} 
Cr {B} 


> 0.5, 


For any event 


then we have Cr{A|B} + Cr{A c |S} = 0.5 + 0.5 = 1 immediately. Otherwise, 
without loss of generality, suppose 


Cr{A fl B} Cr {A*nB} 

Cr {B} ' Cr {B} 


then we have 

Ct{A\B] + Cr W B } = + (l - = 1. 

That is, Cr{-|B} satisfies the self-duality axiom. Finally, for any events { Ai } 
with sup^ Cr{Ai|B} < 0.5, we have sup.j Cr{Ai ft Bj < 0.5 and 


sup Cr{Ai\B} 


sup,; Cr{A, fl B} 
Cr{B} 


Cr{U iAi 0 B} 
Cr {B} 


Cr{U,A 4 | B}. 


Thus Cr{-|£>} satisfies the maximality axiom. Hence Cr{-|H} is a credibility 
measure. Furthermore, (O, IP, Cr{-|i?}) is a credibility space. 


Definition C.18 (Liu The conditional membership function of a 

fuzzy variable £ given B is defined by 

fj(x\B) = (2Cr{£ = x\B}) A 1, (C.69) 


provided that Cr{H} > 0. 


Example C.37: Let £ be a fuzzy variable with membership function /-i(x), 
and X a set of real numbers such that p(x) > 0 for some x £ X. Then the 
conditional membership function of £ given £ £ X is 


n(x\X) = < 


2 mO) . 

sup p,(x) 

xClX 


2 fj,(x) 

2 — sup p(x) 

xGX c 


if sup /i(x) < 1 

x£X 


if sup n(x) = 1 

xex 


(C.70) 


for x £ X. Please mention that ^t(a;|X) = 0 if x qL X. 
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Figure C.5: Conditional Membership Function /i(x\X) 


Example C.38: Let £ and rj be two fuzzy variables with joint member¬ 
ship function y(x,y), and Y a set of real numbers. Then the conditional 
membership function of £ given 77 £ Y is 


y(x\Y) = < 


2 sup fj,(x, y) 
v&y _ 

sup y(x, y) 

x&R,y£Y 


Al, 


2 sup n(x, y) 

y&Y _ 

2 - sup n(x, y) 

aeSR ,yGY c 


Al, 


if sup y{x, y) < 1 

IE65R ,yeY 


if sup fj,(x, y) = 1 

x&St,y£Y 


(C.71) 


provided that y{x,y) > 0 for some x £ 3? and y £ Y. Especially, the 
conditional membership function of £ given 77 = y is 


y) 


sup y{x,y) 

2 y{x,y) 

2 — sup n(x, z ) 


if sup /x(a;, y) < 1 


if sup y(x. y) = 1 


provided that p(x, y) > 0 for some x £ 3?. 


Definition C.19 (Liu fl20\j ). The conditional credibility distribution <f>: 
3? —> [0,1] of a fuzzy variable t; given B is defined by 


&(x\B) = Cr {£ < x\B} 


(C.72) 


provided that Cr{B} > 0. 

Definition C.20 (Liu J120f ). Let f be a fuzzy variable. Then the conditional 
expected value of f given B is defined by 

/» + 00 /*0 

E[f\B\ = / Cr{£ > r\B}dr - / Cr{£ < r\B}dr 
J 0 J — 00 

provided that at least one of the two integrals is finite. 


(C.73) 
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C.13 Fuzzy Set 

Zadeh mu introduced the concept of fuzzy set via membership function 
in 1965: A fuzzy set is defined by its membership function /i which assigns 
to each element x a real number fi(x) in the interval [ 0 , 1 ], where the value 
of p.(x) represents the grade of membership of x in the fuzzy set. Liu [120; 
redefined a fuzzy set as a function from a credibility space to a collection of 
sets. 

Definition C.21 (Liu \120f ). A fuzzy set is a function £ from a credibility 
space (0, IP, Cr) to a collection of sets of real numbers. 

Warning: The fuzzy set in the sense of Definition 1C. 211 is not equivalent 
to Zadeh’s definition of fuzzy set. Thus the fuzzy set theory based on Defi¬ 
nition 1C. 211 is inconsistent with Zadeh’s fuzzy set theory. For example, the 
extension principle of Zadeh is no longer valid. 

Let £ and rj be two nonempty fuzzy sets. Then the strong membership 
degree of r) to £ is defined as the credibility measure that rj is strongly included 
in £, i.e., Cr {?7 C £}. The weak membership degree of rj to £ is defined as the 
credibility measure that 77 is weakly included in £, i.e., Cr {r) <f_ £ c }. 

Definition C.22 . Let £ and 77 be two nonempty fuzzy sets. Then the mem¬ 
bership degree of 77 to £ is defined as the average of strong and weak member¬ 
ship degrees, i.e., 

Cr {77 > £} = i (Cr {?7 C + Cr { ? 7 £ f c }) ■ (C.74) 

The membership degree is understood as the credibility measure that rj is 
imaginarily included in £. 

Note that if 77 degenerates to a single point a , then the strong inclusion is 
identical with the weak inclusion, and Cr{a > £} = Cr{a £ £} = Cr{a ^ £ c }. 

Definition C.23. Let ( be a nonempty fuzzy set. Then the function 

= Cr{£ > (— 00, a:]}, Vx £ (C.75) 

is called the credibility distribution oft;. 

The concept of membership function is only applicable to a special class of 
fuzzy sets. In other words, it is not true that every fuzzy set has its own 
membership function. 

Definition C.24. A fuzzy set £ is said to have a membership function /i if 
the range of £ is just the total class of fi, and 

Cr{£ G W a } = a, Va G [0,1] (C.76) 


where W a is the a-class of pi. 
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A representation theorem states that, if f is a fuzzy set with membership 
function /i, then f may be represented by 

U a-Ma (C.77) 

0 <a<l 

where p a is the a-cut of membership function p. 

Warning: The complement f c , union £U? 7 , intersection fCip, sum £ + 77 and 
product f x 77 of fuzzy sets have no membership functions even though the 
original fuzzy sets have their own membership functions. 

Definition C.25. Let f be a nonempty fuzzy set. Then the expected value 
off, is defined by 

/»+oo /»0 

.£[£] = / Cr{£ > [r, +oo)}dr — / Cr{£ > (— 00 , r]}dr (C.78) 
J 0 J —00 

provided that at least one of the two integrals is finite. 

Let f be a nonempty fuzzy set with credibility distribution <f>. If f has a finite 
expected value, then 


/»+00 nO 

E[f] = (1 — $(a:))da: — / <f>(x)da:. 


JO J —00 

Definition C.26. Let f be a fuzzy set, and a £ (0,1]. Then 

= sup {r | Cr {^ [> [r, + 00 )} > a} 
is called the a-optimistic value to f, and 

£inf(a) = inf {r | Cr{£ \> (-00, r]} > a } 
is called the a-pessimistic value to f. 

Let f be a fuzzy set with credibility distribution <f>. Then its 
value and a-pessimistic value are 


(C.79) 


(C.80) 


(C.81) 


a-optimistic 


U(«) = ^(l - a). Cinf(a) = $“V) (C.82) 


for any a with 0 < a < 1 . 




Appendix D 

Chance Theory 


Fuzziness and randomness are two basic types of uncertainty. In many cases, 
fuzziness and randomness simultaneously appear in a system. In order to 
describe this phenomena, a fuzzy random variable was introduced by Kwak- 
ernaak |80| as a random element taking “fuzzy variable” values. In addition, 
a random fuzzy variable was proposed by Liu |lT2j as a fuzzy element taking 
“random variable” values. For example, it might be known that the lifetime 
of a modern engine is an exponentially distributed random variable with an 
unknown parameter. If the parameter is provided as a fuzzy variable, then 
the lifetime is a random fuzzy variable. 

More generally, a hybrid variable was introduced by Liu |118| in 2006 as a 
tool to describe the quantities with fuzziness and randomness. Fuzzy random 
variable and random fuzzy variable are instances of hybrid variable. In order 
to measure hybrid events, a concept of chance measure was introduced by Li 
and Liu [94] in 2009. Chance theory is a hybrid of probability theory and 
credibility theory. Perhaps the reader would like to know what axioms we 
should assume for chance theory. In fact, chance theory will be based on the 
three axioms of probability and five axioms of credibility. 

The emphasis in this appendix is mainly on chance space, hybrid variable, 
chance measure, chance distribution, expected value, variance, critical values 
and conditional chance. 

D.l Chance Space 

Chance theory begins with the concept of chance space that inherits the 
mathematical foundations of both probability theory and credibility theory. 

Definition D.l (Liu 1118$ ). Suppose that (0,!P,Cr) is a credibility space 
and (fl,A,Pr) is a probability space. The product (0,!P,Cr) x (P,A,Pr) is 
called a chance space. 

The universal set 0 x Q is clearly the set of all ordered pairs of the form 
(0,w), where 9 G 0 and to £ 12. What is the product cr-algebra ?xd? What 
is the product measure Cr x Pr? Let us discuss these two basic problems. 

What is the product cr-algebra IP x A ? 

Generally speaking, it is not true that all subsets of 0 x 12 are measurable. 
Let A be a subset of 0 x 12. Write 
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A(0) = {w £ 17 | (0,w) £ A} . (D.l) 

It is clear that A(0) is a subset of 17. If A(0) £ A holds for each 0 £ 0, then 
A may be regarded as a measurable set. 


n 



Definition D.2 (Liu \120f ). Let (0,fP, Cr) x (17,.A,Pr) be a chance space. 
A subset A C 0 x f 1 is called an event if A{9) £ A for each 9 € 0. 


Example D.l: Empty set 0 and universal set 0 x 17 are clearly events. 


Example D.2: 

Since the set 


Let X £ P and Y £ A. Then X x Y is a subset of 0 x fi. 


(X x Y){9) = 


Y , if 9 £ A' 
0, if 9 £ X c 


is in the u-algebra A for each 9 £ 0, the rectangle X x Y is an event. 


Theorem D.l (Liu \120f ). Let (0, T, Cr) x (17,.A,Pr) be a chance space. 
The class of all events is a a-algebra over 0 x 17, and denoted by IP x A. 


Proof: At first, it is obvious that 0 x 17 £ PxA. For any event A, we always 
have 

A(0) £ A, M9 £ 0. 

Thus for each 9 £ 0, the set 

A c (9) = [u £ 17 | (0,w) £ A c } = (A(9)) c £ A 

which implies that A c £ P x A. Finally, let Ai, A 2 , • • • be events. Then for 
each 9 £ 0, we have 

( OO \ ( OO 'j OO 

l_J A^ J (0) = < ui £ f7 | (0, to) £ A,; > = {u £ f7 | (0, ui) £ A^} £ A. 

2=1 / l 2=1 J 2=1 

That is, the countable union UiAj £ P x A. Hence P x A is a er-algebra. 
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What is the product measure Cr x Pr? 

Product probability is a probability measure, and product credibility is a 
credibility measure. What is the product measure Cr x Pr? We will call it 
chance measure and define it as follows. 


Definition D.3 (Li and Liu m)- Let (0, IP, Cr) x (fl,.A,Pr) he a chance 
space. Then a chance measure of an event A is defined as 


sup(Cr{0}APr{A(0)}), 

9G0 


Ch{A}= < 


1 


if sup(Cr{0} A Pr{A(0)}) < 0.5 
9eQ 

sup(Cr{0} A Pr{A c (0)}), 

9eO 

if sup(Cr{0} A Pr{A(0)}) > 0.5. 
9eQ 


(D.2) 


Example D.3: Take a credibility space (0,J\ Cr) to be {6*i, ^ 2 } with 
Cr{$i} = 0.6 and Cr{0 2 } = 0.4, and take a probability space (fl,.A,Pr) 
to be {uj i,w 2 } with Pr{o>i} = 0.7 and Pr{w 2 } = 0.3. Then 


Ch{(0 1 ,w 1 )} = 0.6, Ch{(0 2 ,w 2 )} = 0.3. 


Theorem D.2 . Let (0, T, Cr) x (f2, A, Pr) he a chance space and Ch a chance 
measure. Then we have 


Ch{0} = 0, 

(D.3) 

Ch{0 xfl} = 1, 

(D.4) 

0 < Ch{A} < 1 

(D.5) 


for any event A. 

Proof: It follows from the definition immediately. 

Theorem D.3. Let (Q, tP, Cr) x (fl,yi, Pr) be a chance space and Ch a chance 
measure. Then for any event A, we have 

sup(Cr{6»} A Pr{A(6»)}) V sup(Cr{6>} A Pr{A c (6>)}) > 0.5, (D.6) 

9ee 9ee 

sup(Cr{6*} A Pr{A(6>)}) + sup(Cr{0} A Pr{A c (0)}) < 1, (D.7) 

see 9eo 

sup(Cr{6>} A Pr{A(0)}) < Ch{A} < 1 - sup(Cr{6>} A Pr{A c (6»)}). (D.8) 

9ee 9eo 
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Proof: It follows from the basic properties of probability and credibility that 

sup(Cr{6>} A Pr{A(6>)}) V sup(Cr{6>} A Pr{A c (0)}) 

See 9eG 

> sup(Cr{<9} A (Pr{A(6»)} V Pr{A c (6»)})) 
see 

> sup Cr{0} A 0.5 = 0.5 
9 ee 


and 

sup(Cr{0} A Pr{A(6»)}) + sup(Cr{6>} A Pr{A c (0)}) 

9e e 9ee 

= sup (Cr{$i} A Pr{A(0 1 )} + Cr{0 2 } A Pr{A c (0 2 )}) 

0\ , 02 <=© 

< sup (Cr{0!} + Cr{fl 2 }) V sup(Pr{A(0)} + Pr{A c (0)}) 

0l7^02 # 6 © 

< 1 V 1 = 1. 

The inequalities (ID. 81) follows immediately from the above inequalities and 
the definition of chance measure. 

Theorem D.4 (Li and Liu M)- The chance measure is increasing. That is, 

Ch{Ai} < Ch{A 2 } (D.9) 

for any events Ai and A 2 with Ai C A 2 . 

Proof: Since Ai(0) C A 2 (0) and A§(0) C A°(0) for each 9 £ 0, we have 

sup(Cr{<9} A Pr{Ai(0)}) < sup(Cr{6»} A Pr{A 2 (6>)}), 
see see 

sup(Cr{0} A Pr{A 2 (0)}) < sup(Cr{0} A Pr{A^(0)}). 
see see 

The argument breaks down into three cases. 

Case 1: sup(Cr{0} A Pr{A 2 (0)}) < 0.5. For this case, we have 
see 


sup(Cr{0} A Pr{Ai(#)}) < 0.5, 
sg e 

Ch{A 2 } = sup(Cr{0} A Pr{A 2 (0)}) > sup(Cr{6>} A Pr{Ai(6»)} = Ch{Ai}. 
SeO SgO 

Case 2: sup(Cr{0} A Pr{A 2 (0)}) > 0.5 and sup(Cr{#} A Pr{Ai(0)}) < 0.5. 

8 GO _ 0G0 

It follows from Theorem ID . 31 that 

Ch{A 2 } > sup(Cr{6»} A Pr{A 2 ((9)}) > 0.5 > Ch{Ai}. 

0G0 

Case 3: sup(Cr{0} APr{A 2 (0)}) > 0.5 and sup(Cr{0} A Pr{Ai(0)}) > 0.5. 

9 GO 0G0 

For this case, we have 

Ch{A 2 } = l-sup(Cr{0}APr{A£(0)}) > l-sup(Cr{0}APr{AJ(0)}) = Ch{Ai}. 

0GO 9 GO 

Thus Ch is an increasing measure. 
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Theorem D.5 (Li and Liu W)- The chance measure is self-dual. That is, 


Ch{A} + Ch{A c } = 1 


(D.10) 


for any event A. 


Proof: For any event A, please note that 


Ch{A c } = 


sup(Cr{0} A Pr{A c (6»)}), if sup(Cr{6>} A Pr{A c ((9)}) < 0.5 
see see 


1 — sup(Cr{0} A Pr{A(0)}), 
see 


if sup(Cr{0} A Pr{A c (0)}) > 0.5. 
see 


The argument breaks down into three cases. 

Case 1: sup(Cr{0} A Pr{A(0)}) < 0.5. For this case, we have 
see 


sup(Cr{6>} A Pr{A c ((9)}) > 0.5, 
see 

Ch{A} + Ch{A c } = sup(Cr{0} APr{A(0)}) +1 — sup(Cr{0} APr{A(0)}) = 1. 
see see 

Case 2: sup(Cr{0} A Pr{A(0)}) > 0.5 and sup(Cr{0} A Pr{A c (0)}) < 0.5. 
see see 

For this case, we have 

Ch{A}+Ch{A c } = 1 —sup(Cr{0}APr{A c (0)}) + sup(Cr{0}APr{A c (0)}) = 1. 
see see 

Case 3: sup(Cr{0} A Pr{A(6»)}) > 0.5 and sup(Cr{0} A Pr{A c (0)}) > 0.5. 

see _ see 

For this case, it follows from Theorem ID. 31 that 


sup(Cr{0} A Pr{A(0)}) = sup(Cr{0} A Pr{A c (0)}) = 0.5. 
see see 

Hence Ch{A} + Ch{A c } = 0.5 + 0.5 = 1. The theorem is proved. 


Theorem D.6 (Li and Liu For any event X x Y, we have 

Cli{A xY} = Cr{X} A Pr{T}. 


Proof: The argument breaks down into three cases. 
Case 1: Cr{AT} < 0.5. For this case, we have 


sup Cr{<9} A Pr{F} = Cr{X} A Cr{F} < 0.5, 

Sex 

Cli{X x Y} = sup Cr{6>} A Pr{T} = Cr{X} A Pr{F}. 
sex 

Case 2: Cr{X} > 0.5 and Pr{Y} < 0.5. Then we have 


(D.ll) 
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sup Cr{0} > 0.5, 
eex 

sup Cr{0} A Pr{Y} = Pr{Y} < 0.5, 
eex 

Ch{X x Y} = sup Cr{6>} A Pr{Y} = Pr{Y} = Cr{A} A Pr{Y}. 
eex 

Case 3: Cr{X} > 0.5 and Pr{Y} > 0.5. Then we have 

sup (Cr{6>} A Pr{(X x Y)(6>)}) > sup Cr{6>} A Pr{Y} > 0.5, 
eee eex 

Ch{A x Y} = 1 - sup (Cr{6»} A Pr{(X x Y) c (6»)}) = Cr{A} A Pr{Y}. 
eeo 

The theorem is proved. 

Example D.4: It follows from Theorem ID .61 that for any events X x fl and 
0 x Y, we have 

Ch{I x 0} = Cr{l}, Ch{© xY} = Pr{Y}. (D.12) 

Theorem D.7 (Li and Liu Chance Subadditivity Theorem). The 

chance measure is subadditive. That is, 

Ch{AiUA 2 }<Ch{Ai} + Ch{A 2 } (D.13) 

for any events Ai and A 2 . In fact, chance measure is not only finitely sub¬ 
additive but also countably subadditive. 

Proof: The proof breaks down into three cases. 

Case 1: Ch{Ai U A 2 } < 0.5. Then Ch{Ai} < 0.5, Ch{A 2 } < 0.5 and 

Ch{Ai U A 2 } = sup(Cr{6>} A Pr{(Ai U A 2 )(6»)}) 

9ee 

< sup(Cr{0} A (Pr{A!(0)} + Pr{A 2 (0)})) 
eee 

< sup(Cr{6»} A Pr{Ai(6»)} + Cr{6>} A Pr{A 2 (0)}) 

9ee 

< sup(Cr{0} A Pr{Ai(0)}) + sup(Cr{0} A Pr{A 2 (0)}) 

9ee eee 

= Ch{A 1 } + Ch{A 2 }. 

Case 2: Ch{Ai U A 2 } > 0.5 and Ch{Ai} V Ch{A 2 } < 0.5. We first have 

sup(Cr{0} A Pr{(Ai U A 2 )(0)}) > 0.5. 

9ee 

For any sufficiently small number e > 0, there exists a point 9 such that 
Cr{6>} A Pr{(Ai U A 2 )(0)} > 0.5 - e > Ch{Ai} V Ch{A 2 }, 
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Cr{<9} > 0.5-e > Pr{Ai(0)}, 

Cr{<9} > 0.5-e > Pr{A 2 (0)}. 

Thus we have 

Cr{<9} A Pr{(Ai U A 2 ) c ((9)} + Cr{6»} A Pr{Ai(0)} + Cr{6»} A Pr{A 2 (6»)} 

= Cr{0} A Pr{(A! U A 2 ) c (0)} + Pr{Ai(0)} + Pr{A 2 (0)} 

> Cr{0} A Pr{(A! U A 2 ) c (0)} + Pr{(Ai U A 2 )(0)} > 1 - 2e 

because if Cr{0} > Pr{(Ai U A 2 ) e (0)}, then 

Cr{0} A Pr{(A t U A 2 ) c (0)} + Pr{(A! U A 2 )(0)} 

= Pr{(A 1 UA 2 ) c (0)} + Pr{(A 1 UA 2 )(0)} 

= 1 > 1 - 2e 

and if Cr{0} < Pr{(Ai U A 2 ) c (0)}, then 

Cr{0} A Pr{(A! U A 2 ) c (0)} + Pr{(A! U A 2 )(0)} 

= Cr{0} + Pr{(A!UA 2 )(0)} 

> (0.5 - e) + (0.5 - e) = 1 - 2e. 

Taking supremum on both sides and letting e —> 0, we obtain 
Ch{A! U A 2 } = 1 - sup(Cr{0} A Pr{(Ai U A 2 ) c (0)}) 

9e0 

< sup(Cr{0} A Pr{Ai(0)}) + sup(Cr{0} A Pr{A 2 (0)}) 

9g 0 9ee 

= Ch{A 1 } + Ch{A 2 }. 

Case 3: Ch{Ai U A 2 } > 0.5 and Ch{Ai} V Ch{A 2 } > 0.5. Without loss of 
generality, suppose Ch{Ai} > 0.5. For each 6, we first have 

Cr{(9} A Pr{AJ((9)} = Cr{6»} A Pr{(Af(0) D A!j(0)) U (Af(0) D A 2 (0))} 

< Cr{0} A (Pr{(Ai U A 2 ) c (0)} + Pr{A 2 (0)}) 

< Cr{6»} A Pr{(Ai U A 2 ) e ((9)} + Cr{(9} A Pr{A 2 (0)}, 

i.e., Cr{6»}APr{(AiUA 2 ) c (0)} > Cr{0} A Pr{Af (0)} — Cr{0} A Pr{A 2 (0)}. It 
follows from Theorem ID. 31 that 

Ch{Ai U A 2 } = 1 - sup(Cr{6»} A Pr{(Ai U A 2 ) c ((9)}) 
see 

< 1 - sup(Cr{0} A Pr{A=(6»)}) + sup(Cr{0} A Pr{A 2 (0)}) 

see see 

< Ch{A!> + Ch{A 2 }. 


The theorem is proved. 
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Remark D.l: For any events Ai and A 2 , it follows from the chance subad¬ 
ditivity theorem that the chance measure is null-additive, i.e., Clr{AiUA 2 } = 
Ch{Ai} + Ch{A 2 } if either O^Ar} = 0 or Ch{A 2 } = 0. 

Theorem D.8. Let {A.;} be a decreasing sequence of events with Ch{Ai} —> 0 
as i —» 00 . Then for any event A, we have 

lim Ch{A U A,} = lim Ch{A\A,} = Ch{A}. (D.14) 

i —kx> i —►oo 

Proof: Since chance measure is increasing and subadditive, we immediately 
have 

Ch{A} < Ch{A U Ai} < Ch{A} + Ch{A,} 

for each i. Thus we get Ch{A U A,} —* Ch{A} by using Ch{Ai} —> 0. Since 
(A\Aj) C A c ((A\Aj) U Ai), we have 

Ch{A\Ai} < Ch{A} < Ch{A\Ai} + Ch{Ai}. 

Hence Ch{A\Aj} —+ Ch{A} by using Ch{Ai} —► 0. 

Theorem D.9 (Li and Liu \9$ , Chance Semicontinuity Law). For events 
Ai, A 2 , • • •, we have 


lim Ch{AJ = Ch { lim Ai} (D.15) 

i — >00 Li— kx> J 

if one of the following conditions is satisfied: 

(a) Ch{A} < 0.5 and A, } A; (b) lim Ch{Ai} < 0.5 and A j } A; 

i —>-oo 

(c) Ch{A} > 0.5 and A i } A; (d) lim Ch{Ai} > 0.5 and A * } A. 

i —>-oo 

Proof: (a) Assume Ch{A} < 0.5 and Aj } A. We first have 

Ch{A} = sup(Cr{6»} A Pr{A(0)}), Ch{A,} = sup(Cr{6>} A Pr{Ai((9)}) 
eee see 

for i = 1,2, For each 9 £ 0, since Aj(0) } A (9), it follows from the 
probability continuity theorem that 

lim Cr{6>} A Pr{Ai((9)} = Cr{0} A Pr{A(6»)}. 

i— KX> 

Taking supremum on both sides, we obtain 

lim sup(Cr{0} A Pr{Ai(0)}) = sup(Cr{0} A Pr{A(0}). 

g ge 


The part (a) is verified. 

(b) Assume lim^oc Ch{Ai} < 0.5 and Ai } A. For each 0 6 0, since 


Cr{(9} A Pr{A(6»)} = lim Cr{6»} A Pr{Ai(6»)} 
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we have 

sup(Cr{0} A Pr{A(0)}) < lim sup(Cr{0} A Pr{Aj(0)}) < 0.5. 

It follows that Ch{A} < 0.5 and the part (b) holds by using (a). 

(c) Assume Ch{A} > 0.5 and A» | A. We have Ch{A c } < 0.5 and A^ f A c . 
It follows from (a) that 

lim Ch{Aj} = 1 - lim Ch{A?} = 1 - Ch{A c } = Ch{A}. 

i—* oo i —too 

(d) Assume lim^oo Ch{Aj} > 0.5 and A* | A. We have lim Ch{A£} < 0.5 

i —>oo 

and A° j A c . It follows from (b) that 

lim Ch{A ?; } = 1 - lim Ch{A?} = 1 - Ch{A c } = Ch{A}. 

i —>-oo i—> oo 

The theorem is proved. 

Theorem D.10 (Chance Asymptotic Theorem). For any events Ai, A 2 , • • •, 
we have 

lim Ch{Aj} > 0.5, if A, | 6 x Cl, (D.16) 

i —>-oo 

lim Ch{Aj} < 0.5, if Ai 1 0. (D.17) 

i —xoo 

Proof: Assume A, | 0 x f2. If lim^oo Ch{Ai} < 0.5, it follows from the 
chance semicontinuity law that 

Ch{0 x Cl} = lim Ch{A, ; } < 0.5 

i —KX) 

which is in contradiction with Cr{0 x fl} = 1. The first inequality is proved. 
The second one may be verified similarly. 


D.2 Hybrid Variable 

Recall that a random variable is a measurable function from a probability 
space to the set of real numbers, and a fuzzy variable is a function from a 
credibility space to the set of real numbers. In order to describe a quan¬ 
tity with both fuzziness and randomness, we introduce a concept of hybrid 
variable as follows. 

Definition D.4 (Liu fllSf ). A hybrid variable is a measurable function from 
a chance space (0, IP, Cr) x (f2,.A,Pr) to the set of real numbers, i.e., for any 
Borel set B of real numbers, the set 

{£ £ B} = {(B,w) G 0 X O | £(0,w) G B } (D.18) 


is an event. 
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Remark D.2: A hybrid variable degenerates to a fuzzy variable if the value 
of £(0, to) does not vary with to. For example, 

£(0,^) = 0, £(0,w) = 0 2 + 1, £(0,u;)=sin0. 

Remark D.3: A hybrid variable degenerates to a random variable if the 
value of does not vary with 0. For example, 

£(0,w)=u;, £(0, u) = uj 2 + 1, £(0, uj) = sinw. 

Remark D.4: For each fixed 9 £ 0, it is clear that the hybrid variable 
£(9, to) is a measurable function from the probability space (fl,.A,Pr) to the 
set of real numbers. Thus it is a random variable and we will denote it by 
£(0, •). Then a hybrid variable £(0, to) may also be regarded as a function from 
a credibility space (0,1P, Cr) to the set {£(0, -)|(9 £ 0} of random variables. 
Thus £ is a random fuzzy variable defined by Liu |ll2j . 

Remark D.5: For each fixed to £ f2, it is clear that the hybrid variable 
f(9,u) is a function from the credibility space (0, T, Cr) to the set of real 
numbers. Thus it is a fuzzy variable and we will denote it by £(•,<*;). Then a 
hybrid variable £(0, to) may be regarded as a function from a probability space 
(n,A,Pr) to the set {£(-,u;)|a; £ f 1} of fuzzy variables. If Cr{£(-,w) £ B} is 
a measurable function of uj for any Borel set B of real numbers, then £ is a 
fuzzy random variable in the sense of Liu and Liu | I136| . 
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Model I 

If a is a fuzzy variable and 77 is a random variable, then the sum £ = a + 77 is 
a hybrid variable. The product £ = a ■ 77 is also a hybrid variable. Generally 
speaking, if / : 5ft 2 —> 3? is a measurable function, then 

£ = /(M) (D.19) 

is a hybrid variable. Suppose that a has a membership function p, and 77 has 
a probability density function tp. Then for any Borel set B of real numbers, 
we have 


Ch{/(a, 77) € B} = < 


sup 


/ <t>(y)dy , 


if supf^A 


'f(x,y)eB 


<j>(y)dy < 0.5 


J 


1-sup 


if sup ^A 


<t>{y) d y 


), 


/ </>(y)dy 


P(y)dyj > 0.5. 


More generally, let ai, 02 , • • • , a m be fuzzy variables, and let rji, 772 , • • • , ?7 n be 
random variables. If / : 3? m+ " —> 3? is a measurable function, then 


£ = f{a i,o 2 , • • • ,a m ; 771 , 772 ,- • • ,r] n ) (D.20) 

is a hybrid variable. The chance Ch{/(ai, 02 , • • • , a TO ; 771 , 772 , • • • ,r] n ) £ B} 
may be calculated in a similar way provided that fj, is the joint membership 
function and <p is the joint probability density function. 


Model II 

Let ai, a 2 , • • • , a m be fuzzy variables, and let pi,P 2 , • ■ • ,p m be nonnegative 
numbers with pi + 732 + • • • + p m = 1. Then 


! ai with probability p\ 
0,2 with probability P 2 

a m with probability p rn 


(D.21) 


is clearly a hybrid variable. If ai,a 2 ,--- ,a m have membership functions 
pi, p, 2 , ■ • ■ , p m , respectively, then for any set B of real numbers, we have 
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sup 

X\,X2 ‘•• ,Xr, 


mm - 

l<«<m 2 


i=1 


Ch{^ G B} = < 


if sup 

Xl,X2'“ ,X n 


1 — sup 

X± ,X2 ‘ ‘ ‘ jXrri 


if sup 

Xl,X2-“ ,X r 


A n(xi) 

mm - 

l<£<m 2 


mm - 

l<i<m 2 


A | Xi G B}J , 

m \ 

A | a;* e B} j < 0.5 

i=l / 

m \ 

A | Xi G B c } ] , 


((i^A A f> 1 e s} ) ^ °- 5 - 


Model III 


Let T]i,r] 2 , • • • , rjm be random variables, and let U\,U 2 , • ■ • , u m be nonnegative 
numbers with u\ V U 2 V • • • V u m = 1. Then 


! 77 i with membership degree ui 
7 j 2 with membership degree rt 2 

?? m with membership degree 


(D.22) 


is clearly a hybrid variable. If ■ ■ • ,r]m have probability density func¬ 

tions <f>i, <t> 2 , ■ ■ ■ , </>mj respectively, then for any Borel set B of real numbers, 
we have 


ChU G B} = < 


max I — A / 0i(a;)da; 

l<i<m V 2 / r 


if max — A / (Maddx < 0.5 

l<*<m V 2 /r ' 


■ / 

1 — max ( —L A / cMadda: I , 

1 <i<m \ 2 JB c 


if max — A / <t>Ax)dx ) > 0.5. 

1 <i<m \ 2 R 1 ~ 


Model IV 

In many statistics problems, the probability density function is completely 
known except for the values of one or more parameters. For example, it 
might be known that the lifetime £ of a modern engine is an exponentially 
distributed random variable with an unknown expected value (3. Usually, 
there is some relevant information in practice. It is thus possible to specify 
an interval in which the value of (3 is likely to lie, or to give an approximate 
estimate of the value of /3. It is typically not possible to determine the value 
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of (3 exactly. If the value of /3 is provided as a fuzzy variable, then £ is a 
hybrid variable. More generally, suppose that £ has a probability density 
function 

<j>(x\ ai, a 2 , • • • , a m ), x £ 3? (D.23) 

in which the parameters ai,a 2 , - ■ ■ , a m are fuzzy variables rather than crisp 
numbers. Then £ is a hybrid variable provided that <j)(x; yi, y 2 , ■ ■ • ,2/m) is 
a probability density function for any ( 2/1 > Z/ 2 »• • * ,2/m) that (ai,a 2 ,--- , a m ) 
may take. If ai,a 2 ,--- ,a m have membership functions 2 ,--- ,/r m , re¬ 
spectively, then for any Borel set £? of real numbers, the chance Ch{£ £ B} is 

(i<i<m A J ( t > ( x ’ 2/i, 2/2, • • • , 2/m)da;^ , 

if sup (( min A [ <j>(x; 2 / 1 , 2 / 2 , ■ ■ ■ ,2/m)da;) <0.5 

yi,V2,---,y m VV 1 -*-™ ^ / JB J 

< 

1- sup ((min A [ <j)(x-,y 1 ,y 2 ,-■ ■ ,y m )dx] , 

Vl,V2--- ,Vm \V<l< m 2 / J gc ) 

if sup (( min A [ (j>(x;yi,y 2 ,-■■ ,y m )dx\ > 0.5. 

- yi,V2, - ,ym \V<i<™ 2 / Jb ) 

When are two hybrid variables equal to each other? 

Definition D.5 . Let £1 and £2 be hybrid variables defined on the chance 
space (0, CP, Cr) x (fi,.A,Pr). We say £1 = £2 if f i(0,w) = £ 2 ( 0 , 1 jj) for almost 
all (0, uj) £ 0 x O. 

Hybrid Vectors 

Definition D.6. An n-dimensional hybrid vector is a measurable function 
from a chance space (©, CP, Cr) x (fi,.A,Pr) to the set of n-dimensional real 
vectors, i.e., for any Borel set B o/R n , the set 

{£ € B) = {(0,w) e 0 x n | £(0,w) g B) (D.24) 


sup 

Vl,V2 ••• ,Vn 


is an event. 

Theorem D.ll. The vector (£ 1 , £2, • • • , £ n ) is a hybrid vector if and only if 
£ 1 , £ 2 , - • ■ , £n are hybrid variables. 

Proof: Write £ = (£ 1 , £ 2 , • • • , £ n ). Suppose that £ is a hybrid vector on 
the chance space (0,!P,Cr) x (fi,.A,Pr). For any Borel set B of 3?, the set 
B x SR" -1 is a Borel set of R”. Thus the set 


{£1 G B} = {£1 G B, £2 € R, • • • , £„ G R} = {£ G B x R”" 1 } 
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is an event. Hence £1 is a hybrid variable. A similar process may prove that 
£2, £3, • • • , £n are hybrid variables. Conversely, suppose that all £1, £2, • ■ ■ , £ n 
are hybrid variables on the chance space (©, CP, Cr) x (H,A,Pr). We define 

B = {B C 3?" | {£ € B} is an event} . 

The vector £ = (£ 1 , £ 2 , • • • , £ n ) is proved to be a hybrid vector if we can 
prove that B contains all Borel sets of JR". First, the class B contains all 
open intervals of 3?" because 

{ n \ n 

£ G JJ(oi,6i)| = P) {£» G (■ a,i,bi )} 

is an event. Next, the class B is a cr-algebra of JR" because (i) we have JR" G B 
since {£ G JR"} = 0x!l; (ii) if B G B, then {£ G B} is an event, and 

{£ G B c } = {£ G BY 

is an event. This means that B c G B; (iii) if Bi G B for i = 1, 2, • • •, then 
{£ G Bi} are events and 


{ OO^OO 

£ G Bi } = U {£ G Bi} 

is an event. This means that UjJ3, G B. Since the smallest cr-algebra con¬ 
taining all open intervals of JR" is just the Borel algebra of JR", the class “B 
contains all Borel sets of JR". The theorem is proved. 

Hybrid Arithmetic 

Definition D.7. Let f : JR" —> JR be a measurable function, and £ 1 , £ 2 , ■ ■ ■ , £„ 
hybrid variables on the chance space (0,JP, Cr) x (f2,A,Pr). Then £ = 
/(£l, £ 2 , • • • , in) is a hybrid variable defined as 

£(0,w) = /(£ 1 (0,w),£ 2 (0,u;),--- ,£„(0,w)), V(G,w) G 0 x ft. (D.25) 

Example D.5: Let £1 and £2 be two hybrid variables. Then the sum £ = 
£1 + £2 is a hybrid variable defined by 

£(0,w) = £1 + £ 2 ( 0 , 0 ;), V(0,w) G 0 x n. 

The product £ = £i £2 is also a hybrid variable defined by 

£(6>,w) = £i(0,o;) • £ 2 ( 0 , 0 ;), V(0, o;) G 0 x O. 

Theorem D.12. Let £ be an n-dimensional hybrid vector, and f : JR" —> JR 
a measurable function. Then /(£) is a hybrid variable. 
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Proof: Assume that £ is a hybrid vector on the chance space (0,1P, Cr) x 
(0,.A,Pr). For any Borel set B of 5ft, since / is a measurable function, the 
f~ 1 (B) is a Borel set of 5ft n . Thus the set 

{f{Z)eB} = {ief-\B)} 

is an event for any Borel set B. Hence /(£) is a hybrid variable. 

D.3 Chance Distribution 

Chance distribution has been defined in several ways. Here we accept the 
following definition of chance distribution of hybrid variables. 

Definition D.8 (Li clticI Liu The chance distribution <&; 5ft —> [0,1] of 

a hybrid variable £ is defined by 

<£>(a;) = Ch{£ < x) . (D.26) 

Example D.6: Let 77 be a random variable on a probability space (Cl, A, Pr). 
It is clear that r] may be regarded as a hybrid variable on the chance space 
(0, IP, Cr) x (0,.A,Pr) as follows, 

£(0,u>) = r](oj), V(0, oj) £0x0. 

Thus its chance distribution is 

$( 2 ;) = Ch{£ < x} = Ch{0 x {?y < x}} = Cr{©} A Pr {?7 < 2 ;} = Pr{?y < 2 ;} 

which is just the probability distribution of the random variable r). 

Example D.7: Let a be a fuzzy variable on a credibility space (0,5P, Cr). 
It is clear that a may be regarded as a hybrid variable on the chance space 
(0, IP, Cr) x (0,A,Pr) as follows, 

£(0,w) = a(9), V(0,uj) £0x0. 

Thus its chance distribution is 

H>(cc) = Ch{£ < 2 ;} = Ch{{a < x} x 0} = Cr{a < 2 ;} A Pr{0} = Cr{a < 2 ;} 

which is just the credibility distribution of the fuzzy variable a. 

Theorem D.13 (Sufficient and Necessary Condition for Chance Distribu¬ 
tion). A function <f> : 5ft —> [0,1] is a chance distribution if and only if it is 
an increasing function with 

lim <L>( 2 :) < 0.5 < lim $( 2 :), (D.27) 

X —>—00 X —^+00 

lim<I>( 2 /) = $( 2 ;) if lim<I>(?/) > 0.5 or $( 2 :) > 0.5. (D.28) 

y lx ylx 
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Proof: It is obvious that a chance distribution <f> is an increasing function. 
The inequalities (ID.271) follow from the chance asymptotic theorem immedi¬ 
ately. Assume that x is a point at which lim y j x <f>(y) > 0.5. That is, 

limCh{£ <y}> 0.5. 

ylx 

Since {£ < y} | {£ < x} as y | x, it follows from the chance semicontinuity 
law that 

*(y) = Ch{£ < y} I Ch{£ < x} = 4>(x) 

as y l x. When a; is a point at which > 0.5, if lim y | x <4>(a/) ^ <I>(x), then 
we have 

limd)(y) > 4>(x) > 0.5. 

ylx 

For this case, we have proved that lim y y r <!>(?/) = <I>(x). Thus (1D.28H is proved. 

Conversely, suppose : 5ft —> [0,1] is an increasing function satisfying 
(ID.271) and (ID.2811 . Theorem 1C . 1 71 states that there is a fuzzy variable whose 
credibility distribution is just <f>(x). Since a fuzzy variable is a special hybrid 
variable, the theorem is proved. 

D.4 Expected Value 

Expected value has been defined in several ways. This book uses the following 
definition of expected value operator of hybrid variables. 

Definition D.9 (Li and Liu Let £ be a hybrid variable. Then the 

expected value of £ is defined by 

/»+oo cO 

£[£] = / Ch{£ > r}dr - / Ch{£ < r}dr (D.29) 

provided that at least one of the two integrals is finite. 

Example D.8: If a hybrid variable £ degenerates to a random variable 
rj, then 

Ch{£ < x} = Pr {?7 < x}, Ch{£ > x} = Pr {?7 > x}. Wx € 3?. 

It follows from (ID.2911 that E[£] = E[rf\. In other words, the expected value 
operator of hybrid variable coincides with that of random variable. 

Example D.9: If a hybrid variable £ degenerates to a fuzzy variable a, then 

Ch{£ < x} = Cr{a < x}, Ch{£ > x} = Cr{a > x}, Vx £ dt. 

It follows from (ID.291) that E[£] = E[a\. In other words, the expected value 
operator of hybrid variable coincides with that of fuzzy variable. 

Example D.10: Let a be a fuzzy variable and r) a random variable with 
finite expected values. Then the hybrid variable £ = a + y has expected value 
E[S] = E[a]+E[rj\. 
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Theorem D.14. Let £ be a hybrid variable with finite expected values. Then 
for any real numbers a and b, we have 


E[a £ + 6] = aE[(] + b. 


(D.30) 


Proof: Step 1: We first prove that E[l ; + b] = £?[£] + b for any real number 
b. If b > 0, we have 

/*+oo pO 

Ef + b] = / Ch{£ + b> r}dr — / Ch{£ + 6<r}dr 
J 0 J—oo 

/*+oo pO 

= / Ch{£ > )— 5}dr — / Ch{£ < r — 5}dr 

J 0 J—oo 

= E[f}+ [ (Ch{£ > r - b} + Ch{£ < r - 6})dr 

Jo 

= £[■£] + b. 

If b < 0, then we have 

E{a£ + b] = £[£] - f (Ch{£ >r-b} + Ch{£ < r - 6})dr = E[£] + b. 

Jb 

Step 2: We prove E[a£\ = al?[£]. If a = 0, then the equation E[a£] = 
aE [£] holds trivially. If a > 0, we have 

/»+oo />0 


EH] = 


p- 1-00 p u 

/ Ch{a£ > r}dr — / Ch{a£ < r}dr 
J 0 J —oo 

/* +oo pO 

/ Ch{£ > r/a}dr — / Ch{£ < r/a}dr 
J 0 J —oo 

/» +oo p 0 

a / Ch{£ > t}dt -a Ch{£ < t}dt 

J 0 J — oo 


= aE[$. 


If a < 0, we have 
EH] 


p-\- oo p u 

= / Ch{a£ > r}dr — / Ch{a£ < r}dr 
J 0 J—oo 

/*+ oo /*0 

= / Ch{£ < r/a}dr — / Ch{£> r/a}dr 

«/ 0 J —oo 

p+oo p 0 

= a / Ch{£ > f}dt — a / Ch{£ < f}df 
J 0 J—oo 

= a£ft]. 

Step 3: For any real numbers a and 5, it follows from Steps 1 and 2 that 
-E[a£ + b] = EH] + b = aE[^] + b. 


The theorem is proved. 
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D.5 Variance 

Definition D.10 (Li and Liu Let f be a hybrid variable with finite 

expected value e. Then the variance of f is defined by P[£] = E[(f — e) 2 ]. 

Theorem D.15. Iff is a hybrid variable with finite expected value, a and b 
are real numbers, then V[af + b\ = a 2 F[£]. 

Proof: It follows from the definition of variance that 

V[a£ + b\ = E [« + b - aE[f) - b ) 2 ] = a 2 E[(f - £[£]) 2 ] = a 2 V[f]. 

Theorem D.16. Let f be a hybrid variable with expected value e. Then 
V[£] = 0 if and only if Ch{£ = e} = 1. 

Proof: If V[£] = 0, then £?[(£ — e) 2 ] = 0. Note that 

r+oo 

E[(f-e) 2 } = Ch{(C-e) 2 >r}dr 
Jo 

which implies Ch{(£ — e) 2 > r} = 0 for any r > 0. Hence we have 

Ch{(£ — e) 2 = 0} = 1. 

That is, Ch{£ = e} = 1. Conversely, if Ch{£ = e} = 1, then we have 
Ch{(£ — e) 2 = 0} = 1 and Ch{(£ — e) 2 > r} = 0 for any r > 0. Thus 

r+oo 

V[f]= Ch{(C-e) 2 >r}clr = 0. 

Jo 

The theorem is proved. 

D.6 Critical Values 

In order to rank hybrid variables, we introduce the following definition of 
critical values of hybrid variables. 

Definition D.ll (Li and Liu Let f be a hybrid variable, and a £ 

(0,1]. Then 

Csup(a) = sup {r | Ch {£ > r} > a} (D.31) 

is called the a-optimistic value to f, and 

£mf (a) = inf {r | Ch {( < r} > a } (D.32) 

is called the a-pessimistic value to f. 
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The hybrid variable £ reaches upwards of the a-optimistic value £ S up(oO, an d 
is below the a-pessimistic value £j rl f (a) with chance a. 

Example D.ll: If a hybrid variable £ degenerates to a random variable rj, 
then 


Ch{£ < x} = Pr{rj < x}, Ch{£ > x} = Pr{;y > x}, \/x G 3?. 

It follows from the definition of critical values that 

^sup( (a ) — ?7sup(a), £inf(o) — ?7i n f(a), Va G (0,1]. 

In other words, the critical values of hybrid variable coincide with that of 
random variable. 

Example D.12: If a hybrid variable £ degenerates to a fuzzy variable a, 
then 


Clr{£ < a;} = Cr{a < x}, Ch{£ > x} = Cr{a > x }, \/x G 3?. 

It follows from the definition of critical values that 

^sup(^) — a sup(a), ^inf( (a ) — ^inf(o), Va G (0, 1]. 

In other words, the critical values of hybrid variable coincide with that of 
fuzzy variable. 

Theorem D.17. Let £ be a hybrid variable, and a G (0,1]. If a > 0.5, then 
we have 

Ch{£ < £ in f(a)} > a, Ch{£ > £ sup (a)} > a. (D.33) 

Proof: It follows from the definition of a-pessimistic value that there exists 
a decreasing sequence {ay} such that Ch{£ < ay} > a and Xi J, £j n f (a) as 
i —> oo. Since {£ < a:,} J. {£ < £i n f (a)} and lim.^oo Ch{£ < Xi} > a > 0.5, it 
follows from the chance semicontinuity theorem that 

Ch{£ < ^mf(a)} = lim Ch{£ < Xi} > a. 

i—> oo 

Similarly, there exists an increasing sequence {ay} such that Ch{£ > Xi} > a 
and Xi | £su P (a) as i —> oo. Since {£ > ay} { {£ > £ sup (a)} and 
limj—xx, Ch{£ > Xi} > a > 0.5, it follows from the chance semicontinuity 
theorem that 

Ch{£ > £ sup (a)} = lim Ch{£ > ay} > a. 

i—> oo 

The theorem is proved. 

Theorem D.18. Let £ be a hybrid variable, and a G (0,1]. Then we have 

(a) £sup(aO is a decreasing and left-continuous function of a; 

(b) £inf(a) is an increasing and left-continuous function of a. 
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Proof: ( a) Let oq and a 2 be two numbers with 0 < on < 02 < 1. Then for 
any number r < £ S up(c« 2 ), we have 

Ch{£ > r} > 02 > aq. 

Thus, by the definition of optimistic value, we obtain £ S up(<u) > £sup(c>! 2 )- 
That is, the value £ S up(aO is a decreasing function of a. Next, we prove the 
left-continuity of £i n f (a) with respect to a. Let {aq} be an arbitrary sequence 
of positive numbers such that a,; | cc. Then {£i n f(aq)} is an increasing se¬ 
quence. If the limitation is equal to £i n f (a), then the left-continuity is proved. 
Otherwise, there exists a number z* such that 

lim £inf(a») < 2 ;* < 6nf(«)- 
i—> 00 

Thus Ch{£ < z*} > oq for each i. Letting i —> 00 , we get Ch{£ < z*} > a. 
Hence z* > £i n f(a:). A contradiction proves the left-continuity of £i n f(a) with 
respect to a. The part (b) may be proved similarly. 


D.7 Conditional Chance 


We consider the chance measure of an event A after it has been learned that 
some other event B has occurred. This new chance measure of A is called 
the conditional chance measure of A given B. 

In order to define a conditional chance measure Ch{A|f?}, at first we 
have to enlarge Ch{A D B} because Ch{A n B} < 1 for all events whenever 
Ch{f?} < 1. It seems that we have no alternative but to divide Ch{AnH} by 
Ch{f?}. Unfortunately, Ch{An B}/Ch{B} is not always a chance measure. 
However, the value Ch{H|f?} should not be greater than Ch{AnH}/Ch{i?} 
(otherwise the normality will be lost), i.e., 


Ch{A\B} < 


Ch{H n B} 
Ch {B} 


(D.34) 


On the other hand, in order to preserve the self-duality, we should have 


Ch{A\B} = 1 - Ch{A c \B} > 1 - Ch ^ } B} • (D.35) 


Furthermore, since (A fl B) U ( A c fl B) = B, we have Ch{H} < Ch{H n B} + 
Ch{A c fl B} by using the chance subadditivity theorem. Thus 


Ch{H c n B} ^ Ch{H n B} 
Ch{H} - Ch{U} 


< 1 . 


(D.36) 


Hence any numbers between 1 — Ch{A c ni3}/Ch{H} and Ch{HnH}/Ch{H} 
are reasonable values that the conditional chance may take. Based on the 
maximum uncertainty principle, we have the following conditional chance 


measure. 
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Definition D.12 (Li and Liu m- Let (0,3*, Cr) x (fl,.A,Pr) be a chance 
space and A , B two events. Then the conditional chance measure of A given 
B is defined by 


Ch{A|R} = < 


1 - 


Ch{ A n B} 
Ch {B} ’ 

Ch{A c n B} 


Ch{E} 

0.5, 


provided that Ch{f?} > 0. 


ChjAnB} 

} Ch {B} °' 5 

Ch{A c n B} 
l} Ch{B} < °- 5 
otherwise 


(D.37) 


Remark D.6: It follows immediately from the definition of conditional 
chance that 


■ - ch l 4 :^ ! <a. MB )< ch l Ans ’ 


Ch{5} 


Ch{B} 


(D.38) 


Furthermore, it is clear that the conditional chance measure obeys the max¬ 
imum uncertainty principle. 

Remark D.7: Let X and Y be events in the credibility space. Then the 
conditional chance measure of X x given F x is 


Ch{X x fi |Y x ft} = < 


1 - 


Cr{X n Y} 

Cr {Y} ’ 

Cr{X c fl Y} 


Cr{F} 

0.5, 


. o. { vnvj 

11 Cr{y) < a5 

., Cr{x c nr} 

,f Cr{y} < °' 5 

otherwise 


which is just the conditional credibility of X given Y. 

Remark D.8: Let X and Y be events in the probability space. Then the 
conditional chance measure of 0 x X given 0 x Y is 


Ch{0 x X\Q x Y} = 


Pr{X C Y} 


Pr{Y} 

which is just the conditional probability of X given Y. 

Theorem D.19 (Li and Liu m- Conditional chance measure is normal, 
increasing , self-dual and countably subadditive. 

Proof: At first, the conditional chance measure Ch{-|B} is normal, i.e., 

Ch{0} 


Ch {B} 


= 1. 


Cli{0 x n\B} = 1 
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For any events Ai and A 2 with A\ C A 2 , if 

Ch{Ai nBj ^ Ch{A 2 n B} 
Ch {B} ~ Ch{B} 


then 


If 


Ch{^!|B} 


Ch{Ai flB} x Ch{A 2 n B} 
Ch {B} - Ch{B} 


Ch{A 2 |B}. 


Ch{Ai n B} ^ Ch{A 2 n B} 
Ch{B} - - Clr{B} 


then Ch{Ai|B} < 0.5 < Ch{A 2 \B}. If 


Ch{Ai OB} x Ch{A 2 D B} 
Ch{B} - Ch{5} 


then we have 


ChiA^B} 


Ch {Al n B}\ 

Ch{B} J 


VO.5 < 1 


Ch {A c 2 D B}\ 
Ch {B} ) 


V0.5 = Ch{A 2 |B}. 


This means that Ch{-|i?} is increasing. For any event A , if 


Ch{A n Bj 
Ch {B} 


> 0.5, 


Ch{A c n B} 
Ch{B} 


> 0.5, 


then we have Ch{A|£>} + Ch{A c |.B} = 0.5+ 0.5 = 1 immediately. Otherwise, 
without loss of generality, suppose 

Ch{A n B) ^ Ch{A c n B} 

Ch {B} < °' 5 Ch {B} ’ 


then we have 

Cl,MW + chM*|B) - + (1 - 5M++1) . 1 . 

That is, Ch{-|S} is self-dual. Finally, for any countable sequence {A,} of 
events, if Ch{Aj|.B} < 0.5 for all i, it follows from the countable subadditivity 
of chance measure that 


Ch \ (J Ai n B l < 


Ch \ [J Ai 0 B l J2 Ch (^i n B } 


„*=1 


Ch{£>} 


< 


2=1 


Ch{B} 


ECMAilB}. 

2—1 


Suppose there is one term greater than 0.5, say 


Ch{Ai|B} >0.5, Ch{Ai|B} <0.5, i = 2,3, - - - 
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If Ch{UjAj|.B} = 0.5, then we immediately have 

( oo ^ oo 

ClJ |J Aj n S l < ^ Ch{Ai |S}. 


,2=1 


2=1 


If Ch{UiAi|5} > 0.5, we may prove the above inequality by the following 
facts: 


A\ nB c (J(A,nB)u f) A c t nB 


2=2 

oo 


V2=l 


Ch{AJ Ch{A; n B} + Ch l p| A\ n B 

2=2 v 2= 1 J 

! Chlfl^nsl 


Ch 


U 

u=i 


^ Ch{Ai\B} > 1 — 


Ai\B\ = \- 


, 1=1 


Ch{B} 


y Ch{Ai n B} 
Ch{AlnB} , S 


Cli{£} 


Ch{H} 


If there are at least two terms greater than 0.5, then the countable subad¬ 
ditivity is clearly true. Thus Ch{-|B} is countably subadditive. Hence the 
theorem is verified. 


Definition D.13 (Li and Liu m- The conditional chance distribution d>: 
3? —> [0,1] of a hybrid variable £ given B is defined by 

$(x| B) = Ch {£ < x\B} (D.39) 

provided that Ch{£>} > 0. 

Definition D.14 (Li and Liu m- Let £ be a hybrid variable. Then the 
conditional expected value of £ given B is defined by 

/*+oo /*0 

E[f\B\= Ch{£ > r|H}dr - / Ch{£ < r|H}dr (D.40) 

J 0 J —oo 

provided that at least one of the two integrals is finite. 
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uncertain measure 
uncertainty space 
uncertain variables 
uncertainty distributions 
membership functions 
linear uncertain variable 
zigzag uncertain variable 
normal uncertain variable 
lognormal uncertain variable 
rectangular uncertain set 
triangular uncertain set 
trapezoidal uncertain set 
expected value 
variance 
entropy 

a-optimistic value to £ 

a-pessimistic value to £ 

a-cut of membership function /i 

uncertain processes 

canonical process 

renewal process 

empty set 

set of real numbers 

maximum operator 

minimum operator 

imaginary inclusion 
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ai > a 2 > • • • and at —> a 

Ax c A 2 C • • • and A = A X U A 2 U--- 
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Five Plus One 


Uncertainty theory is a branch of mathematics based the following five axioms 
plus one principle: 


Axiom 1. (Normality Axiom) M{r} = 1 for the universal set T. 

Axiom 2. (Monotonicity Axiom) M{Ai} < M{A 2 } whenever Ai C A 2 . 

Axiom 3. (Self-Duality Axiom) M{A} + M{A C } = 1 for any event A. 

Axiom 4. (Countable Subadditivity Axiom) For every countable sequence 
of events Ai, A 2 , ■ ■ •, we have 


M UA* <E M{AJ. 


, 2=1 


2 — 1 


Axiom 5. (Product Measure Axiom) Let (r^U*,, M k) be uncertainty spaces 
for k = 1,2, • • • , n. Then the product uncertain measure M is an uncertain 
measure on the product cr-algebra Li x L 2 x ■ ■ ■ x L n satisfying 


M \ n Afe f = |<)i<„ Mfc {A fc }- 


.fc=i 


That is, for each event A £ fi x £2 x x L n , we have 


sup min M fc {A fc }, 

Ai x A 2 X ••• x A„cA 1 <k<n 

if sup min Mfc{Afc} > 0.5 

AixA 2 x-xA„cA l<fe<22 

M{A} = { 1 — sup min Mfc{A fc }, 

AixA 2 x-xA„cA« l<fe<n 

if sup min 3Vtfc{Afc} >0.5 

Ai x A 2 X ••• x A n cA c 1 <k<n 


0.5, 


otherwise. 


Principle. (Maximum Uncertainty Principle) For any event, if there are 
multiple reasonable values that an uncertain measure may take, then the 
value as close to 0.5 as possible is assigned to the event. 
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